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A novel powerful mathematical method is presented, which dbws us
to nd an analytical solution of a simpli ed version of the st atistical mul-
tifragmentation model with the restriction that the larges t fragment size
cannot exceed the nite volume of the system. A complete anajsis of the
isobaric partition singularities is done for nite system volumes. The nite
size e ects for large fragments and the role of metastable (ostable) states
are discussed. These results allow us, for the rst time, to gactly describe
the nite volume analog of the bulk nuclear liquid phase and understand
completely its contribution to the grand canonical partiti on.

PACS numbers: 25.70.Pq, 21.65.+f, 24.10.Pa

1. Introduction

Exactly solvable models with phase transitions play a speai role in the
statistical physics they are the benchmarks of our understanding of crit-
ical phenomena that occur in more complicated substances. hey are our
theoretical laboratories, where we can study the most fundaental problems
of critical phenomena which cannot be studied elsewhere. Argat deal of
progress was recently achieved in our understanding of the ultifragmen-
tation phenomenon [1 4] when an exact analytical solution & a simpli ed
version of the statistical multifragmentation model (SMM) [5,6] was found in
Refs. [7,8]. This exact solution allowed us to elucidate theole of the Fisher
exponent on the properties of (tri)critical point and to show explicitly [9]
that in the SMM the relations between and other critical indices dier
from the corresponding relations of a well known Fisher drojgt model [10].
Note that these questionsin principle cannot be clari ed either within the
widely used mean- led approach or numerically.
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Despite this success, the application of the exact solutiofv 9] to the de-
scription of experimental data is limited because this soltion corresponds
to an in nite system volume. Therefore, from a practical point of view it
is necessary to extend the formalism for nite volumes. Suclan extension
is also necessary because, despite a general success in thgetstanding of
the nuclear multifragmentation, there is a lack of a systemé#ic and rigorous
theoretical approach to study the phase transition phenomea in nite sys-
tems. For instance, even the best formulation of the statistal mechanics
and thermodynamics of nite systems by Hill [11] is not rigorous while dis-
cussing the phase transitions. Exactly solvable models ofifase transitions
applied to nite systems may provide us with the rst princip le results un-
spoiled by the additional simplifying assumptions. Here wepresent a nite
volume extension of the SMM.

To have a more realistic model for nite volumes, we would lile to ac-
count for the nite size and geometrical shape of the largestragments, when
they are comparable with the system volume. For this we will dandon the
arbitrary size of the largest fragment and consider the corsined SMM
(CSMM) in which the largest fragment size is explicitly relaed to the vol-
ume V of the system. A similar model, but with the xed size of the largest
fragment, was recently analyzed in Ref. [12].

In this work we will: solve the CSMM analytically at nite vol umes us-
ing a new powerful method; consider how the rst order phase ransition
develops from the singularities of the SMM isobaric partiton [13] in ther-
modynamic limit; study the nite volume analogs of phases; ad discuss the
nite size e ects for large fragments.

2. Laplace Fourier transformation

The system states in the SMM are speci ed by the multiplicity setsf nxg
(ngk =0;1;2;:::) of k-nucleon fragments. The partition function of a single
fragment with k nucleons is [1]V (T) = V (mTk=2 )3:2 zx, where k =
1;2;:::;A (A is the total number of nucleons in the system),V and T are,
respectively, the volume and the temperature of the systemm is the nucleon
mass. The rst two factors on the right-hand side (r.h.s.) of the single
fragment partition originate from the non-relativistic th ermal motion and
the last factor, z, represents the intrinsic partition function of the k-nucleon
fragment. Therefore, the function (T) is a phase space density of the
k-nucleon fragment. Fork =1 (nucleon) we takez; = 4 (4 internal spin-
isospin states) and for fragments withk > 1 we use the expression motivated
by the liquid drop model (see details in Ref. [1]):zx = exp( fx=T); with
fragment free energy

fr= W(Mk+ (Mk+ + = Tink; 1)
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with W(T) = Wg + T2="y. Here Wy = 16 MeV is the bulk binding en-
ergy per nucleon. T?="y is the contribution of the excited states taken
in the Fermi-gas approximation ("o = 16 MeV). (T) is the temperature
dependent surface tension parametrized in the following tation: (T) =
(T2 THXTZ + T2)>* with ¢=18 MeV and T, =18 MeV ( =0
at T T¢). The last contribution in Eqg. (1) involves the famous Fisher's
term with dimensionless parameter .
The canonical partition function (CPF) of nuclear fragments in the SMM
has the following form:
" #
X Y Nk P
VD A " koo @

Z4(v;T) = ] )

fngg k=1

In Eg. (2) the nuclear fragments are treated as point-like oljects. However,
these fragments have non-zero proper volumes and they shduhot overlap
in the coordinate space. In the excluded volume (Van der Waa)) approxi-
mation this is achieved by substituting the total volume V in Eq. (2) by the
free (available) volumeVs Vb | kng, whereb=1= ¢ ( ¢ =0:16fm 3
is the normal nuclear density). Therefore, the corrected CF becomes:
Za(V;T) = ZE(V bA;T). The SMM dened by Eqg. (2) was studied
numerically in Refs. [5,6]. This is a simpli ed version of the SMM, e.g. the
symmetry and Coulomb contributions are neglected. Howeverits investi-
gation appears to be of principal importance for studies of ke liquid gas
phase transition.

The calculation of Za(V;T) is dicult due to the constraint

« Kng = A. This di culty can be partly avoided by evaluating the grand
canonical partition (GCP)

b3
Z(V;T; ) exp 4 Za(V;T) (V. bA); (3)
A=0

where denotes a chemical potential. The calculation ofZ is still rather
di cult. The summation over fnyg sets inZa cannot be performed ana-
lytically because of additional A-dependence in the free volumé&/; and the
restriction V; > 0. This problem was resolved [7,8] by the Laplace transfor-
mation method to the so-called isobaric ensemble [13].
In this work we would like to consider a more strict constrain
E(V) k n, = A, where the size of the largest fragmenK (V) = V=Db
cannot exceed the total volume of the system (the parameter lis in-
troduced for convenience). A similar restriction should bealso applied to
the upper limit of the product in all partitions ZE(V;T), ZA(V;T) and
Z(V;T,; ) introduced above (how to deal with the real values of V=Db,
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see later). Then the model with this constraint, the CSMM, cannot be
solved by the Laplace transform method, because the volumetegrals can-
not be evaluated due to a complicated functionalV -dependence. However,
the CSMM can be solved analytically with the help of the folloving identity

71 71
G(V) = d
1 1
which is based on the Fourier representation of the Dirac -function. The
representation (4) allows us to decouple the additional valme dependence

and reduce it to the exponential one, which can be dealt with  the usual
Laplace transformation in the following sequence of steps

¢V )G(); (4)

N|Q_

2 2 71 Zld
2¢:T; ) dve VY Z(v;T; )= dv° d > (v ) Ve
0 2 0 1 1 3
X KO 1 N C (i yryk Onk
4 el VO ((T)e T 5 (V9
fngg k=1 ’
2 71 71 q
— dv® d > d (VO ) VOEVE(E ). (5)
0 1 1

After changing the integration variable V.! V0=V bP E( )k ng, the
constraint of -function has disappeared. Then allny were summed inde-
pendently leading to the exponential function. Now the integration over V°
in Eqg. (5) can be straightforwardly done resulting in

71 71 .
d e

2T )= d 5 — T (6)

1 1

where the function F (; 7) is de ned as follows

KO (BT K
F(;7) = K(T)e 7
k=1 32 }5(( ) 3
5 . 2=3
= rr21_T e+ kS5 (7

k=2

As usual, in order to nd the GCP by the inverse Laplace transbrma-
tion, it is necessary to study the structure of singularities of the isobaric
partition (7).
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3. Isobaric partition singularities

The isobaric partition (7) of the CSMM is, of course, more corplicated
than its SMM analog [7, 8] because for nite volumes the struture of sin-
gularities in the CSMM is much richer than in the SMM, and they match
inthe limit V 11 only. To see this let us rst make the inverse Laplace
transform:

Fil g
Z(V;T; ) = ErfUT;)eV
il
71 71 Zil ,
_ g 4T d eV
- 2 2i i F (; i)
1 1 il
FA A h '
d . X L
= d e eV Ehal (g
1 1 fng

where the contour -integral is reduced to the sum over the residues of
all singular points = ,+ i with n =1;2;::: since this contour in
the complex -plane obeys the inequality > max(Ref ,g). Now both
remaining integrations in (8) can be done, and the GCP beconse

X h N
Z(v;T; ) = enV1 @G T ©)
f ngd
i.e. the double integral in (8) simply reduces to the substitution ! V inthe

sum over singularities. This is a remarkable result which ca be formulated
as the followingtheorem:if the Laplace Fourier image of the excluded volume
GCP exists, then for any additionalV -dependence of- (V; ) or (T) the
GCP can be identically represented by Eq. (9).

The simple poles in (8) are de ned by the equation

n = F(V; n): (10)

In contrast to the usual SMM [7, 8] the singularities , are (i) functions of
volume V, and (ii) they can have a non-zero imaginary part, but in this case
there exist pairs of complex conjugate roots of (10) becaugbe GCP is real.

Introducing the real R, and imaginary |, parts of 5 = R, + il 5, we
can rewrite Eg. (10) as a system of coupled transcendental eqtions
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(V) _ Re( )«
Rn = k(T) e 7 cos(nbk); (11)
k=1
V) - Re )k .
Inh = k(T)e™ 7 sin(l,bk); (12)
k=1
where we have introduced the e ective chemical potential = + W(T)

nb T, and the reduced distributions —1(T) = zyexp( W(T)=T) and
“1(T)=k exp( (T) k?3=T) for convenience.

Consider the real root(Ry > 0;11 = 0), rst. For I, = I; = 0 the
real root Ry exists for any T and . Comparing R; with the expression
for vapor pressure of the analytical SMM solution [7, 8] show that TR is
a constrained grand canonical pressure of the gas. Eq. (12haws that for
In>1 6 0 the inequality cos(,bk) 1 never become the equality for all
k-values simultaneously. Then from Eq. (11) one obtainsr(> 1)

V) _ Re «
Rp < K(T)e ) Rn<R71; (13)
k=1

where the second inequality (13) immediately follows from e rst one. In
other words, the gas singularity is always the rightmost one This fact plays
a decisive role in the thermodynamic limitV ! 1

It is instructive to use the e ective chemical potential ( ) as an in-
dependent variable instead of . Like in the usual SMM [7, 8], for in nite

volume the e ective chemical potential must be real and nonpositive, 0,
because otherwise the functiorF (V; ) (7) diverges and the formal manip-
ulations in (5) to establish (6) cannot be used. The limiting value =0

de nes the liquid phase singularity of the isobaric partition which gives the
liquid pressurep(T; )= RiT =( + W(T))=b[7,8]. But for nite volumes
and nite K (V) the e ective chemical potential can be complex (with either
sign for its real part) and its value de nes the number and pogion of the
imaginary roots f > 19 in the complex plane. Positive and negative val-
ues of the e ective chemical potential for nite systems wee considered [14]
within the Fisher droplet model, but, to our knowledge, its complex values
have never been discussed. From the de nition of the e ectie chemical po-
tential ( ) itis evident that its complex values for nite systems exist only
because of the excluded volume interaction, which is not tadn into account
in the Fisher droplet model [10].

Consider the natural values ofK (V), rst. As itis seen from Fig. 1, the
r.h.s. of (12) is the amplitude and frequency modulated sindike function of
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dimensionless parametet , b. Therefore, depending onT and Reg ) values,
there may exist either zero, or nite, or in nite number of co mplex roots
f n>10. In Fig. 1 we show a special case which corresponds to exactlyree
roots of Eq. (10) for each value ofK (V): the real root (I; = 0) and two
complex conjugate roots ( I2). Since the r.h.s. of (12) is monotonously
increasing function of R€ ), when the former is positive, then it is possible
tomapthe T Re( ) plane into regions of a xed number of roots of Eq. (10).

1.0 T T T T

K(V) = 10
————— K(V) = 20
—-—- K(V)=30

05 r

-1.0 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Fig.1. A graphical solution of Eq. (12) for T = 10 MeV and = 1:825 The

l.Lh.s. (straight line) and r.h.s. of Eq. (12) (all dashed cuwes) are shown as the
function of dimensionless parametet , b for the three values of the largest fragment
sizeK (V). The intersection point at (0; 0) corresponds to a real root of Eq. (10).
Each tangent point with the straight line generates two compex roots of (10).

Each curve in Fig. 2 divides theT Re( ) plane into three parts: for
Re( )-values below the curve there is only a real root (gaseous pka), for
points on the curve there exist three roots, and above the cwe there are
ve or more roots of Eq. (10) which represent the nite volume analog of
the mixed phase (for more details see next section).

A similar situation occurs for the real values of K (V). In this case
all sums in Egs. (10) (13) should be expressed via the EuleMacLaurin
formula

KqV) V)
fu=f(Q)+ dkf(k)+ KO 4+ (kv) @) @4
k=1 2
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Fig. 2. Each curve separatesthd Re( ) region of one real root of Eq. (10) (below
the curve), three complex roots (at the curve) and ve and more roots (above the
curve) for three values of V=b and the same parameters as in Fig. 1.

where X )
n
f(K)= an| d fz(:) :
aop @MEdxE g

(15)

Here B, are the Bernoulli numbers. The representation (15) allows oa to
study the e ect of nite volume (FV) on the GCP (9).

4. Finite volume thermodynamics

In the CSMM there are two dierent ways of how the nite volume

a ects thermodynamical functions: it can be shown that for nite V and
there is always a nite number of simple poles withR,, > 0 in (9) and all
of them contribute to thermodynamic quantities; also the paameter < 1
describes a di erence between the geometrical shape of theme under
consideration and that one of the largest fragment (assumetb be spherical).
To see this, let us study the mechanical pressure which corsponds to the
GCP (9):

@anz(;T;)
V) =T —2v 0
n( ) @Vn (o)
X enV enV
= z(VTT;) 1 n@c(v; o h @ (Vv )i2
fng @n 7[‘]”
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( @ ") k K (V)
gy DK e+ TuMe T K(Y)
H k=1 i )#
T )+ 3 FoKV)

where we give the main term for each , and leading FV corrections ex-
plicitly for Re ( )=T < 1, whereaso(K (V)) accumulates the higher order
corrections due to the Euler MacLaurin Eqg. (15). In evaluation of (16) we
used an explicit representation of the derivative@ , =@ Wvhich can be found
from Egs. (10) and (15). The rst term in the r.h.s. of (16) describes the
partial pressure generated by the simple pole, weighted with the probabil-
ity enV=zZ(V;T; ), whereas the second and third terms appear due to the
volume dependence oK (V). Note that, instead of the FV corrections, the
usage of natural values foK (V) would generate the arti cial delta-function
terms in (16) for the volume derivatives.

As one can see from (16), for nite volumes the corrections ga give
a non-negligible contribution to the pressure because in tils case R¢ ) > 0
can be positive. The real parts of the partial pressure§ |, may have either
sign. Therefore, according to (13) the positive pressure$Ry-1 > 0 are
metastable and the negative onesI R,>1 < 0 are mechanically unstable
compared to the gas pressurd R;. The pair of complex conjugate roots
with the same value of TR,> 1 corresponds to a formation and decay of
those states in thermodynamical system at nite volumes. T&ing all this
into account, we conclude that the partial pressuresT 1 contributions to
the total pressure (16) correspond to the nite volume anal@ of the mixed
phase which is metastable or unstable for nite values of .

Using Egs. (11) and (12), one can show that the nite volume aalog of
the liquid phase corresponds to the densest possible statehich is de ned by
the inequality Re( ) T or, equivalently, by T.Indeed,forRg ) T
the leading contribution to the r.h.s. of (12) corresponds b the harmonic
with k = K (V), and, consequently, an exponentially large amplitude of tis
term can be only compensated by a vanishing value &in (1 5> 1 bK(V)), i.e.
Ihs 1 bK(V) (n 1). For this result Eq. (11) gives

p(T; ) 1 R, p(@)

Rn T KMVb ~(T) T

(17)

for TandK(V)!1 . Since the partial pressureTR,, of (17) corre-
sponds to a single fragment of largest size, we should idefytiit as a liquid
phase for nite volumes.

When V increases, the number of simple poles witiR, > 0 in (8) also
increases and imaginary part of the closest to the real -axis poles becomes
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very small. This can be seen for Rg) T from the above derivation
of Eq. (17), for which we showed thatl > 1 (n 1)=bK(V)! 0. For
in nite volume the in nite number of simple poles moves toward the real

-axis to the vicinity of liquid phase singularity p(T; )=T and, thus, gen-
erates an essential singularity of functionF (V; p=T) in (7). In this case the
contribution of any remote poles from the real -axis to the GCP vanishes.
Then it can be shown that the FV corrections in (16) become nélggible
because of the inequality Ré¢ ) 0, and, consequently, the reduced dis-
tribution of largest fragment ~ (v)(T) = K(V) exp( (T) K(V)¥3=T)
and the derivative @ ,=@ Wanish for all T-values, and we obtain the usual
SMM solution [7,8]. Its thermodynamics is governed by the fethest right
singularity in the complex -plane.

5. Conclusions

In this work we presented an exact analytical solution of thegrand canon-
ical formulation of the CSMM for nite volumes. This was achieved with
the help of a powerful mathematical method, the Laplace Fouier trans-
form, developed here. Using this method we were able to solexactly three
statistical models of surface partition [15]. The LaplaceFourier transform
allows one to identically rewrite the grand canonical parttion in terms of
the simple poles ,, of the isobaric partition and study their behavior when
the system volume increases to in nity.

As we showed, for nite volumes the gas singularity i is the only real
singularity and the rightmost one, i.e. 1> Re( ;> 1). The latter inequality
means that the gaseous state has the largest pressufe ; for given T and

, and, consequently, the gaseous phase is mechanically stalzompared to
other 1 states of the same GCP. Therefore, the - 1 singularities describe
mechanically metastable states for Ré -~ 1) > 0 and unstable states for
Re( n> 1) 0.

We proved that the complex |- ; states consist of pairs of complex conju-
gate numbers, which automatically generate only the real Vvimes of the GCP.
The complex -1 values lead to complex values of the e ective chemical
potential for nite volumes. To the best of our knowledge such a possiltity
has never been discussed in the literature on nuclear multéigmentation.

A detailed analysis of the isobaric partition singularities inthe T Re( )
plane allowed us to de ne the nite volume analogs of phasesrad study
the behavior of these singularities in the limitV ! 1 . Such an analysis
opens a possibility to study rigorously the nuclear liquid gas phase transition
directly from the nite volume partition. This may help to ex tract the phase
diagram of the nuclear liquid gas phase transition from theexperiments on
nite systems (nuclei) with more con dence.
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