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The analytical solutions of the density perturbation equation in the
Friedman Lemaitre Robertson Walker (FLRW) open cosmolo gical mod-
els with radiation and positive cosmological constant are povided. The
perturbations are of two types: the rst propagating as acoustical waves,
and the second of non-wave nature. It is shown that there ocas dispersion
on curvature and cosmological constant for acoustical pedrbations. The
wave solutions have anomalous dispersion.

PACS numbers: 98.80. k, 04.40. b

1. Introduction

The propagating mode of density perturbations during the raliational
era is closely related to the temperature perturbations of bckground radi-
ation. In a at universe lled with radiation with a zero cosm ological con-
stant, density Qﬂturbations propagate as at acoustical waves at a sound
velocity v=1= 3 (light velocity £ =1). The line dependence between fre-
quency and wave numberl = k= 3 proves that phase and group velocities
are equal. The analytical approach of representing perturltions as acous-
tical waves during the radiational epoch in a at universe was proposed
by Sachs and Wolfe [1], and independently by Lukash [2], Chibov and
Mukhanov [3] within the Hamilton formalism in Field Sheple y variables [4].
The analogical result was obtained for various gauge-invént formalisms [5]
as well as for synchronous Lifshitz Khalatnikov formalism [6, 7] using ana-
Iytical solutions of perturbation equations [8].

In an open universe lled with radiation with the zero cosmological con-
stant, acoustic waves propagate as a scalar eld of the mas®s = 1. The
dispersion relation is nonlinear and there is a limiting frgquency below which
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the propagation of waves is no longer possible [5], while irf] it is shown
that independently of particular formalism describing adiabatic perturba-
tions within an expanding universe there are perturbation @mrameters satis-
fying the d'Alembert equation in some Robertson Walker spacetime.

In a at universe with radiation and positive cosmological constant den-
sity acoustic waves propagate as density waves, but are dispsed on the
cosmological constant [10]. Thus it is of interest to invedgate the be-
haviour of perturbations in open models with radiation and @smological
constant. In this work we nd analytical solutions of gauge4nvariant per-
turbation Eq. [11] in open FLRW models lled with radiation a nd with
positive cosmological constant. With other gauge-invariat approaches to
perturbations [12 19] the situation is similar, as there are explicit formulas
for transforming the perturbation equation within any gauge-invariant for-
malism to a corresponding equation within any other formalsm [5]. Here
we demonstrate that within the solutions there is a class of prturbations
propagating as acoustical waves. Besides, there appear peribations of non-
acoustic character. For acoustic perturbations we deternme the dispersion
relation, as well as the phase and group velocities. Furthenore, we analyse
dispersion as the derivative of the group velocity in respedcto wavelength
and show that the dispersion of wave solutions is anomalous.

2. Background evolution

The time evolution of universe models withK = 0; 1 with radiation
and positive cosmological constant is described by a Friedam equation with
a scale factora(t) of the form [20]

r

3P ——
t)y = ——
W= 5 20
r_u— — —
= iPK 1 cosh 2 -t + sinh 2 —t ; Q)
2 3 3

where the parameter = 2p =3, M is a motion constant providing
the relation between the energy density" and the scale factorM = "a?*,

while is a non-dimensional parameigelelating to the cosmologiddaime of
the Robertson Walker metrics =2 =3tandz( )= K[1 cosh()]+

sinh( ) (it is assumed that 8 G =1). Assuming K =0 in Eqg. (1) yields
the scale factor for a at model with > 0. Conformal time is related to
time
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where ,=[ K+ K2 2 2]2- 2mi= 2 K2 25 K+ K2 2)°,

my =[( +K)=2 ]5, and F(;m ) is an elliptic integral of the rst kind
[21,22]. By reversing the relation (2) the scale factor (1) cabe expressed as
a function of conformal time. Then the background evolutiona( ) for 61
is described by Jacobi elliptic functions, and for =1 by a trigonometric
function

8 r _
% g1SC(2,I’T11) for0< < 1;
3
a( )= Z—anp—_, for =1andK = 1  (3)
% 3_30(%:mz)’ for > 1
2 1+cn( m )
where parameter ; = [ K pK2 2]2—p2 If the parameter ! 1

in (3), then the value of scale factor for = 1 is obtained. The range of
conformal scale factor (3) is given as the following intervis depending on
the value of parameter

% 0, LK (my) ; for0< < 1;
2 0 = 2, for =1landK = 1, (4)
0; =k (mp) ;  for > 1,
where K (m) is an elliptic integral of the rst kind [21,22].
3. Density perturbations

3.1. Equation describing density perturbations

The equation for gauge-invariant adiabatic density pertubations with
cosmological constant in metric timet is of the form [11] (see Eg. (73)
there):
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GEr? =0; (5)

wherecZ= p=', w= p=", H = a=a The gauge-invariant variable =a®r ,D?

and D, = (a=")®r ,", while ®r , is a space gradient orthogonal to
4-velocity. Using a spherical coordinate systenfir; ; g and assuming the
expansion of density in an analogous manner as in the scalarld theory,

we can put down

X Zh i
tr; )= Akim Ukim (6155 )+ Am Uam (515 ) dk5 (6)

I;m

where the modesuym (t;r; ; )= k(t)Zum (r; ; ) are the product of time
amplitude (t) and hyperspheric harmonicsZym (r; ; ). Then the time
component of Eqg. (5) for radiation (" = (1 =3)p) with a cosmological constant
and curvature K takes the form
" #
k? 7K 2() ° , 1z0)

520 ) KOF a0 )=0 @)

1
2

While the space component of Eq. (5) satis es the Helmholtz guation with
space curvature [23]

r2Zgm (5 )+ (K2 K)Zum(r ;5 )=0; (8)

where harmonicsZym (r; ; )= w()Ym(; ), w(r) is the radial com-
ponent of harmonics, andY,(; ) are spherical harmonics. For realistic
wave numbers k? > 0) functions Zim (r; ; ) oscillate in space, constituting
the base of orthonormal functions square-integrable witm a Lobachevsky
space, while for wave number&? 2 [ 1; 0) functions Zym (r; ; ) constitute

a supplementary series [24, 25].

We introduce another parameter = (k? 4K)=3 , relating two
arbitrary parameters f ;k g of perturbation Eqg. (7). For K = 0 this pa-
rameter turns into parameter from [5]. Using the relation (2) between the
independent parametert and conformal time the perturbation Eq. (7) can
be split into ve equations

1=2
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4
2 K = + X)=0;
MPZ—) k() k(a )
for =1and > 1, (20)
" #
242 4K P O+ R)=o0;
Sl 2 :m
" for > 1land 2#(0; D[ 1;1); (11)
4
3 +K p— + ®)=0;
sZ P m )+ &)
for > land =1; (12)
1 K —p= )+ %) =0;
sii?( 2 ) k !
for =1land =1: (13)
Within equations (9) (13) there occur following asymptoti c transitions with
parameters ! 1 and ! 1". When in Eqg. (9) the asymptotic transi-
tion ! 1 is performed, then we obtain (10); using (11) in Eq. (11) yialls
equation ! 1*,and > 1in (12) gives (13). When in Eq. (10) > 1

is performed for ! 1%, we obtain Eqg. (13), while using ! 1% in (11)
gives (12).

3.2. Qualitative analysis of solutions for density perturbtion equations

Egs. (9) (13) in conformal time have a normal form (involving no rst
derivatives) g( ) «( )+ 8‘( ) = 0. Function q( ) of perturbation equation is
symmetric with the maximum at the middle of conformal time interval (4).
The maximal value gnax is determined by the parametersf ; g. When
Omax > O, then the solutions of perturbation equations are of oscilitory
character, and when gmax 0, we have non-oscillatory ones [26]. Thus
for Eq. (9) the maximal value is gmax = 2 2 + K. Solving equation
Omax = 0, we get the relation = ( ), represented in Fig. 1 with a dashed
line. Th% maximal value of the coe cient in Eq. (10) iS Onex = 2 K 4.
For > = 4+ K, we get oscillatory solutions, while for 4+ K they be-
come non-oscillatory. For Eq. (11)gmax = 2 2 +K. The curvegmax =0
is plotted in Fig. 1 with a dashed line. For the other Egs. (12)(13), Gnax < 0,
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so we have non-oscillatory solutions only. Equatiorgmax = 0 is symmetric
in respect to the sign inversion ! , SO it is su cient to consider just

one half-plane > 0. Between the curvesk = i and k = 0 we have the sup-
plementary series, while abovek =0 the main series. Below k = i, there
is a non-physical domain. The curvegmax = 0 for = 1=6 intersects the

curve =[( 4K)=3 ]1:2, which means that within the interval 2 (0; 1-6)

the curve = [( 4K)=3 ]1=2 separates the region of oscillatory solutions
from the region of non-oscillatory ones in space, while for> 1=6 the curve
Omax = O separates the region of oscillatory solutions from the regihn of non-
oscillatory ones in time. For the solutions for whichgmax > 0, we determine
in Sec. 5 the interval of conformal time with oscillatory time solutions.

K

4

3 Omax> 0

2 e Gmx=0
Omax< O

1 k=0

K=
0 ! a

0 1 2 3 4 5

Fig.1. Relation gnax =0 ( = ( )) for Egs. (9), (10), and (11). The shaded
region is the region of supplementary series.

4. Solutions

Egs. (9) (13) have analytical solutions given with special or elementary
functions. The solutions fall into several classes, depeimy on the value
of the pair (; ). However, for the purposes of perturbation propagating
study it is useful to divide all the solutions into the solutions travelling
as acoustic waves with variable amplitude and frequency, ahthe non-wave
solutions. The qualitative discussion of various solutiorclasses depending on
the value of the pairf ; g has been provided above. Below we present the
analytical solutions and graphical plots for each class, aaell as the solution
asymptotics at the initial singularity and the behaviour of the solutions in
the nal stages of time evolution. The asymptotic transition between the
analytical solutions are investigated depending on the vaie of and
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4.1. Solutions forO< < land > 1

When 2 (0; 1), then > 1, and the solutions represent the temporal

part of acoustic wave with amplitude and frequency changingwith time
s

k() =

2 2

1+ 2 aar 7 %Csz(z;m1)+ ﬁs@(z;ml)

expli ()] (14)

The time amplitude of this solution is given through Jacobi dliptic func-
tions, while the temporal part of the phase ( ) is a nonlinear function of
conformal time, represented by a linear expression involmg conformal time
and two elliptic integrals of the third kind, given by the fol lowing formula

()= o+ 3 am z;mg; %;mg
+ + . . 2. . 15
3 am Z,mll +|m1| ( )

where coe cients

p p
N e 2

2+4il 4 %2’

_ 4fp 2+ K .
@22 (2 TTryyy
,_ 22+ (2 Py

(2 "

Function ('; 2;m) is an elliptic integral of the third kind, and am(u; m)
is the amplitude of elliptic Jacobi integral [21,22]. Secod solution can be
obtained by complex coupling of the rst solution (14) The graphic plot of
particular real and imaginary parts of solution (14), (15) is shown in Fig. 2.

m m
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Fig.2. Solutions | ( ) for =1=2and = f9=5;20g.
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4.2. Solutionsfor =1 and > 1

If the solution of Eqg. (10) is put into a complex form, it can be ex-
pressed by a quite simple formula, similar to the solution nbinvolving the
cosmological constant from [5]

h p_ p_ |
()= i+ 2! leot( 2 ) explil 1: (16)
where!2= 2 K,and = (k® 4K)=3 2. Another solution can be
obtained by complex coupling of the rst solution, or putting! ! . The

real component of this solution is regular IB = 0", while the |mag|nary

component is singular in =0* and =

Fig. 3;shows the behaviour of solutlons for two particular véues of
For ! > 7=3 the solution is equivalent to an acoustic wave propagating
as a scalar eld of the massm = 7K with variable amplitude and xed
frequency. It can be said that the positive cosmological castant contributed
to the mass of the scalar eld.

Mk Mk

0 0.5 1 15 2 ) 0 0.5 1 15 2

Fig.3. Solutions | () for two values = f3=2;11g.

4.3. Solutions for > l1and > 1

In this case the solutions of Eq. (11) can be expressed in thegonential
form, which explicitly gives their amplitude and phase

! #1=2
- 1, %p el ();  (17)
2+1  (2+1)sn2 "2 ;m , P ’

k()=

where the time component of phase ( ) is a nonlinear function of conformal
time:
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s
_ K+ Ha+ 9
P am I02_;m2; %(2 1); m

The solution is singular at both ends of the conformal time inerval. Near the
initial singularity (= 0), where radiation is dominant, the solution ( )
behaves like a solut'kg)n with zero cosmological constant [5]n later stages of
conformal time ' 2= K (m,) the model follows an exponential pattern
of perturbation growth [27]. The graphic plot of the particular solutions is
provided in Fig. 4.

M M
4 . 4
S
3 i
NVANTVENVANVANVAN
1 -2 4
h -4 =
0 0.2 04 06 0.8 1 1.2 0 0.2 04 06 0.8 1 1.2

Fig.4. Solutions | ( ) for =4 and two values = f3=2;15g.

4.4, Solutions for > land =1

In this case the solution is of extremely simple form

1
() sn(C 2 ;m ») (19)
h [

+ 1 P_— P—
= —Pp——— 2 E am 2 :m m 1 (20
k() T m 2 2 2 1 (20)
Solution | is singular at = 0", while ; is regular and growing for
= 0*. Performing the asymptotic transition of I 1" in solution (19)

yields solution (23), and the analogous transition in (20) urns it into the
zero solution. The solutions are plotted in Fig. 5.
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0O 02 04 06 08 1 12

Fig.5. Two particular solutions (19) and (20) , ( ) for =4.

4.5. Solutions for > land0< < 1
The analytical solutions of Eq. (11) are non-oscillatory

q p— "S
) 2 1 2Hsn? 2 ;m , (K+ 21+ 2
= p— ex
K sn' 2 :m , P 2 (1 2)#
p2_ am IO2_;m2;%1 2 m, . (21)
‘ 2Yen2 "5 ©S
()= 2 (1 lr‘)Sn 2:m sinh K+ 2@+ 2)
K sn' 2 :m , 2 (1 ;)
p2_ am p2_,m2;%1 2 m, . (22)
m
4
3
2
1
0 h
0 0.2 0.4 0.6 0.8

Fig.6. Solutions () for =10and = 3.
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Solution , () near the singularity is falling o , while near = P 2= K (my)
it is growing. On the otBer hand, solution ;( ) near the singularity is
growing, while near = 2= K (my) it is falling o. Furthermore ; is

regular and growing for =0*. The solutions are plotted in Fig. 6.

4.6. Particular solutions for =1 and =1
In this case the solution of Eq. (13) is of extremely simple fon

f— l 0
k()= Si—n(pé—)' (23)
‘()= cosl2)+ " 2—po—: (24)
sin(C 2 )

The mode , is singular at both ends of the conformal time interval =
fO";p—é g, while ; is regular for =0* and monotonously growing. Only
solution (23) can be obtained by asymptotic transition from solution (19).
Performing an asymptotic transition ! 1" in solution (16) one obtains just
the solution |, ( ). Analogously as above, the imaginary component of solu-
tion (16) after asymptotic transition reduces to the trivial solution | ( )=0.
The behaviour of modes | is shown graphically in Fig. 7.

m

10

0 0.5 1 1.5 2
Fig.7. Specic solutions |, ( ) for =1and =1.

4.7. Asymptotic solutions

As one can readily notice, the asymptotic form for = 0* of the time-
dependent coe cient of ( ) in Egs. (9) (13) is of the same form, indepen-
dently of parametersf ; g, as well as the same as in the at model [10].
Thus the asymptotic solutions near =0* do not depend onf ; gand are

of the form 1
lim = lim [ 2
Lor K ror K
+

which means that for =0 the solution | is singular, and | is regular.
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5. Phase, phase and group velocities, and dispersion

For each of the three classes of oscillatory solutions, theigtussion of
phase, and phase and group velocities is presented here. Newe analyse
the dispersion of velocities for each solution.

() 0< < 1land > 1. Solution (14) has a nonlinear phase (15),
shown in Fig. 8. The function exhibits a di erent behaviour within three
distinct intervals of time

QHIL
1.4

1.2
1
0.8
0.6
0.4
0.2
0 h
0 0.5 1 15 2 2.5

Fig.8. Phase () for = 3and =2.

Initially the phase grows nonlinearly with conformal time, and then en-
ters a linear growth, which ends in a nonlinear saturation. htroducing local
frequency [28, 29] as the derivative of phase (15)

@

Qs )=@

P
4 %pK*' 20 4 lorP(2;may)sn?( p;my)
2. 2( 222sn(o;m1) 43K+ 2)snd( o;my)

(25)

we get a nonlinear dispersion relation as a function of confmal time. The
conformal time interval ( ; *) with
On #o_ 1
1 2+2pK2 2 K p(K+ 2)2 42 1=
= 2 F @
2( 2 K)

smiA

delimited by the two zero points of coe cient g( ) of perturbation Eq. (9),
determines the time interval of propagation of perturbation in the acoustic
pattern. Dispersion relation (25) enables us to determinefie phase velocity



Density Perturbations in Open Models of Early Universe ... 2161

r
_ » (K+ (4 1)
Yo =41 Ty 2
cn?( 2;mq)sm?( 2;m1) _
2. 2( 222sm?(2;my) 42K+ 2sni( 2;myq)’

(26)
as well as the group velocity
S
v = 4_% 4K +3 2
T3 K+ oyt
. cn?( 2 ;m 1)sn?( 2;m 1) :
2.2( 2%2sm(2;m1) 43K+ 2)sn?( 2;my)
h
2( 2K 2 3 4)
+2 AK 2+ 234 1)+4 2 2k22 2 2 K 21+ %
i
sP(2;mp)+ 221+ N+ K (1+3 %) sn'(2;my) 0 (27)
(i) =1 and > 1. The temporal component of the phase of so-
lution (16) is a linear function of conformal time of constart frequency ! .
The dispersion relation r
k2 7K
r= — 28
3 (28)

is a nonlinear function of wave numberk, as well as of spatial curvatureK .
Erom the dispersion relation one can determirﬁ the phase \etity vpn =

(k?  7K)=B=k and the group velocity vy = k= 3(k? 7K'). Their prod-
uct is of xed value vphvg =1=3, analogously to the case of acoustic wave
in models with negative curvature and without a cosmologichconstant [5].
The derivative of group velocity in respect to wavelength, alled disper-
sion [30], is

% = 119% 42+7 2 (29)

As the derivative is negative for all wavelengths ( =2 =k ), the dispersion is
anomalous. lItis graphically plotted in Fig. 9. A similar behaviour is encoun-
tered in the radiation model with negative curvature and zeo cosmological
constant.

3=2 |
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Fig. 9. Dispersion.

QHIL

15

0.5

0 025 05 075 1 125 15

Fig.10. Phase( )for =2 and =2.

(i) > land > 1. The temporal component of phase (18) of solution
(17) is a nonlinear function of conformal time as plotted in Fg. 10.

In this case the phase reveals a qualitatively similar behawur as for

2 (0;1) and > 1. The local frequency is a time derivative of the
phase (18) and

o )_r (Z+D(K+ 9 (2 Ds@(2:m 5)
I 2 1 2+( 2 s 2 :m »)

is a nonlinear function of wave numberk and conformal time . The con-
formal time interval
r r
p_
m, Pk @2 g o,

(30)

(1, 200= F 2 ‘m,

K+ @+ ) K+ 2+ 2)

delimited by zero points of the coe cient of ( ) in perturbation Eq. (11),
determines the time of propagating perturbation in the acowtic mode. Out
of frequency (30) one can calculate the phase velocity

r

K+ 2 2+1 (2 1)sn2(p%_;m 2)
K+3 2 2 124(2 s 2 ;m 5)’

Vph = (31)
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as well as the group velocity

S p__
1 K+3 2 srP(C 2 ;m »)

3 K+ (% DR+(2 s 2 ;m o)
[4K 2+2 3% 1) (2 1K+ (1+2 2 4))snz(pz_;m 2)]:

Vg = (32)

6. Summary

All solutions of perturbation equations, describing pertubations in cos-
mological FLRW models with negative curvature, positive c@mological con-
stant, and lled with radiation are presented. All solution s are analytical
ones. The solutions are of oscillatory or non-oscillatory ltaracter, depend-
ing on the value of parametersf ; g. For the wave solutions the phase
and group velocities are determined, as well as the dispesi relations. The
dispersion of wave solutions is investigated and revealedtbe anomalous.
Propagation of scalar perturbations in the presence of cuature and cosmo-
logical constant is fairly complex phenomenon. Dispersioe ects should be
taken into account to properly understand the CMBR uctuatio n spectrum.
Each solution is graphically plotted in respective diagrans.
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