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A short review on multiuser communication systems is given.System
design for iterative multiuser decoding is improved by meas of large sys-
tem results from statistical physics and random matrix theory. With the
application of multiuser detection for wireless communicaions in mind, it
is shown how a system of linear equations with random coe ciats can
be solved e ciently exploiting the asymptotic convergence of its eigenvalue
spectrum. In addition, the conditional convergence of the dagonal elements
of a power of a random matrix drawn from a Marchenko Pastur ensemble
is established.

PACS numbers: 89.70.+c, 84.40.Va, 02.60.Dc, 05.90.+m

1. Introduction

Wireless communication systems are designed to work in emanments
with as few infrastructure as possible. They shall provide lhe users with
the freedom to communicate with whomever they want regardles wherever
they are. Since electromagnetic waves, the most popular caers of digital
communications, propagate to almost any place, each userhough commu-
nicating with only a single other user, interacts, in principle, with all other
users in the network. Such a setting is hard to press in formals, in particular
if the environment is arbitrary.

The failure of the so-called 3rd generation of wireless teciology is, to
a large extent, due to a lack of understanding of the fundameml principle
governing wireless communications in the presence of manysers operating
simultaneously. This knowledge gap has become a severe abde to the
further penetration of wireless communication devices ird modern society
and lifestyle and, therefore, must be overcome.
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Research on the behavior of systems where many bodies mutlyalnter-
act with many others has been driven forward by physicists fomore than a
century studying the interactions of particles in gases, uds, and solids. Sta-
tistical physics and multi-user communications show strog analogies from
a conceptual point of view. In both cases many objects interet with each
other through variables that are constrained in a certain wg. These inter-
disciplinary analogies can be exploited to advance the undstanding and
design of future wireless communication systems. Though #hanalogies be-
tween the two elds do not extend too far and, in real-world canmunication
systems, statistical physics results cannot be applied déctly, the engineer-
ing community can strongly bene t from the analytical toolb oxes developed
by physicists. So far random matrix theory, originally studied to describe
spacings of nuclear energy levels, has received the mosteattion in wireless
system analysis and design. In addition, the replica methodleveloped in
statistical physics has entered wireless communication toope with the often
binary nature of wireless communication signals.

In wireless communications, random matrix theory and statstical me-
chanics tools have overwhelmingly used for performance alyais, seee.g.
[1 11]. Only few works [12 14] have used these large systenobls for actual
design of communication systems. The content of paper [13hd of [12] and
its continuation [14] will be reviewed in this paper after a $iort introduction
into wireless communication systems. In addition to analys and design,
references [15, 16] have used random matrix theory fanodeling of wireless
communication channels.

2. Communication systems

Though our daily life is full of multi-dimensional communication sys-
tems, both natural and arti cal ones, we are still lacking a mwmprehensive
theory describing their capabilities of carrying information. Even the seem-
ingly simple channel depicted in Fig. 1, called arinterference channe} with
only two inputs and two outputs is not fully understood in inf ormation
theory. Upper and lower bounds are known on its capabilitiesof carrying
information from input #1 to output #1 while input #2 is simul taneously
communicating to output #2. Only in some special cases, thewo bounds
co-incide. The search for a theory of characterizing preotdy the capabili-
ties of information ow in whole networks seems to be hopeles considering
that there has been no signi cant progress even on the integrence channel
within the last two decades. The interference channel perfaly describes the
most common situation in everyday's communication. Persor#l talks to
listener #1 while person #2 is talking to listener #2. Nevert heless, technical
communication systems are not designed as interference airaels mostly
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Fig. 1. Interference channel with two inputs and two outputs.

for the reason of our lack of understanding on how to deal wittthem but
as the concatenation of amultiple-access channelnd a broadcast channel
as shown in Fig. 2. A typical example for the concatenated apmach is a
cellular phone network with the base station taking the part of the relay.

|nput #1 Output #1
- t
L—— multiple-access Retlay broadcast
t _ channel channel t
Input #2 Output #2

Fig. 2. Concatenation of multiple-access channel and broachst channel.

The multiple-access channel is characterized by having opla single out-
put though having multiple inputs while the broadcast chanrel is the dual to
the multiple-access channel in terms of inputs and outputs.Both multiple-
access channel and broadcast channel (provided that it is deast stochasti-
cally degraded) are well-understood in information theory literature [17].

The principles summarized in this work apply to a broad classf com-
munication channels. We do not aim to cover all or even most ofthem,
but restrict ourselves to the discrete vector-valued additve white Gaussian
noise channel. It is general enough to develop rich exampldsr the appli-
cation of the theory to be introduced, and simple enough to kep equations
illustrative.

In vector notation, the vector-valued additive white Gausgan noise chan-
nel is given by

ylI=H[ X[ I+n[] (1)
with

1 See [17] for de nition of stochastically degraded broadcast channels.
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the K 1 vector of transmitted symbols x[ ],
the N 1 vector of received symbols/[ ],
the N K channel matrix H [ ],

the N 1 vector of additive white Gaussian noisen[ ] with zero mean
(En = 0) and variance EnnH = 2I),

and discrete time .

In order to simplify notation, the time index will be dropped whenever it is
not needed to express the dependency on discrete time expilig.

The vector-valued additive white Gaussian noise channel ecabe also
written in an alternative manner: It is well known in literat ure [18] that the
signal

HUL Dyl ]
HELIH [ X[ 1+ H [ In[ ] by

provides su cient statistics for the estimation of the signal x[ ]. This means
that all information about X[ ] that could be extracted from the received
signaly|[ ] can also be extracted from the signat[ ]. Thus, the two channels
(1) and (2) are actually equivalent in terms of all performarce measures such
as bit error rate, signal-to-noise ratio, channel capacityetc.

These two equivalent channels (1) and (2) appear in severalr@as of
wireless and wireline communications:

rf]

In the forward link of a cellular CDMA system, the components of
the vector r are regarded as the signals oK individual users while
the vector y is the single input to the channel by the base station.
In this case, (2) describes a broadcast channel. In the revas link
(uplink) of a cellular CDMA system, the components of the vetor x

are regarded as the signals df individual users while the vectory is
the single output of the channel observed by the base statianin this

case, (1) describes a multiple-access channel. In both cashe matrix

H contains the spreading sequences of the users as columns.

In antenna array communications, the components of the vecirs x
and y represent the signals sent and received by th& transmit and
N receive antenna elements, respectively. Multiple antenn@lements
are employed to boost the data rate of one-to-one communican links.
In this case, (1) describes a single-input single-output dmnel, though
each input and output is a vector-valued observation and initerature
often referred to as multiple-input multiple-output (MIMO ) system
but not MIMO channel
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In cable transmission, the components of the vectox contains the sig-
nals sent on the bundled twisted pairs within a cable. The coeients

in the matrix HHH describe the electromagnetic crosstalk between
the respective twisted pairs. In this case, (2) describes amterference
channel.

For block transmission over a dispersive channel, the compents of the
vectorsx andy contain the symbols sent and received consecutively in
time. Discrete time counts blocks, and the matrixH is a circulant?
matrix of the channel's discrete-time impulse response. Iihis case,
(1) describes a single-input single-output channel.

In orthogonal frequency-division multiple-access (OFDM) the compo-
nents of the vectorsx and r represent theK sub-carriers at transmit-
ter and receiver site, respectively, and the matrixd HH accounts for
inter-carrier interference. Depending on the purpose thatis followed
when applying OFDM, the channel (2) can be considered as eidr
multiple-access, broadcast, interference, or single-imjp single-output
channel.

Regardless of the application one has in mind, the performase of digital
communication via the channel (1) can be analyzed for a varig of receiver
algorithms and assumptions on the properties of the channematrix H .
Numerous results are reported in literature [18, 20] and no ert is made
here in trying to be comprehensive.

3. lterative multiuser decoding

In order to achieve optimal performance for communication wer a vector-
valued channel (1), the signal must, in general, be processgointly over the
components of the vector and over time. This becomes a prohifive task
even for vectors with only a few dimensions and simple chanheodes, since
the number of states of the decoding trellis is exponentialn the product of
the dimension of the input vector and the block-length of thecode [21].

Since optimal information processing is infeasible, subdjpnum algo-
rithms have to be used in practice. With the invention of turbo decoding
for approaching channel capacity on scalar communicationh@annels in [22],
iterative decoding also became the method of choice for neaptimum mul-
tiuser communication with tolerable complexity and was stulied by several
works among them [23 27]. All these papers found, with methds of vari-
ous kinds of sophistication, that iterative multiuser decaing, cf. Fig. 3, can
closely approximate optimal multiuser decoding if the levéof interference is

2 properties of circulant matrices are addressed in [19].
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Fig. 3. Iterative multiuser decoding (left hand side) versus separated detection and
decoding (right hand side).

low to moderately high and outperform all approaches sepatang detection
and decoding. Nevertheless, it was observed that iteratianfail to converge
to correct decisions on the data if the interference level lmmes to large.

Besides turbo codes, there is another class of codes for scatammuni-
cation channels callediow-density parity check codesvhich are designed for
iterative decoding. Understanding the iterative decodingalgorithm as an
instance of thebelief propagationalgorithm [28 30], an analysis tool for iter-
ative decoding calleddensity evolutionwas found [31]. It consists of tracking
the empirical distribution of the decoder output from one iteration to the
next. Instead of tracking the evolution of the exact distribution, tracking
mean and variance of the distribution and imposing a Gaussia (mixture)
distribution turned out to be a very accurate approximation [32, 33].

Inspired by the result that irregularity in the design of low-density parity
check codes improves the convergence properties of the itive decoding
algorithm [34 36], dis-uniformizing the powers over the ugr population in
iterative multiuser decoding was investigated in [13].

For the purpose of applying density evolution to iterative nultiuser de-
coding an analytic expression for the uncoded error probalify as a function
of the apriori information of the detector was found. For the optimum mul-
tiuser detector, such a formula was derived in the large sysin limit making
use the replica method. It reads

2
Pr(Xq 6 xy) = p12: e 2°72qz A3)

p—
k
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with the parameter being determined by the xed-point equation

Z Z p— 2
1 tanh z + z°=2
=1+ (1 1) %

1
B 1 t2tanh? z" —+ 2
R

dzdP . (;t):

4
Here, ,t=2Pr(x=1) 1,andP : (;t) denote the signal-to-noise ratio,
the bias of the prior, and the joint distribution of signal-t o-noise ratio and
bias of the prior over the user population, respectively. A ecent generaliza-
tion of this result is given in [37].

In order to solve the problem of optimal power assignment to e users,
it is shown that under practical assumptions on the choice othe codes and
target bit error rates, the iterations of the multiuser decoder lead to almost
complete elimination of the multi-access interference if

1
—

Z Z 1 tanh? yp ( )+ () 1 tanh 2P—+

1

L1 tanh?y ( )+ () tanh? 2P+
Z2+ y2

e 2

— dzdydP () (5)
forall 2 (0;1 "), with the scalar function () describing the code
characteristics, and"1; ", being some small margins required for implemen-
tation. The function () was found partially by simulation and partially
by union bounds depending on the range of the argument. Withhe help of
two properties of the condition (5), i.e. the linearity of the implicit equation
with respect to the load and the fact that (5) is a xed point equation, the
power optimization problem was formulated as a linear progam and solved
numerically. For the convolutional codes studied in the pager, all optimal
power distributions were step functions with a nite number of steps.

The theoretical predictions obtained by asymptotic analyss and density
evolution were con rmed by simulations. With the optimized power distri-
bution, the iterations always converged to correct decisios on the data, even
for very high interference levels. No upper bound on the pog#ide number of
users for a given spreading factor could be found. Moreovewith optimized
power distribution, the total data rate of the system could be more than
doubled.

For practical implementation, the optimum multiuser detector which is a
sub-block in the iterative multiuser decoder still has too hgh complexity. It
can be replaced, among other methods, by the conditional ornconditional
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linear minimum mean-squared error (MMSE) detector. The peformances
of both linear detectors can be analyzed in the large systeninhit by means
of random matrix theory. The respective equations that are ounterparts to
(4) read 7

1 )

mdp:t(;t) (6)

and R
z 1, 2Py (it)

=1+
1+ 1 t2dPy (;t)

dP () ()

for the conditional and the unconditional linear MMSE detedor. While

the complexity of the optimum detector is exponential in the number of
users, complexity of these linear detectors is only cubic.nl analogy to the
procedure for the optimum multiuser detector, a counterpat to condition (5)

can be found which shows the same nice properties, a xed pdirquation
that is linear in the load, and allows for optimization of the users' power
pro le by linear programming. Replacing the optimum multiu ser detector
by a simpler approach based on linear lters only a penalty ofabout 1 dB
needs to be paid.cf. Fig. 4.

convolutional code

Throughput [bit/s/Hz]

-
ST e
1 L B S trie J
.
’

9 0 2 4 6 8 10 12 14
Signal-to-noise ratio [dB]

Fig.4. Spectral e ciency of iterative multiuser decoding vs. signal-to-noise ra-
tio for several methods of multiuser decoding at a bit error pobability of 10 5.

Dash-dotted lines refer to separated detection and decodin dashed lines refer to
iterative multiuser decoding with equal powers for all uses, solid lines refer to iter-
ative multiuser decoding with optimized powers. The light and dark lines refer to

optimal and linear MMSE detection, resp. The upper bound rekrs to the capacity
(maximum data rate) of the channel. A standard convolutional code with 64 states
was used.
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Power optimization based on the asymptotic approximation urned out
both accurate and simple enough to make real-time power ogtization for
iterative multiuser decoding possible in deployed mobile adio communica-
tion systems. In contrast, the exact optimization problem wthout large
system approximation is, even for only a few users, still undved due to its
prohibitive complexity.

4. Asymptotic design of multistage detectors

As mentioned in the previous section, even simpli ed multiser detectors
which are used in iterative multiuser decoding like the liner MMSE detec-
tors have cubic complexity in the number of users. That is, aghey require
to solve a linear system of equations with one equation eachep user. For
hundreds of users this is not a trivial task to be performed ina mobile hand-
set within microseconds. When it came to the frequency-dingion duplex
(FDD) mode of Europe's UMTS?, some believed that multiuser detection,
though it would improve performance signi cantly, is infeasible with today's
technology.

Motivated by the observation that the eigenvalues of large andom ma-
trices become more and more predictable the larger the mates are, refer-
ence [12] showed that multiuser detection should, in contrst to the common
believe, not become more di cult but, at some point, simplify if there are
enough users in the system. In [12], it is demonstrated how tsimplify solv-
ing systems of linear equations given by a large random matidrawn from
a Marchenko Pastur* ensemble exploiting the convergence properties of its
eigenvalues.

Assume you want to invert aK K matrix X whose eigenvalued =
f 1;::1; kg are known to you. Note that due to the Cayley Hamilton
Theorem [38] any matrix is a zero of its characteristic polyomial

' )
X «Hk=0: (8)
k=1

Expanding the product into a sum, we nd

(L)X =0 9)
k=0

3 Universal Mobile Telecommunications Standard (UMTS).
4 Since the spreading sequences in mobile radio standards ar@seudo-random numbers,
the channel matrix can be well-approximated by a random matr ix.
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with some coe cients ¢« depending on the eigenvalues oK . Solving this
equation for X © = | and multiplying both sides by X ! gives the desired
inverse matrix as a(K  1)S' order polynomial in X

X o L)y e X

1
X o= (L)

wi (L)X K: (10)

k=0 k=0

Since the eigenvalue distribution depends only on the stastics of X , the co-
ecients wy = Ck+1 =G can be pre-computed for large-dimensional random
matrices.

While standard Gauss Seidel iterations require, in princple, the sum-
mation of an in nite number of terms to achieve arbitrary precision, the
knowledge of the eigenvalues reduces the number of terms te lsummed to
the dimension of the matrix.

Evaluating a polynomial of degreeK 1 can still be a task too compli-
cated to perform in real-time. Though polynomials with lower degrees can,
in general, not equal the inverse of the matrix, they may be aturate ap-
proximations. Depending on the cost function for the approxmation error,
various designs for the coe cients of shorter polynomials & sensible.

De ning the total mean-squared error as cost function, the @timum
coe cients for a matrix polynomial of order L 1

X 1 Wi X K (11)
k=0

are determined by a system of Yule Walker equations [39]

2 3 2 32 3
mi my ms oo MLy Wo
mo ms my oMis2 Wi
. = . . ) . } ; (12)
my ML+ M2 220 Mo WL 1
where »
4 1
My = k. (13)

i=1
Reference [39] suggested to track the empirical eigenvaln@omentsmy adap-
tively and to solve the Yule Walker equations (12) in real-time. Since these
moments converge to non-random deterministic limits for a érge class of
random channel matrices, they can be computed analyticallyas functions of
the channel statistics and so can the weights. The coe ciens of the matrix-
valued polynomial which lead to the smallest deviation of otput signal of
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the approximated detector from the exact detector are giverby the solution
to the system of Yule Walker equations (12). They depend ory on the rst

2L moments of the eigenvalue distribution of the matrix X which are well-
known in literature. This approach to weight design was promsed in [12]
and explicit expressions for the optimum weights and the adevable SINRs
were given for channel matrices with independent identicdy distributed en-

tries. It was generalized to channel matrices with more invived asymptotic
statistics in [14].

The weights can also be calculated adaptively interpretingthe polyno-
mial expansion detector as a multistage Wiener Iter [40,4]. This approach
was followed in [42] and large system SINRs were derived fogeal power
users in terms of continued fractions. A generalization fousers with di er-
ent powers can be found in [43]. Reference [44] highlightedhé connection
between the Marchenko Pastur distribution, continued fractions, and or-
thogonal polynomials for the analysis of polynomial exparnisn detectors.
Such a connection is well established in mathematical litexture [45], but
found its way into the design and analysis of code-division mitiple-access
only recently.

The weight design according to (12) with (13) minimizes the nean-
squared error of the solution of the system of linear equatias to be solved.
For engineering purposes, however, minimizing the bit ernoprobability of
the users is a more sensible, tough related goal of optimizanh. As shown
in [14], this leads to a di erent weight design, if the users'channels have
di erent statistics. In that case the weight design is di er ent for each usern.
Thus, the weights actually turn into diagonal matrices. The Yule Walker
equations (12) stay valid, but (13) has to be replaced by

mg= XK (14)
L}
for useri. Apparently, the weights depend on the particular diagonalele-
ments of the powers of the matrix, not only on its average, thdrace. Similar
to the convergence of the trace, the diagonal elements cansal be shown to
converge to deterministic limits for a given signal power ofuseri. For the
reader's convenience, this statement is made more precise the appendix.
A particularly pleasant feature of this way to iteratively solve a linear sys-
tem of equations governed by a random matrix is the speed of ogergence.
In [44], it was shown that the mean-squared error of the apprdmation de-
cays exponentially fast as long as the support of the eigenitee density is a
subset of a nite interval on the positive real axis.
As a consequences of all these particular results, the congxity of imple-
menting multiuser detectors for a large number of users witlpseudo-random
spreading was found to be merely quadratic than cubic in the mmber of
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users. The fundamental principle used to demonstrate the #esibility of in-
terference mitigation are not particular to code-division multiple-access, but
rely on fundamental properties of random matrices and theirconvergence of
its eigenvalues to deterministic limits. They can, therefoe, be generalized
to a variety of other applications which involve the vector channel (1).

5. Summary and outlook

Random matrix theory and other large system properties can b suc-
cessfully used to come up with new designs of multiuser commication
systems. However, not for all practically relevant channektatistics, results
on the asymptotic eigenvalue distributions of channel matices are available
in mathematical and physics literature.

Appendix A

Theorem 1 [14] Let A be aK K diagonal matrix in C with bounded
elements and such that the sequence of the eigenvalue disition of AH A

converges almost surely, aK !1 , to a non-random distribution function

Fiajz( ) with upper bounded support. Le§2 CN ¥ with random i.i.d. zero

mean entries with varianceEfj s j’g= Nl and limyi;  EfN 3jsij jfg<+1.

Let R = A"SHSA. Conditioned on ay, the k-th diagonal element of
A, (R )k converges almost surely, adN;K ! 1 with % ! , to the

conditionally deterministic quantity Rl;k;l

\ X1 :
Ruc1 = Jjawi® R mg® ' ">1 (A1)
s=0
forany k;> 2 Z*. m§ =E Ztr(R®) : The initial values of the recursion
areRY., =landm} = L 2

A closed-form expression for the momentsny can be found in [46].
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