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MIXING IN QUANTUM FIELD THEORY
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We report on recent results on the particle mixing and oscilations in
Quantum Field Theory, in particular we discuss the proper denition of
avor charge and states in eld mixing.

PACS numbers: 14.60.Pq, 03.70.+k
1. Introduction

In the context of Quantum Field Theory (QFT), the non-pertur bative
vacuum structure associated with the eld mixing [1 14] leads to a modi -
cation of avor oscillation formulas [2,7,9 11], exhibiti ng new features with
respect to the usual ones in (Quantum Mechanics) QM [15 18].Moreover,
the non-perturbative eld theory e ects may contribute in a crucial way in
other physical contexts as shown in Ref. [19], where the netiho mixing
contribution to the dark energy is computed.

In this report we present the main results on the neutrino mixing and
oscillations in Quantum Field Theory. In Sec. 2, we introdu@ the formalism
of the fermion mixing in QFT. Sec. 3, is devoted to the study ofthe currents
and charges for the avor mixing and to the discussion of the poper de ni-
tion of avor charges and states. In Sec. 4, we discuss neutrd oscillations
and in Sec. 5, we compute the neutrino mixing contribution tothe dark
energy. Sec. 6, is devoted to the conclusions.

2. Fermion mixing

For simplicity, we consider two Dirac neutrino elds. The Pontecorvo
mixing transformations are [15]

e(X) = 1(x)cos + »(x)sin ;

x) = 1(X) sin + 2(x) cos ; Q)
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where ¢(x) and (x) are the elds with de nite avors, is the mixing
angle and 1 and » are the elds with de nite masses m; 6 m,. Explicitly
1 and » are given by

X h i

1 i .
i(x) = P Ui () G + VG g €5 =120 ()
k;r
with uf . (t) = e "«ituj;(0), vi;(t) = € ki'vi (0) and ! ; = k2+ mZ

The vacuum for the ; and ; operators is denoted byj0i.2: rk;ijOi 12 =
kil0i1z = 0. The anticommutation relations are the usual ones (see [1])

The orthonormality and completeness relations areuLYi Ug.i = vvl?.’i VRi= s,
ry s = 'Y s = ro "y r ry -1 .
uk;iV ki ™ v k;iuk;i =0 and r(uk;iuk;i +tVv k;iV k_;i) =1:
The avor elds can be expanded as (we use€ ;i ) = (e;1);(; 2)):

(x) = G (t) ix)G (1)
1 X h i
- pv Ui (1) & (O + V() ryk; ) kx: @3
kir

where G (t) is the generator of the mixing transformations (1) given by
z
G (t) =exp d®x  {(x) 2(x)  I) 1(x) 4

The avor elds ¢and in Eq. (3) are expanded in the same basis of
1 and . By introducing the operators
Z Z

Ss (1) Bx J(x) 2x); S (b) Bx I(x) 1(x) =(S:+)Y; (5)

G (t) can be written asG (t) =exp[ (S+ S )]:
Introducing Sz and the Casimir operator Sy (proportional to the total
charge) as follows

d®x  J() 1(x) 3 2(x) (6)
So d*x  I(x) 100+ I 20x) (7)
the su(2) algebra is closed:[S: (1);S ()] = 2S3, [S3;S (1)] = S (t),

[So;S3] = [So; S (t)] = 0: Then the generator G (t) is an element of the
SU(2) group.
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The avor annihilation operators and the avor vacuum are de ned as
I I

N I _
Vo S8 o GO ®)
jo(t)ie; G (t)j0i1z: 9

JO(t)ie: is an SU2) generalized coherent state and it turns out to be or-
thogonal to the vacuum for the mass eigenstategi 1.2 in the in nite volume
limit. Note the time dependence ofjO(t)ie:. . In the following we will denote
the avor vacuum state at the reference timet =0 asjOie. .

The explicit expression of the avor annihilation/creatio n operators for
k =(0;0;jkj) is:

() =cos  fg+sing U(t) Lo+t TV T,

k (®

"ko(t) =cos  Typg +sing Ut) Ty TV L,

CoS k. sin o Ue(t) g "7 Vi) 'yk;l;

rk; (t) = Cos Irk;2 sin Uk(t) rk;l + " Vk(t) rkyl ; (10)

with "" =( 1)" and

Uk (1) urk);/z(t)urk;l(t) = Vryk;l(t)Vr k:2(t) (11)
Vie(ty ' uLXl(t)V' ko) =" lJr|<);/2('[)Vr k:a(t): (12)
We have:

Uk(t) = jUgjet vz feot, Vie(t) = jWjet ettt (13)

jUkj = Pt myg ;o k;2+ Mo : jkj? .

2! 1 2! 2 (Mt my)(P g2+ mp)

1 1
o leatmy 2 yotmy 2 ikj jKj

Vij = - ' . (14
M= = ez (ermd) (eormp @ 9
Ui + W2 =1 (15)

The condensation density is given by

e 0] Y KilOie; = o MO Y kiiOie; =sin® jWj% i=1;20 (16)



3248 M. Blasone, A. Capolupo, G. Vitiello

05
VA2
04 |
03
~~~~~~~

0.2

01 -

1 = lb 160 1000
Logjkj

Fig.1. The fermion condensation densityjVij? as a function of jkj for my = 1,
m, = 100 (solid line) and m; = 10, m, = 100 (dashed line).

3. Flavor charges and states

In this Section we report the analysis of the transformatiors acting on
a doublet of free elds with di erent masses and discuss the pper de nition
of avor charges and states.

Let us consider the Lagrangian describing two free Dirac ais with
massean; and mo:

LX)= m(X)(i @ Ma) m(x); (17)

where [ =( 1; 2) and My = diag(my; my).

The Lagrangian L (x) is invariant under global U(1) phase transforma-
tions of the type &(x) =Rei m(X); as a result, we have the conservation of
the Noether chargeQ =  19(x)d®x (with | (X)= m(X)  m(x)) which is
indeed the total charge of the systemj.e. the total lepton number.

Consider then the global SY2) transformation [3]:

a(x)= €11 n(x); j=1;23: (18)

with j real constants, ; = ;=2 with ; being the Pauli matrices.

Sincemj; 6 my, the Lagrangian is not invariant under the transforma-
tions (18) and, by use of the equations of motion, we obtain tk variation of
the Lagrangian:

L=1j m(X)[j; Md]l m(x)= j@Jm;j (x); (19)
where the currents are given by:
I ()= m(x) i m(X); j=1;23: (20)
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The related chargesQm; (t) = Rd3x I (x); satisfy the su(2) algebra:
[Qm;i (1); Qmij (D] = 1" jjikc Qmyk (t):

Note that the Casimir operator is proportional to the total ( conserved)
charge: Qm:o = 1=2Q:

Also Qm:3 is conserved, due to the fact that the mass matrixMy is
diagonal and this implies the conservation of charge sepately for ; and ».
The U(1) Noether charges associated with; and ; can be then expressed as

1 1
Q1 §Q+ Qm;3; Q2 EQ Qm;3: (21)
with Q total (conserved) charge. The normal ordered charge operats are:
Z X VA
Qi X YX) i(x):= kG T T (@
r
wherei = 1;2 and the : ::: : denotes normal ordering with respect to the

vacuum j0i 1.2.
The neutrino states with de nite masses de ned as

j hi= iz =152 (23)

are then eigenstates ofQ; and Q2, which can be identi ed with the lepton
charges in the absence of mixing.
Let us now consider the Lagrangian written in the avor basis

L) = ()@ M) (x); (24)

Me Me
Me m
The variation of the Lagrangian (24) under the SU?2) transformation

where [ =( ¢ )andM=

()= €11 (x); j =1,23; (25)

is given by
LO)=1 5 ¢+ M r(x)= @I (X); (26)
Jf;j xX)= ¢(x) i f(x); j =1;2;3: 27)

R
Again, the chargesQy; (t) =  d®x Jf) (x) close the su(2) algebra.
Note that, because of the o -diagonal (mixing) terms in M, Q. 3(t) is
time dependent. This implies an exchange of charge between and
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resulting in the phenomenon of neutrino oscillations. The avor charges for
mixed elds are de ned as [3]

1 1
Q.(t)= EQ + Q. 3(1); Q ()= EQ Qr; 3(t) (28)
The normal ordered charge operators are
“Q (t): dBx : Y(x) X):
x Z

= kO O %O © (29

r

where = e; , and : ::: ;1 denotes normal ordering with respect toj0Oie: .
The de nition for any operator A, is
TAT A o MjAjOie: (30)
Note that = Q (t):= G (t): Qj : G (t); with (;j )=(e;1);(; 2) and
tQErQ () + i Q ()= Qi+ Q= Qe (31)

The avor states are de ned as eigenstates of the avor chargsQ at
a reference timet =0

r

i i 00O ; = ¢ (32)

and similar ones for antiparticles. We have

nQ .(0) ] Irk;ei = kel
2Q O =g i (33)
Q.0 ki =:Q (0] kei=0;
Q (0): jOie: =0: (34)
These results are not trivial since the usual Pontecorvo stes [15]
j Irk;eiF’ = C0s J rk;li + sin J rk;zi; (35)
J % ip = sin j i +cos | ol (36)

are not eigenstates of the avor charges [20]. Indeed the expectatn values
of the avor charges on the Pontecorvo states are

Ph fei 2Q (0) 2] keip = cos® +sin? .

X
+2jUgjsin® cod + d*k; (37)
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and
x Z
12M0j = Q (0) : jOigp = d3k; (38)

r

which are both in nite.
Although the in nities in Eqgs. (37) and (38) may be removed by normal
ordering with respect to the mass vacuum, we have that
z

12M0j(: Q .(0) )%j0i12 = 4sin? cod  d®kjWj?; (39)

phlce ( Q o(0))? feip = cos® +sin® , (40)
+sin? cod  2jUj+jUcj+4 Pk ;

are both in nite, making the corresponding quantum uctuat ions divergent.
Thus, the correct avor state and normal ordered operators ae those de ned
in Egs. (32) and (30), respectively.

4. Neutrino oscillations

In the standard QM treatment [15], the Pontecorvo states (39 (36) are
usually assumed to be produced in a charged current weak int&ction pro-
cess, together with the respective charged (anti-) leptons However, as we
have shown above, such states are not eigenstates of the (iténo) lepton
charges when mixing is present.

In other words, using such states produces aiolation of lepton charge
conservation both in the production and in the detection vertices. Indeed
in presence of mixing, the lepton charge is violated (for a gen family), but
this violation occurs during time evolution (avor oscilla tions), whereas the
lepton number is conserved in a charged current vertex due tthe form of
the weak interaction.

To be more speci ¢, let us de ne the following quantities

Ao pPh el 1 Q (0):] kelp
cos* +sin* +2jUgjsin’® cod < 1 (41)
1 Ao pPhie:Q (0):] kelp
2sin? cos$  2jUgjsin? cos > 0; (42)
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forany 60, k 60 and form; 6 m,. We have
ph E(;ej 1 Q e(o) J 1<;eiP + ph E(;ej 1 Q (0) : J 1<;eip =1: (43)

Let us now consider an ideal experiment in which neutrinos & created
and detected by means of some charged weak interaction praase What is
measured in the experiment is the number of charged leptonsay (anti-)
electrons, both in the source and in the detector. Indicatig with N$ such
a number at the neutrino source and withN D (t) the number at the detector,
in the usual treatment one assumes thatN® = N and N2(t) = N2 (t),
where NS; and N DQ(t) are the neutrinos produced in the source and in the
detector, respectively.

The usual Pontecorvo formulas are then given by

NOW _ NO()

|
NS = NS 1 sin?2 sin? T't =1 P(@); (44)
N D (t NP (t !

N:S) = Ns(e)zsinzz sin? Tt = P(t): (45)

However, considering Eqgs. (41), (42), we know that Pontecoo states
violate the lepton charge. Thus, if we assume that the sourceroduces the
Pontecorvo states (35), (36) the conservation of leptonicltarge both in the
production and in the detection vertices implies that only afraction of the
electron neutrinos produced, is accompanied by an anti-etéron: we denote
these guantities with a tilde. We have then

Ng = AoNS; (46)

ND(t) = ANP()+ (1  AgNP(1): (47)

Thus the oscillation formula becomes

ND() _ ANO(D+@ ANP() 2, 1

~e AN P(t): (48)
e e

Eq. (48) is clearly di erent from the usual Pontecorvo formulap(44) which
is, however, recovered in the relativistic limit. Indeed, br jKj mpm, we
have jUcj! landAg=1.

5. Neutrino mixing contribution to the dark energy

In this section, we show that the non-perturbative vacuum stucture
associated with neutrino mixing leads to a non zero contribtion to the
value of the dark energy. In order to compute the vacuum enenrg density
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h vaci we use the (0,0) component of the energy-momentum tensor dsity
Too(X) in at space time

Too0)= 5 w0 0 @ mX) (@9)

In terms of the annihilation and creation operators of glds ; and o,
the (0,0) component of the energy-momentum tensoffgg =  d®xTog(X) is

z
L) X 3 ry r ry r .
tToo = dkli kit ki ki (50)
r
with i =1;2. Note that Té(i)) is time independent.

The expectation value ofTéiO) in the avor vacuum jOi,. , gives the con-
tribution h MXi of the neutrino mixing to the vacuum energy density

X ) )
e 10 TH0) 1 j0ie, = h DX oo (51)

Sincee. M) : TS 1j0ie; = o PO(t)j : TSY 1 jO(t)ie; for any t, we obtain

z
h i = d*k ! i e O] rky| kilOle: + ¢ MOj Ly. kilOie;
iir
z
= 8sin? Bk (1 + ! e2) Vki?; (52)
i.e.
X
h i =32 2si® dkK?(! 1 + ! ke2)iVid?s (53)
0

where the cut-o K has been introduced. Choosing the cut-o prgoportional
to the natural scale appearing in the mixing phenomenonK ' © mim; or
the cut-o scale given by the sum of the two neutrino massesK = my+ m»
[21], we haveh MXj = 0:4 10 #” GeV*, which is in agreement with the
estimated value of the dark energy.

6. Conclusions

In this report we have discussed some aspects of the neutrimoixing and
oscillations in the context of Quantum Field Theory.
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We have reported the study of the algebraic structures of el mixing
and discussed the proper de nition of avor charge and state.

Moreover, we have shown that the non-perturbative eld theay e ects
may contribute in a speci ¢ way in other physical phenomena,in particular
the neutrino mixing may contribute to the value of the dark energy exactly
because of the non-perturbative e ects.

We thank the organizers of the XXIX International Conference of Theo-
retical Physics, Matter to the Deepest, Ustro«, Poland. We also acknowl-
edge ESF network COSLAB, INFN and MIUR.
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