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Coincidence probabilities, which yield Renyi entropies, ae investigated
in a generalized Gaussian model, which includes interpartie correlations.
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1. Introduction
Let us consider anM -particle state and assume that its density matrix is
(K;q)=e v(K) %qL2q+iqx_(K); "

whereK = (1=2)(p+p9,q=p p%andX (K ) are3M -dimensional vectors,
andL?isa3M 3M dimensional matrix. Matrix L2 is in general a function
of K . The physical interpretation of formula (1) is naturally obtained when
the density matrix is converted into the corresponding Wigrer function:
p 53 .
. — v(K) 2(X X(K)L 2(X X(K)).
W(K ;X) Detl e 2 : 2
Note that Det L is an e ective volume of the system.
In this paper we derive, assuming (1), an asymptotic formulavalid when
the eigenvalues of matrixL are large, for the coincidence probabilities

Z
ch=Tr '= dp  (Kj:iq); ©)
j=1
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which are needed to obtain the Renyi entropies

-

H
T

logC(l): 4)
HereKj = (1=2)(pj + Pj+1), dj = P; Pj+1 andppg  P1.

As seen from formula (1), when the eigenvalues of matrit are large,
the integral is dominated by the regionq 0. Therefore, we propose to
expand the exponent in the integrand in powers of the compomés of q and
to keep only the terms up to second order. Thus, the problem muces to
the evaluation of a Gaussian integral.

Our nal result is an elegant formula generalizing the formdae derived
for the one-dimensional Gaussian model by a number of auther[2 9]. For
the convenience of the reader, a short derivation of the foroda for the one-
dimensional case is given in Section 3. In Section 2 the integ) (3) is worked
out. In Section 4 this integral is signi cantly simplied us ing the result
derived in Section 3. Section 5 contains our conclusions. TwAppendices
contain discussions of the matricelR 2 and S introduced in the text.

2. Evaluation of C(l)

In order to calculate the coincidence probabilities it is cavenient to
introduce the notation

— — 1
Kj=K+kj; K=T(p1+ +p)): (5)
Note that
ki =0; g =0: (6)

An immediate implication is that the terms with X__do not contribute. In-
deed, let us consider the expansions of each tergpX (K j) in powers of the
components ofq. The rst terms are ¢ X (K ) and their total contribution
to the exponent is

_ X

iX(K) q=0: @)

j=1

The total contribution from the second order terms of the exmnsion must
be zero because of the hermiticity of the density matrix and & the further
terms are negligible being cubic or higher order in the comptents of g.

Further, one introduces into the integrand the factor
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X 4 dt Py

@ ah= gyrel ®
wheret is another 3M -dimensional vector, and compensates it by the inte-
gration over g;. Thus, (3) takes the form

z z dt P N1 2 :
C(h= dK FBE d qge j=1 ( V(Kj) zq;L%q; itg;) . 9)
The sum of the v terms can be rewritten as follows
X _ 1 X .
S oK)= VE) 5 (ki )k (10)
i=1 j=1

where the di erential operatorsr  act on the components oK . Expressing
the vectors kj as linear combinations of the vectorsg; and performing the
summation overj one nds that

xl . l)(l X
VKj)= v(K)+ 5 SR (11)
=1 Bk

whereRZis a3M 3M matrix with elements
RZ =r r v(K) (12)

and Sis an| | matrix. Matrix R? for a speci c model is discussed in
Appendix A. The matrix elements Sy are not needed for our calculation.
They are, however, useful for cross-checks. Therefore, there calculated
and discussed in Appendix B. Actually, as seen there, there arpotentially
useful ambiguities in the de nitions of the matrices S.

The next step is to replace the integration variablesg; b¥’ their linear

combinations Q;, which are the eigenvectors of matrixS: q; = :(zl Ujk Q-
This transformation can be chosen orthogonal and then its Jeobian equals
one. Using the notation

utsu= ; K= gk (13)
one nds
_ dt
— s IVEK)
C() dK e @)
N Z 1 ) ) _ X #
dQexp EQ(L + jR )Q+It Uka : (14)
j:l k=1
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Further, for eachj we introduce an orthogonal transformationQ = V{)z
which diagonalizes the quadratic form in the exponent
vOT (L2 + J.|q2)v(i): . M- 6 - (15)

This reduces each integral overQ into a product of 3M single Gaussian
integrals. Performing them one gets

Z Iv(K)
) = p2—3|v|(| 2) dK g 5 e
j=1 Det(L2+ jR?)
2 3
Z | X 1
dtexpd 5 Gtv0)—vOITeS (16)
j=1
where 1 X
G = T Uij Uy 5 17)
ik
and the identities
0) =pet(L2+ [R?) (18)

=1
have been used.
Performing in (16) the integration over t and extracting DetL 2= (Det L )2

one gets

p—lawo oy Z

_ Iv(K)
C)= oot TR e——— ;
et DetA | Det(l+ ;L RZL Y
(19)
where
X 1
A=1 CjL 1v(UWv(UTL L. (20)
j=1
Using (15) this can be also rewritten as
X C
- j .
Azl T T wma v &)
j:l J
which yields
|
M . e
ch= Deil | =2 dK+ I I ;

(22)
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The symbol QL(’:)l denotes the productQL:l with the j-th factor omitted.

This is a usable expression for the coincidence probabilés C(l) . The
formula, however, can be signicantly simplied. In order to derive the
simpli cation we will need a result concerning the one-dimasional Gaussian
model. This is derived in the following section.

3. The one-dimensional Gaussian model

The model considered in the present paper is a generalizatiof the more
common Gaussian model, where thd -particle density matrix is a product
of 3M one dimensional Gaussian density matrices of the form:

(Kya) = pF;: e IRIK? L%, (23)
where K; q; R;L are just real numbers. Let us calculate the coincidence
probabilities Cy(l) for the one-dimensional model (23). To this end we ob-

serve that (K;q) is diagonal in the representation of the wave functions of
the harmonic oscillator [6 9] and can be written in the form

%
(K;q) = NOERN(CE (24)
n=0
where
n=@0 2)z"; (25)
= p—ep L% Hup): (26)
n{P o P P TR
_ P _ 1 R=(2L)
- RL, Z = W:(ZL) . (27)
Therefore,
Tr ':)4 l=@1 2 1 (28)
. n 1z

where a geometric progression has been summed. It is seennfir¢27) that
jzj < 1, as it should.

Tt requires, however, the determination of the eigenvalues  and of the coe cients
C;. This is a nontrivial task for large 1.
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To show that formulae (23) and (24) are equivalent, one may us the
identity 2

X gn 1 Z(x2+y?) xy
R0 = P e 4T (29)
Substituting the formula for z into (28) one easily nds
R 1
Cl(l) = E R | R | : (30)
1+ 5 1

This is the formula we need.

4. Final expression for  C(I)

The one-dimensional Gaussian model can be also studied ugithe meth-
ods from Section 2. There is a number of simpli cations, howeer. Since the
dimension of the matrices3M is replaced by one

=12+ ;R? (d=1): (31)

Since there is no need to diagonalize?+ ;R2: V() = v()T =1, Moreover,

— R I —2
e M= p= e ™ (d=1): (32)
Thus
Z
RI
Cull) = —ao dke zX°R?
2 jl(L2+ ij)
2
Z Xl t2
dtexp4 5 Ci '—2+71RZ5 (33)

j=1

Note that in spite of all these simpli cations the eigenvalues j and the co-
e cients Cj are the same as in the general case. Performing the integratis

overt and K :
RI 1
Ci) = po—o ; (34)
I A Jl(L2+ ,-Rz)

2 To prove (29;2 it is enough to substltute on the left-hand side twice the de nition

Hn(u) = i dt (u+it)"e ', perform the summation and a Gaussian integration.
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where
A = X S d=1): 35
j=1
The formula for C1(l) can be rewritten as
R ''1 1
Gh= ¢ T[4p—or (36)

Let us compare now this result with formula (30). The equivaénce of the
two formulae implies that

Vv

u . | " #
u xi \d) R 2 L R | R !
it ¢ 1+, == 1+~ 1 = . (@37
N oL R 2L 2L 37)
j=1 k=1
or equivalently
U
Ux ¥ 2 X | 2 n
e e §os 2o ey 17
ji=1 k=1 n=1 (n+1)( n)

(38)
where N(I) = E %(I 1) . Note that this identity is valid whatever is
substituted for R?=L2,

Let us now go back to the general case. The argument of the detainant
in formula (38) di ers from the argument of the square root in formula (36)
only by the substitution of the matrix L 'R?L ! for the number R2=L2,
Therefore, the same substitution can be made in the identity(38) and one
obtains
p—'aay Z
2 dk—h

e V(K)
! A—p
DetlL Det 1+ pYa, L 'RZL 1"

c(l)= i (39)

where
(1 .
@n+D(I 1 2n)°

This is our nal formula and the main result of this paper. Let us note that

a,=2 "

(40)

v=L 1R2L? (41)
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are known, the determinant in the integrand of formula (39) @an be evaluated
and then we get

] o
el p_—-3m( 1)Im V4 i« e Iv(K)p Mot “2)
= 2 O . -
DetL V3"fl (1+ %Pt_)l 1 %Pt_)l

5. Discussion

We have derived an explicit formula for the coincidence prodbilities in
a general, multidimensional Gaussian model. This model cahe considered
as an approximation, at large volume of the system, of a modelith an
arbitrary momentum distribution. Therefore, our result may be useful for
a rather wide class of physical situations, particularly fo analyses of the
systems created in heavy ion collisions. The formula obtaied in the present
paper is elegant, transparent and easy to use.

Some comments are in order.

Since we do not assume factorization of the multiparticle desity ma-
trix, our calculation takes into account possible correlatons between
particles. Correlations show up as the non-diagonal termsni the ma-
trix R2. There is no restriction on their character and magnitude.

It should be emphasized that, although the model is consided as an
asymptotic expansion for largeL , the terms in Eq. (39) of higher order
in L 2 should, in general, be included in spite of the fact that terns of
these orders have been already neglected in the exponent df)( The
point is that in the presence of correlations some eigenvais of matrix
L 'R?L ! may be of the order of the number of particlesM . Then
the expansion in formula (39) contains terms of the ordefM=L?)",
which for high multiplicities are not necessarily small eva for a large
system.

In order to illustrate the last point consider the matrices®
RE= (4 + ); Lij =L j; i:j =1;::::3M: (43)
For these matrices the eigenvalues of matrit. R?L ! are

:w- 2 = = 3M_F: (44)

L2 '
% The model could be made more realistic by distinguishing between the interparticle

correlations and the correlations between the directions x;y;z. This, however, would
not change the qualitative results we need.
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Therefore,
(D) 3 2 N (1) 3
n
Det41+ a, L IR2L 1"5 =41+ an U‘LZM) 5
n=1 n=1 L
M) ) 33m 1
41+ an oy ; (45)
n=1

which shows that terms of the kind(3M =L ?)" do occur in the expansion.

The contribution of Wies2aw Czy» at the early stages of thisnvestigation
is highly appreciated. This work has been partly supported l the Polish
Ministry of Education and Science grant number 1P03B 045 2005 2008).

Appendix A

Matrix V = L IR2L ! in a model

Let us consider a model where

pd
v(K) = v(Kn);
n=1 .
1q272 y2 h i
v(K) = T K+ m +ﬁ+log AE ; (A.1)
A = T(m+T)pﬁe T

In this formula T and A are parameters,m is the mass of the particle;K are
the three-dimensional momentum vectors composing th&M (ﬂjmensional
vector K , K 1 is the transverse component oK ; the energyE = m2+ K2,
the rapidity Y = 3log g*¢. This is a commonly used model, where the
particles are uncorrelated, but there are some correlatiambetween thex;y; z
components of the momentum vectors. Thus, matrixR? consists ofM di-
agonal 3 3 blocks which will be denotedR2. The transverse momenta
have a Boltzmann distribution, while in the longitudinal dir ection there is
a mild cut-o by a Gaussian in rapidity. The last term in the ex pression for
v ensures the correct normalization. Matrix L is assumed to be diagonal
with diagonal elementsLy = Ly  Lt,;L; in every diagonal block corre-
sponding to the diagonal blocks ofR?. Further we use the labels; for
the componentsx;y; z and H"le labelsa; bfor the transverse component;y,

the transverse massnt = m2+ K2,
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Let us de ne
R2
vV = ——: A.2
This gives
Vap = K aKp+ ab, (A.3)
Vaz = 'K 4; (A.4)
Ve = (A.5)
where
1 2 K, K, 2Y Y
L2 = —— S+ -5 X+ S+ : (A6
Tm$ E4 AEm2 Em2 m% E?
1 1 Y K
L2 = + z_. A7
T Tmy E2 AEm2’ (A7)
1 K, Y 2K,
| = —_— —+ — —_ .
LtL,! AE? mZ ' E £4 (A.8)
1 A+1 K,2AK,+ EY
L2 = —= 2 A
z E2 A E EA (A-9)
As seen from (A.3) (A.5) matrix T can be written in the form
\VARE + VO : (A.10)

The second row of matrix VO is proportional to the rst. Therefore,
DetV %= 0. Consequently, one of the eigenvalues of matri¥ equals and
the other two can be found by solving a quadratic equation. Tle resultis

ty = (A.11)
_ 1 2 a 2 2 12K 2 -

te= 5 Ki+ + + (K32+ )2+412K2 ; (A12)
— 1 2 a 2 2 12K 2 -

te= 5 K§+ + (K 2+ )2+412K2 : (A.13)

Since the eigenvalues are known formula (42) can be used tolcalate C(1).
In particular for | =3 the result is
I
P oM Z 3V(K)
e
377 dK h i

K 2+ + (K 2+ ) 12K2
(1+ ) 1+ 7 144

c(3)=

L2L, M -

(A.14)
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Appendix B
Evaluation of the matrix S
Let us represent each vectok;; j =1;:::;| as a linear combination of
the vectorsq;; j =1;::5;1 1
1 1 X1
Ki= 5P+ Pjsa) 72+ +P)= Gelk: (B.1)
k=1

Because of the second identity (6) it is not mandatory to inclde g in the
expansion. Equating the coe cients of the vectorsp,;:::p, on both sides
of the second equality we get the equation system

1 1
E(jn"‘ j+1:n) T=Gn Gnou n=1;:::;1; (B.2)

whereco = ¢; =0 and 41, Stands for 1.,. Summing each side of the
equations overn from n = k+1 to n = | one gets from the resulting equalities

k 1

Gk = |—+1+ }[(j Ky+ ( k+1)]; (B.3)

22
where (n) equals one fom > 0 and zero otherwise.
The coe cients Sy, are de ned by

X
ki Ki =  SmnGm G : (B.4)

m;n

Substituting on the left-hand side the expansions ofk; in terms of the g;
one nds
XI
Smn = Cm Gin : (B.5)
=1
Note that this matrix is symmetric and that by construction Sy = S, =0.
Using the explicit formulae to perform the summation

m(l n)
I

For m > n one nds the matrix elements from the symmetry Sq;n = Spm -

For | =2 one getsS = 0, which greatly simpli es the analysis [10]. Note
also that because of the second identity (6) one can add on thieft-hand
side of relation (B.4) a term

1
Smn = Z(l+ mn); for m n<lI: (B.6)

(S TR ¥ P (B.7)
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where ¢, are arbitrary constants. This modies S without a ecting the
products kj k; and sometimes can be used to simplify the calculations.

Choosing for instance:c; = ¢ = ¢33 = % forl =3 and ¢y = ¢c3 =
Cs= 3C, = & for | =4 one gets the simple formulae:
0 1
1
z 0 0 A
s@=@o0 L o0A;
0 0 1—12
0 1
§ 0 5 O
1 0 1
sw=f 2 5 0 3§, ©8)
& 4 &8
0 5 0 3

from which the eigenvalues are immediately visible.
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