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sets in at higher energies.
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1. Introduction

In a recent paper [1], Bauke and Mertens have formulated an imresting
conjecture on the behaviour of local energy level statiste in disordered
systems. Roughly speaking, their conjecture can be formuled as follows.
Consider a random Hamiltonian, Hy ( ), i.e. a random function on some
discrete spin spaceS N, of the form

X
Hn( ) = Al ); (1.1)
A N

where y are nite subsets of Z9 of cardinality, say, N, the sum runs over
some set of nite subsets of y and A are random local interactions, typi-
cally of the form

Y
Al )=Ja X5 (1.2)
X2A

whereJa, A Z9, is a family of (typically in(ii)ependent) random variables.
In such a situation, for typical , Hy( ) N, while sup Hy( ) N.
Bauke and Mertens then ask the following question: Given a xd number,
E, what are the statistics of the valuesN ?Hy ( ) that are closest to this
number E, and how are con gurations, , for which these good approximants
of E are realised, distributed onS N ? Their conjectured answer is rather
simple: nd n:g such that PN “Hy( ) Ej byne) jSj Vb then
the collection of points & jN 2Hy( ) Ejoverall 2S ™ converges to
a Poisson point process oiiR, . Furthermore, for any nite k, the k-tuple of
congurations 1; 2;:::; k. where thek best approximations are realised,
is such that all of its elements have maximal Hamming distane between each
other. In other words, the asymptotic behavior of these besapproximants
of E is the same, as if the random variableH\ ( ) were all independent
Gaussian random variables with zero mean and varianc®\, i.e. as if we
were dealing with the random energy model (REM) [10], that iswhy Bauke
and Mertens call this universal REM like behaviour .

A comparable result, which motivated this problem, had prevously been
found by Mertens [12] (for rigorous proofs see [2,3]) in the gticular case
of the number partitioning problem, where

X
Ha( )= Xi (1.3)
i=1

with X; i.i.d. random variables uniformly distributed on [0;1], ; 2f 1;1g;
one is interested in the distribution of energies near the Vlae zero, which
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corresponds to an optimal partitioning of the N random variables X; into
two groups, such that their sum in each group is as similar as @ssible
(a generalisation to other values ofE was investigated in [4]).

In [7] we generalised this result to the case of thk-partitioning problem,
where the random function to be considered is actually vecievalued (con-
sisting of the vector of di erences between the sums of the radom variables
in each of thek subsets of the partition). To be precise, we considered the
special case where the subsets of the partition are requirdd have the same
cardinality, N=k (restricted k-partitioning problem). The general approach
to the proof we developed in that paper sets the path towardstie proof of
the conjecture by Bauke and Mertens that we will present here.

The universality conjecture suggests that correlations ag irrelevant for
the properties of the local energy statistics of disorderedystems for energies
near typical energies . On the other hand, we know that corelations must
play a role for the extreme energies near the maximum oHy( ). Thus
there are two questions beyond the original conjecture thanaturally pose
themselves: (i) assume we consider instead of xedE, N -dependent energy
levels, sayEn = N C. How fast can we allowEy to grow for the REM-like
behaviour to hold? and(ii) what type of behaviour can we expect onc&y
grows faster than this value? We will see that the answer to te rst question
depends on the properties oHy , and we will give an answer in a class of
examples related to the Sherrington Kirkpatrick (SK) spin -glass models.
The answer to question(ii) requires a detailed understanding oHn( ) as a
random process, and we will be able to give a complete answen only in the
case of the GREM, whenH is a hierarchically correlated Gaussian process.
In the case of the GREM, we give a complete analysis of the lot@nergy
statistics at all energy scales. We show that the REM conjeatre holds for all
energiesEn < (N, where . is the critical temperature. Beyond that, there
appear more complicated limiting processes (compound Pa@en processes)
that re ect the onset of an intrinsic geometrical structure. We explain this
phenomenon in detail. The emergence of., the critical value for the REM
conjecture in the GREM, suggests that possibly <N is a general threshold
for the REM-like behaviour in other models as well, in partialar in the SK
models. It will be a challenging problem for future work to investigate this
possibility.

The technical details of our proofs will be presented elsevene [8,9]. Here
we will concentrate on a non-technical exposition of the idas behind these
proofs.
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2. The local REM

Our approach to the proof of the REM conjecture is based on théollow-
ing general fact about random variables. LetViy 0, i 2 N, be a family of
positive random variables with identical distributions, that are normalized,

s.t.
b

P(Vijm <b) - (2.1)
In the case of independent random variables, it would followthat the num-
ber of Vi that are smaller than b will have binomial distribution with
parameters M, b=M. If (2.1) holds for all b 2 R,, if we plot the set of
all points Vi.u , the number of points within any subset, A R, nfOg will
converge to a random variable with Poisson distribution, wih parameter
the volume of the setA. Moreover, if A and B are two disjoint subsets,
then the numbers of points within each respective set will bendependent.
This means that the random set of pointsVi.y converges to aPoisson point
processon R; nfOg. The question is under which conditions this is still true,
if the random variables Vi, are correlated. It turns out that a very useful
su cient condition is that, for any xed number, °, average over all choices

that all = are below thresholds )y, behaves as in the independent case, when
M goes to in nity, i.e.

. Y
lim P(8-; Vi, m <bj)! b ; (2.2)
(ig;u5i0)f LM g j=1

where the sum is taken over all possible sequences dierent indices

Remark: A proof of this result can be found in Chapter 13 of [5]. Naturdly,

we would apply this theorem with Viy given by jN ?Hy () Enj, prop-
erly normalised.

It is useful to think of the random variables Yy ( ) N ™Hy( ) as
Gaussian random variables with variance one. This holds, ithe couplings,
Ja, are Gaussian. Otherwise, it is one of the main steps of the pof to
show that they converge, in a strong sense, to Gaussians. Thirequires
some continuity assumptions on the distributions of the coplings, but then
holds in great generality, if Ey = E is independent ofN. If energiesEp
that go to in nity are considered, this problem is much harder.

Let us see what needs to be checked in order for the above retsuto
apply. Consider a product spaceSN where S is a nite set. We de ne on
SN a real-valued random processYy( ), 2 SN. Assume for simplicity



Energy Statistics in Disordered Systems ... 2625

that EYn( )=0; E(Yn( ))?2=1:Deneon SN
bu(; 9 cov(Yn( )Y ( 9): (2.3)

One problem we have to deal with from the outset are symmetrie Let
G be the group of automorphisms onSy, such that, forg2 G, Yn(g ) =
Yn (). Then it is clear that we should only consider the residual @dsses of
SN modulo this group®, which we denote by . Let us consider energies

En=cN ; ¢ 2R; O < 1=2; (2.4)

and de ne the sequence
49— ,_
26N N b (2.5)

N =

Note that y is exponentially smallinN "1 , since < 1=2. This sequence
is chosen such that for anyb 0,

dim j niPGZN( ) Enj<bn)=b: (2.6)
For * 2 N and any collection, 1;:::; 2 N‘, we denote by
Bn( Lo ‘) the covariance matrix with elements
by ( L) () 2.7
() Let Ry. denote the set where all covariances are smalle. with > 0
Ry f(ho )2 i8ig ~in( ' )i N g (28)

This set will in any reasonable model exhaust almost the enté con gu-

ration space. We will assume that there exists a continuousetreasing

function, () > 0, on] q; ~o[ (for some ~ o > 0), and a function,
()>0,0n] o; o[, such that

Ry 1 exp (N O jyj: (2.9)

(i) Our main worry would then be degenerate situations where theovari-
ance matrix is singular. We need that the number of such con gra-

tions is very small, in the following sense. For 2, r =1;:::;° 1,
set
~ n ~ ~ . . . . . .
Ly = (55 )2y 0 8uig iYW( Di& iWw( )i
0
rank(Bn( 45 ) =1

1 In the special caseE = 0, we need even to consider a larger group that leaves the
modulus of Yy invariant.
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Then there existsd,~ > 0, such that, for all N large enough,
Lnri 0 nite %N (2.10)
This is the most critical assumption that is not always easy b verify.

(ii) Finally, we must ensure that even in the degenerate cases, ¢hprob-
abilities considered are under control. We ask that for’ 1, any

r=1;2:::;,and any by;:::;b O, there exist constants,p,; 0
and Q < 0, such that, forany %;:::; 2 N » Such that
rank(Bn ( L;::ip )=,

P8 i () Eni< nbB) QENP: (211

Theorem Under the assumptions above, if 2 [0;1=2[ is such that, for
some 1 22] o;ol,

< 272 (2.12)
<=2+ ()=28 2] 1; 2f; (2.13)
and
< (2)=2 (2.14)
Furthermore, assume that, for any” 1, any by;:::;b > 0, and
(L )2R G,
P 8 :j¥w( ') Enj< nb (2.15)

= P 8. :jZn( ') Enj< nb +o0( N ):

Then, the point process,
X

Pn P (2.16)

f (Y () Enig '
2 N
converges weakly to the standard Poisson point proceBson R .
Moreover, for any > 0 and any b 2 R, the probability that there exist
two con guarations, ; © such thatjby(; 9j > andjYn( ) Enj
iYW(9 Enj nb tends to zero, asN "1 .
Theorem 2 is proven by verifying that the conditions (2.2) ae veri ed
for Vim given by YYn( ) Enj, i.e. that
X . :
P 8- :jYN(') EnNj<bin ! b b: (2.17)
|
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The formal proof is given in [8].

The second assertion of the theorem is elementary: the sum ¢érms
P(8Z; :jYn( ) Enj< nb) overallpairs, (% 22 ?nRy,, such
that 16 2, converges to zero exponentially fast.

Finally, we remark that the results can be extended to the cas when
EYn()680,if =0,i.e EN = c Note that, e.g, the unrestricted number
partitioning problem falls into this class. To see this, letZy( ) be the
Gaussian process with the same mean and covariances ¥g( ). Let us
consider both the covariance matrix,By, and the mean ofYy, EYn( ), @s
random variables on the probability space( n;Bn;E ), where E is the
uniform law on . Assume that, for any = 1,

Bu( Y )P Ig; N"1 ; (2.18)
where | 4 denotes the identity matrix, and
EYn( )P D; N"1 ; (2.19)

where D is some random variableD. Let

&= K it (2.20)
where ,
K Ee (¢ D)X= (2.21)

Theorem  Assume that, for someR > 0, JEYn( )j NR, forall 2
n- Assume that (2.9) holds for some > 0 and that (ii) and (iii) of
Assumption A are valid. Assume that there exists a seQn R N o such

that (2.16) is valid for any ( 1;:::; ) 2 Qu, and that jJRy> NQONJ
j nje N ,with some > 0. Then, the point process
X
Pn e LYy () Eni 'p (2.22)

N

converges weakly to the standard Poisson point proceBson R; .

3. Examples

The assumptions of our theorem are veri ed in a wide class oflpysically
relevant models. The examples we veried explicitly in [8] ae: (1) the
Gaussian p-spin SK models, (2) SK-models with non-Gaussian couplings
and (3) short-range spin-glasses. In the last two examplesexconsider only
the case =0.
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3.1. p-spin Sherrington Kirkpatrick models, 0 < 1=2

In this subsection we illustrate our general theorem in the lass of
Sherrington Kirkpatrick models. Consider S=f1 ;1g.

pﬁ X
Hn( )= = Jivimip i1 iz in (3.1)
p 1 i1<i2<i<i p N

is the Hamiltonian of the p-spin Sherrington Kirkpatrick model, where
Jiy;i, are independent standard Gaussian random variables.

The following elementary proposition concerns the symmetes to the
Hamiltonian.

Proposition Assume that, for any0 <i; < ::: < P N, i,

=1
I

2 Then, if pis pair, either ;= 0 forall i =1;:::;N, or
0foralll-l """ ‘N, and, |fp|sodd then.= 0foralll-l """ 'N.
Assume that, for anyO <ip<:in<ip N, j ip = ,01 0 ThIS

is impossible, ifp is pair and ; = 0 foralli=1;:::; ,if pis odd

This proposition allows us to construct the space N: If p is odd and
c60, N =SN,thusj nj=2N. If piseven, orc =0, |y consists
of equivalence classes where con gurations and are identi ed, thus
jonj=2N L
Theorem Letp 1beodd Let y =SN. If p=1and 2 [0;,1=4]
and, if p=3;5;:::;, and 2 [0;1=2], for any constantc 2 Rnf0g the point
process X

Pn ¢
2 N

VN 1=2H () oN g (3-2)

where = 2 Net¢N? =P —
point process, P, on R;.
Let p be even. Let y be the space of equivalence classesS} where
and are identied. For any 2 [0;1=2[ and any constant,c 2 R, the
point process X

5, converges weakly to the standard Poisson

Pn @ N) LN 12Hy () oN g (3.3)
2 N

converges weakly to the standard Poisson point proce$3, on R, . The result
(3.3) holds true as well in the case ot =0, for p odd.

3.2. Short range spin glasses

As a nal example, we consider short-range spin glass modeldo avoid
unnecessary complications, we will look at models on the&-dimensional
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torus, n, of length N. We consider Hamiltonians of the form

X
HN( ) N d=2 rada A, (34)
A N

Q : .
where , «2A x» [A are given constants, andla are random variables.
We will introduce some notation:

(a) Let AN denote the set of allA N, Such thatra 60.

(b) For any two subsets, A; B N, We say that A B, i there exists
X 2 N such that B = A + x. We denote by A the set of equivalence
classes oAy under this relation.

We will assume that the constants,r 5, and the random variables,Ja,
satisfy the following conditions:
(i) ra=ra+x, foranyx2 n;

(i) there existsk 2 N, such that any equivalence class irA has a repre-
sentative A k; we will identify the set A with a uniquely chosen
set of representatives contained in ;

(iii) PA N:rﬁz NY;

(iv) Ja, A 2 29, are a family of independent random variables, such that
(v) Ja and Ja+x are identically distributed for any x 2 z9:

(vi) EJa =0 andEJ2=1,andEJ3 < 1;

(vii) For any A 2 A, the Fourier transform a(s) Eexp(isJa), of Ja
satises| a(s)j= O(jsj 1) asjsj!1

Observe thatEHy ( ) =0,

X
b; 9 N 9EHn( )HN( 9=N @ rAagn L (3.5)
A2N

where equality holds, if = ©
Note that Yn( ) = Yn( 9 (resp. Yn( ) = Yn( 9 ), if and only
if, forall A 2 Ay, a = 2 (resp. a = 9). E.g., in the stan-
dard Edwards-Anderson model, with nearest neighbor pair iteraction, if
«x diers from ¢ on every second sitex, then Yy( ) =  Yn( 9, and if
o=  ,Yn( )= Yn( 9. In general, we will consider two con gurations,
; 92 S n, asequivalent, i forall A2 Ay, a= 2. We denote the
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set of these equivalence classes byy. We will assume in the sequel that

there is a nite constant, 1, such thatj nj 2V° 1. In the special
case ofc = 0, the equivalence relation will be extended to include the cse
A= R, for all A 2 An. In most reasonable examplesg.g. whenever

nearest neighbor pair interactions are included in the sef\), the constant

2 (resp. 4, if c=0).
Theorem Let c2 R, and _n be the space of equivalence classes de ned
before. Let N | nj le€=2 . Then the point process

X

Pn (3.6)

f W HHN () cig
2 N

converges weakly to the standard Poisson point process B3 .
If, moreover, the random variablesJ are %aussian, then, for anyc 2 R,
and0 < 1=4, with y | nj N 2 7 the point process

X
Pn t \UHN() oN g 3.7)

2 N

converges weakly to the standard Poisson point process Ba .

4. Beyond REM behaviour
Let us briey recall the de nitiond)f the GREM. We consider parame-

frs o=1< g;:1:; o< 2with N, i=2,a=0<ag:;a, <1,
L,a=1. Let X, ,,1=1;:::;n, be independent standard Gaussian
random variables indexed by ;:3; | 2f 1;1gM InC 1 1)=IN2 The Hamil-

tonian of the GREM is Hy ( ) NX , with

x  Pax,+ +Pax, (4.1)
Then cov(X ;X o) = A(dv(; 9), wheredy(; 9 = N Yminfi: ; 6
% 1], and A(x) is a right-continuous step function on[0; 1] with A(x) =
ag + +a,ifx2[In( o 13 N=In2;In( o 1; i+1)=In2). We will

assume here for simplicity that the linear envelope of the foction A is
COnvex.

To formulate our results, we also need to recall from [6] (Lemma 1.2)
the point process of Poisson cascade®' on R!. It is best understood in
terms of the following iterative construction. If | = 1, P! is the Poisson
point process onR! with the intensity measure e *dx. To construct P!, we
place the proces®' 1 on the plane of the rst | 1 coordinates and through
each of its points draw a straight line orthogonal to this plane. Then we put
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on each of these lines independently a Poisson point proceséth intensity
measuree *dx. These points onR' form the processP'.
Let us de ne the constantsd;, | =0;1;:::;n, wheredyg =0 and

X p
d a2ln j: (4.2)

X

D, d+ 2Mia 3 (4.3)
A1 o

It is not dicult to verify that Dg<D ;< <D, 1. Interestingly, the
border of Dg is the point , that is the critical temperature of the respective
model. We are now ready to formulate the main result.
Theorem If j¢<Dg= ¢, then, the point process

X

My = (4.4)

fone (2 ) 122 WN2x ¢y " Njg
N
converges to the Poisson point process with intensity measuthe Lebesgue

measure.

Theorem Iffor I=1;:::;n 1,D;, 1 c¢<D,, set
g=jg d; (4.5)
_ € . o P Ao lA N i 4 .
| — m, i — a|—(2|n |), |—1,..., y (46)
and
N - Y

T2 @at ta) 4
Then, the point process
X

| —
M N — fR|(N)jpﬁX , +pﬁx 1N Cpﬂjg (48)

N
converges to mixed Poisson point process oi®; 1 [: given a realization of
the random variable |, its intensity measure is |dx. The random variables

| is de ned in terms of the Poisson cascade®, via
Z

p= ertvar eadplgysdy) (4.9)

R!
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The proof of this theorem is given in [9]. Here we give a heutlig inter-
pretation of the main result.

Let us rst look at (4.4). This statement corresponds to the REM-
conjecture of Bauke and Mertens [1]. It is quite remarkable that this con-
jecture holds in the case of the GREM for energies of the forraN (namely
for c2 Dy).

In the REM [10], X are 2V independent standard Gaus&ian random
variables and a statement (4.4) would hold for allc with jgj < = 2In2: it is
a well known re.?)ult from the theory of independent random vaiables [11].

The value ¢ = = 2In2 corresponds to the maximum of2N irigiependent
standard Gaussian randomﬁ{ariablesl.e., max » N ¥2X 1 " 2In2as.
Therefore, at the levelc = = 2In 2, one has the emergence of the extremal
process. More precisely, the point process

X

P 2N in2(x PoNn2+n@ N In2)= &N in 2)g’ (4.10)
2 N
: , P ,
thatis commonly written as =~ , |, 1x ) With
P——+ In4N In2 X
un(x)= 2N 1In2 5 ) +p ; (4.11)

2’ 2NIn2  2NIn2

con\ﬁarges to the Poisson point procesB! de ned above (seee.g.[11]). For
c> 2In2, the probability that one of the X will be outside of the domain
fixj < ¢ Ng, goes to zero, and thus it makes no sense to consider such
levels.

In the GREM, N ™2 max » v X converges to the valyedy 2 @R 1
(4.2) (see Theorem 1.5 of [6]) that is generally smaller than 2In2. Thus
it makes no sense to consider levels witle 62D 1. However, the REM-
conjecture is not true for all levels inDy 1, but only in the smaller domain
Do.

To understand the statement of the theorem outsideD g, we need to recall
how the extremal process in the GREM is related to the Poissorcascades
introduced above. Let us set ny, f 1, 19N where

w =In( 1 N=In2 (4.12)

and de ne the functions

XI
Un (x) N4 N 12 iNAN In )=+ N ¥x: (4.13)
i=1
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Set _
X p_ _ X p_
%J a,x 1;:: i , XJ a,x 1:;: Pt (414)
i=1 i=j+1
From what was shown in [6], for anyl = 1;:::;n, the point process,
X
BN UI;Nl ool (4.15)
n2 NW|

converges in law to the Poisson cluster processy, given in terms of the
Poisson cascadep', as

E P(')(dxl; conydx) P » : (4.16)

i Xi
R!

In view of this observation, we can re-write the de nition of the processM |
as follows:

X X

| _ .
My = FRIOVIXD PRTiG a0 N 2w Uteellig”
"2 wiN 2 @ wp)N
(4.17)
with the abbreviation

N N4 N In =2 (4.18)
i=1

(cis replaced byjcj due to the symmetry of the standard Gaussian distribu-
tion). The normalizing constant, R|(N), is chosen such that, for any nite
value, U, the point process

X

fR(N)jx ! pW[J'CJ' d N (i W]jg; (4.19)

2 @ w)N

converges to the Poisson point processes &, with intensity measure given
by eV times Lebesgue measure, which is possible becaus2 D, nD; 1, that
is jg  d is smaller than the limit of N 2 max , @ wn X', This is
completely analogous to the analysis in the domairDg. Thus each term
in the sum over » in (4.17) that gives rise to a nite Ul;Nl()b'A), i.e., to

an element of the extremal process o), gives rise to one Poisson process
with a random intensity measure in the limit of M },. This explains how
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the statement of the theorem can be understood, and also shewvhat the
geometry of the con gurations realizing these mixed Poissw point processes
will be.

Let us add that, if c2 @y 1, i.e. jg = dk, then one has the emergence
of the extremal point process (4.15) withl = k, i.e.

X

p

PPN a" NN 12 )9 Bk (4.20)

see [6].

We would like to thank Stephan Mertens for interesting discissions.
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