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Under an appropriate change of the perturbation variable Lifshitz
Khalatnikov propagation equations for the scalar perturbation reduce to
d'Alembert equation. The change of variables is based on théarboux
transform.

PACS numbers: 98.80. k, 04.40. b

1. Introduction

The gauge-invariant perturbation theories e ciently elim inate non-
physical perturbations, yet they provide the propagation euations in non-
canonical form dierent for each theory. In this case, pure artefacts of
the choice of the reference system, gauge or the perturbatiovariable, are
likely to be confused with new dynamical phenomena yet unknen in the
laboratory-scale physics. This particularly concerns thelarge scale limit,
where some non-oscillatory behaviour outside the partite horizon is com-
monly expected.

In this paper we show that the de nition of the gauge-invariant vari-
ables still possesses a freedom to chose the canonical vatés,i.e. variables
which satisfy d'Alembert equation in its standard form. To show that we
have used the classical Lifshitz Khalatnikov formalism, which after being
appropriately extended is equivalent to other manifestly gauge invariant
descriptions. A systematic construction of the gauge-invaant canonical
variables is provided. Consequently, the scalar perturbabn propagates like
a massless scalar eld in the Robertson Walker space-timeand therefore
there is a close analogy between the perturbation theory (th acoustics of the
expanding universes) and the eld theory in the curved spacgime. Prop-
agation of the sound waves in the early universe may be also nsidered as
an example of the acoustic geometry in the sense of Unruh [1].

(2133)
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The paper is organized as follows: In Section 2 we remind the ethod of
elimination of spurious modes in the Lifshitz Khalatnikov theory [2]. This
section is a generalization of the procedure given in [3] tohe case of arbi-
trary space curvature and arbitrary density-dependent pressurep = p(g). In
Section 3 we present the general method of construction of gge-invariant
quantities in the synchronous system of reference. We shovhat the proce-
dure is not unique, and therefore, there exist vast classed physically rel-
evant gauge-invariant variables. The remaining freedom tachoose between
them may be used to describe better the perturbation dynamial properties,
or to construct more adequate observables. A specic choicdepends on
the researcher motivation, and on the character of the prol@m to be solved.
Finally in Section 4 we adopt the previously de ned methods b obtain a
canonical form of the perturbation equations the d'Alembe rt equation.

2. Synchronous system of reference techniques of reductio n of
the gauge freedom

Consider the Robertson Walker universe of arbitrary spacecurvature
(K= 1,0,+1)

) N T #
2 2
g =am) diag 1,1, MCKX)SCKX) Gog (g
K K
with the hydrodynamic energy-momentum tensor
T =(+puu +pg )

and the barotropic equation of statep = p(g). We investigate small pertur-
bations 6g of the metric (1). We limit ourselves to scalar (density) petur-
bations, therefore,dg is de ned by two scalar functions Ay (n) and P (n)

0 =0, 3
90 =0 (3

09" = Ay (MPm " + Ky (M)Qy," +c.c, 4)
K

whereP,," and Q,," stand for scalar harmonics [2],
1
Qn" = §Q(|<)(X)5mn : (5)
1 :
I:)mn = WQ;m’n + an ’ (6)

Qk(x) is the complex solution of the Helmholtz equationQ(k)(x);m?m =
(k> K)Quy(x), x =fx,8,¢g, and the amplitudes Ay (n) and p(n)
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satisfy the system of two second order equations convolutetb each other

k2
Ao () +2 O(m)))\(k)( ) TK Ay + M) = 0, (7)
uQ () + 2+3c2(n) ai(r’]])) 10, ()
k? 4K 2 _
+ 1+3cs(n) Agy(M) +Hey() = 0. (8)

cs(n) denotes the sound velocity: cs(n) = P pAn)/e%n) & 0. Then the
density contrast! § = de/¢ is a linear combination [2]

X
0(N,X) = duy(N) Quy(X) +c.c, 9
K

and

where Ay are arbitrary complex numbers. The system (7) (8) de nes the
four dimensional phase-space, which means that the systenopsesses two
physical and two gauge degrees of freedom. Pure gauge sotuts are known,
and for A (n) they respectively read [2]

Gi(n) = 1,
Ga(n) = (k¥ K)

(11)
(12)

z
1

—d
am |

Di culties with xing the gauge freedom have stimulated ela boration of the
gauge-invariant theories [4 9]. After the famous Bardeen'spaper [10] these
theories were intensively developed for almost two decade¥et, the original
Lifshitz Khalatnikov formalism, when appropriately exte nded, provides an
equally good description of inhomogeneities. The procedaris as follows:
we reduce (7) (8) system to the single fourth-order equatia for A (n).

1 In more rigorous notation one should write = "=" o, where "o denotes background,
unperturbed energy density. For the sake of simplicity we skip the subscript 0 in
formulas.
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Ay @ () +amHM) 4+ 3c2() Ag® ()

i3n) p(n) + 9HZ() &) c3(n)

+ KK 5 A +amH®m)  a’(n) [e(m) + 3p(n)]
+2a°(MH?(N) 1+3c3(n) + k¥ K c5() Ay =0, (13)

+ 5K +a%(n) 2

where H(n) stands for the Hubble parameterH(n) = a{n)/a?(n). The
knowledge of the gauge solutions (11) (12) enables one to gact the gauge
space from the space of all solutions. First, we write the sations in the
form

Ay (M) = F1A10(N) + F2A20) (M) + 912Gy (N) + 2G4y (1) (14)

with explicitly separated linear subspacegiGy)(n) + 92Ga) (n) carrying
all the gauge freedom g1, 9> two arbitrary coe cients). Subsequently, we
adopt the Darboux transform? [12] of Ay (n) to express the two remaining
(physical) degrees of freedom. A new perturbation variabldB ) (n) appears

d d Apm  d Gay(n)

d d d YN Q)
dn  dnGygy(M)  dn Gy (n)

dn LGy ()
(15)
On strength of (13) the variable By, (n) satis es the second order equation

By(n) = a(n) =a(n)

Bl 1 3c3(n) amH®) B,y (M)

S+ 20 KK &) Bum=0. (16

Equation (16) does not contain gauge coe cients, therefore the variable
B (n) is gauge-invariant. Now, the function A (n) can be found by the
inverse Darboux transform of the two linearly independent slutions to equa-
tion (16)°

2 Darboux transform of a function f (x) is de ned as P(x) = A(X)f (x) + B (X)f x)
(compare also formula (18) in Section 3) with arbitrary x-dependent coe cients A
and B. The same transform is extensively exploited in the soliton theory [11].

% The integration constants in the inverse Darboux transform can be set arbitrary,
because the gauge freedom is already guaranteed by free choé of the coe cients g:
and gy.
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Z Z
1 By ()
A =f(K K2 dn d
oy (n) = Fa( ) am) a() n dn
Z Bogqy ()
+o(K k2 dn dn+g:G + 02G .
2( ) am) a(m N dn+g1Gak)(N) + 92Gaqy (N)

(17)

One can insertA()(n) to (7) and solve it algebraically to obtain the second
unknown function Ly (n). As a result, by xing four numbers fy, f2, 91,99
one uniquely determines the metric correctiondg . The metric correction
is not gauge-invariant and cannot be such in any perturbatiom formalism.
Quantities containing time integrals of B (n) would exhibit similar prop-
erties, while those containingBy(n) and derivatives are obviously gauge-
invariant.

3. Families of gauge-invariant variables
in the synchronous reference system

The metric perturbation can be written in the form (17) if the solutions
of the equation (16) are explicitly known. However, even in he case when
these solutions are not known one may employ the equation ()@ convert
some non-gauge-invariant perturbation variables into gage-invariant ones.
This particularly refers to perturbation measures based onrhydrodynamic
guantities, since they involve the metric derivatives and ae free of the metric
elements themselves. The procedure is the following:

(1) For the non-gauge-invariant perturbation variable X we take the linear
combination of X and its time derivative X° (the Darboux transform)

R(n,%) = ¢1(n) ;—nxm,x)wzm)xm.x) , (18)
which means that
X
R, x) = Rgy() Qe (x) + c.c, (19)
k
and g
Ry () = c1(n) ﬁx(k)(n)"'CZ(n)x(k)(n) : (20)

(2) We apply the equation (16) to formally express the coe cients ﬂQ(k) (@)

in the form

Z
B (N)

a(n)

Rio () = Fl(n)%sm(n) + Fa(n)Bgo (1) + Fa(n) . (21)
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(3) We look for c1(nn) and co(n) such that %(k) (n) contains solely function
By (n) and its derivatives but not integrals. (Integral over n in (21) in-
troduces arbitrary constant c(,y, which depends on the wave vectok. The

variable ﬂQ(n,x) (formula (19)) would contain then terms being arbitrary
functions of the space coordinatex. In this way integration constant c,
restores one degree of the gauge freedom.) The relevant caiwh F3(n) =0
leads to a linear equation forcy(n), and leavescy(n) free. Therefore, the
new gauge-invariant variable R (n,x) is actually a c1(n)-dependent family of
variables, wherec;(n) is an arbitrary function of time. Below we show some
examples.

3.1. The density contrast

On strength of (9), (7) (8) and (17) the density contrast () (n) can be
expressed by use of the gauge invariant functio ) (n).

_ H(®") 1 k¥ K
W = Samem 0 2w @mem 0O
3 HMn) ~ B
b+ em) o) L. 22)

The contrast 9. (n) is not gauge-invariant, as it is well known [10]. The
gauge freedom is caused by the last term in (22) containing # integral of
By (n). Let us introduce a new variable the modied density contr ast

d
81y () = c1(n) ﬁé(k) () +c2(Mday (n) - (23)
With the aid of (16) one obtains
d z By(™)
81y () = Fl(n)ﬁB(k)(n) + F2(n)Bky(n) + Fs(n) a(n) dn, (24)
where the function F3(n) readst
3 p(n) d 1 %n)
Fs(n) = Ecl(ﬂ)H(ﬂ) 1+ e dn In a(m) £(n) c2(n) - (25)
By setting
L) (26)

M= GH" amem

4 F1( ) and F2( ) are irrelevant to the problem discussed here, therefore we ip writing
them explicitly.
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one eliminates the integral of B(,y(n) (Fs(n) = 0), hence 5’(k)(n) becomes
a gauge independent quantity

en) d a(me()
a(ne(n)dn  &Yn)

This variable is still de ned up to the factor c1(n) being an arbitrary function
of time.

81 () = c1(n)

duy(n) - (27)

3.2. The expansion rate contrast

Identically we proceed with inhomogeneities in the expansin rate®
09(n, x).

X
09N, x) = 833y(N) Quy (x) +c.c, (28)
k
where
1 k? K 3 o
W0l = =m @Zmem rem 2 e
H(®n) k? K 3
20 @oem e 2 00
31 K B (n)
5 30MEE) Lo (29)
We introduce &9 ) (n) de ned as a linear combination
&5 (n) = c1(n) %5’9(k)(ﬂ)+cz(ﬂ)5’9(k)(ﬂ) : (30)
and eliminate the integral of By (n). We nally obtain
_ d d  HY)
&5 (n) = c1(n) ﬁw(k)(ﬂ) ﬁln 2 () - (31)

3.3. Other variables

By employing the same procedure one may de ne gauge-invariarvari-
ables which combine inhomogeneities in Hubble ow with inhonogeneities
of the energy density

1 &Xn)
3HNn)

b(n,x) = cu(n) de(n,x) od(n. x) . (32)

®#=u . isthe expansion [13].
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It is clear that functions F (9, §3,b,...,¢,H,...) of the gauge-invariant vari-

ablesf b, §9,b, .. .g and the parameters of the background universée, H,...g
are also gauge-invariant. None of these variables is prefed by the pertur-
bation theory itself. The choice of the variable depends onts physical
meaning and usefulness, its relation to other physical compts and theories,
and eventually on the ability to construct relevant observables.

4. Perturbation equations in the canonical form

In all the examples above we constructed the gauge-invariarvariables
which refer to the synchronous system of reference. The fution c»(n)
was uniquely determined for eachb(r]), Q(n) and j@(n) by the demand of
their gauge-invariance. The freedom to make an arbitrary cbice of the
time-dependent factor c1(n) still remains, and therefore, we are now able
to construct gauge-invariant variables with particular dynamical properties.
Consider the variable8(n) with c,(n) chosen as

ex(n) = &2 MHAM 4 - (33
We obtain the gauge-invariant variable®
d
By () = aMHZM 3 a) S50 (M) (34

which satis es the propagation equation of the form

,a%n) - csm)

2 2 —
oM+ 2505 2 8o () +cZ)(K*  K)Byy() =0,  (35)
with the function a(n) de ned as
S
am) =a@m) . 2+ p() (36)

cs(n)  3H2(n)

Now we introduce the new time parameterd¢ = cs(n)dn (acoustic conformal
time [14]). After this reparametrization the propagation equation reduces
to d'Alembert equation

rr 8E x)=0 (37)

® Please note the misprint in paper [14] formula (7), already corrected in
gr-qc/0302091 .



Canonical Gauge-Invariant Variables for Scalar Perturbations ... 2141

in the Robertson Walker space-time with coordinatesf¢, x, 8, ¢g and the
metric form

" sinz(pK ) sinz(pK ) i
g =a’@diag 1,1, - X ZLHsin?e . (39)

Therefore, the modi ed density contrast S’(E, X) propagates in the Robertson
Walker space-time with the scale factor a(¢) in the same manner as min-
imally coupled scalar eld in the Robertson Walker space-time with the

scale factora(n) [15]. All the classical results obtained in the eld theory in

the curved space-times apply to the density perturbationsm the expanding
universe. One can introduce the Lagrangian

L:%g 58 (39)

for eld B’(E,x) and derive the equation of motion (37) by use of the Euler

Lagrange equations

0 .
ﬁL - =0 (40)

An appropriate change of the perturbation variables [14] rduces the
propagation equation of any gauge-invariant theory to the érm of equa-
tion (16). By use of the procedure discussed above one can ctmst canon-
ical variables, and as a consequence, each of these formalisan be expressed
in the Lagrange Hamilton language.

The authors thank L.M. Soko2owski for reading the manuscrip and for
constructive criticism.
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