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The Hamiltonian structures for quartic oscillator are considered. All
structures admitting quadratic Hamiltonians are classi ed.
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1. Introduction

There is a long-held belief that in quantum theory of gravitaion space-
time must change its nature at distances comparable to the Rinck scale. In
order to model such a situation one can invoke the Heisenbengncertainty
rules. In their standard form they make the notion of classial phase space
meaningless on quantum level while con guration space reias its meaning.
However, one can further demand that the coordinates are na@ommuting
operators which implies some uncertainty relations makingalso the notion
of the point in space-time no longer sensible. The simplestay to do this is
to impose the commutation rules

X ; x]=i ;

where is a constant c-number tensor. Recently, there has been much
activity concerning eld theories on such noncommutative gace-time [1,2].
They appear to have some attractive properties. On the otheihand their
guantization seems to be more subtle problem than in the stasiard case.
In fact, the noncommutative space-time can be replaced by # commutative
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counterpart provided one simultaneously replaces ordingr product of eld
variables by star product de ned by

1(X)? 2= € @ @ 1(x) oY) jxey

Therefore, once % 6 0, the resulting Lagrangian contains time derivatives
of arbitrary order; the theory is nonlocal in time. This makes the quan-
tization procedure much more complicated. Indeed, within he standard
framework, the rst step to quantize a given classical theoy is to put it in
the Hamiltonian form. There exists the general algorithm wthch allows to
construct the Hamiltonian formalism for higher-derivative [3 5] and nonlo-
cal [6 8] theories. However, its main drawback is that the Hamiltonian is
not bounded from below; the quantization can be formally caried out but
the resulting theory has serious disadvantages like, for exnple, the nonex-
istence of stable ground (vacuum) state. This is the price oa has to pay for
the generality of Ostrogradski formalism. From this point of view it seems
reasonable to pose the question whether, for a given specisystem, there
exist alternative canonical formalisms more adequate for uantization pur-
poses. It can happen that, due to the peculiar properties ofhie system un-
der consideration, there exists canonical formalism whichbeing quantized,
produce quantum theory with more desirable properties thanOstrogradski
approach. Our main motivation is to show, on the simplest exanple, that
such a situation is possible; namely, that, in some cases, ¢he exists a vari-
ety of Hamiltonians and the corresponding symplectic strutures including
those leading to the nice quantum theory (with stable groundstate, etc.)

The Ostrogradski instability is shared by all theories desdbed by the
Lagrangians containing time derivatives of at least secone@rder. Moreover,
the instability phenomenon seems to be not directly relatedo the nonlinear
character of underlying dynamics. Therefore, the simplestodel to be con-
sidered is the celebrated Pais Uhlenbeck quartic oscillair [9], linear theory
of fourth order.

We will study here alternative Hamiltonian formalisms for quartic oscil-
lator. The starting point is the obvious observation that th e general solution
to Lagrangian equation depends on four arbitrary constants This implies
that the corresponding Hamiltonian system should have two dgrees of free-
dom. By inspecting the explicit form of solutions we nd that t here are
always at least two independent globally de ned constants 6motion which,
in addition, are quadratic in dynamical variables. On the other hand, the
Hamiltonian must be also a constant of motion. Therefore, wecan write
out the most general Ansatz for quadratic Hamiltonian. By dermanding the
canonical equations to be equivalent to the initial Lagrangan one we nd the
relevant Poisson structures. In principle, the family of candidates for Hamil-
tonian functions is much wider. First, one could take an arbirary function
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of the two above-mentioned constants of motion. Moreover,dr some values
of parameters the dynamics is superintegrabld,e. admits third independent

globally de ned constant of motion; then the most general Hamiltonian is

a function of three integrals of motion. However, more comptated Hamil-

tonians result in more complicated or even singular symplé structures.

This implies that the relation between basic dynamical varable, its time

derivatives and Darboux coordinates is a complicated nonfiear one and it
is not clear whether it can be promoted to quantum theory.

Let us conclude this section with the following remark. Our @nstruc-
tion is neither a pure application nor an extension of Ostrogadski algorithm.
First, it cannot be applicable for all quartic systems. This can be seen by
noting that we need here second ( independent of the Ostrogdski Hamil-
tonian) globally de ned integral of motion. This implies th at Ostrogradski
dynamics is integrable which does not seem to be automatidgltrue, in spite
of the fact that the canonical equations for Ostrogradski Haniltonian have
a very speci ¢ form. Second, the family of Hamiltonians consucted here
includes in some cases the positive-de nite ones, the propgg not shared by
Ostrogradski Hamiltonian.

The details of our construction are presented in Sec. 2 whil&ec. 3 is
devoted to concluding remarks. Appendix contains some adtional re-
marks concerning the problem of embedding the fourth-ordesystem into
Lagrangian system of two degrees of freedom.

2. Hamiltonian structures
Our starting point is the following Lagrangian

2
m, m<, m

tT2E T o M
For =0 one gets the harmonic oscillator of massn and frequency! .
The relevant dynamical equation reads
q®™ +q+1%g=0 (2)
or, equivalently
¢ 2 i 2
W"'!l W-HZ q=0; 3
here D
1 1 4! 2
Wi, @

The form of solution to Eq. (3) depends onwi . There are the following
possibilities:
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() 0< < then!%,>0and!%6 !3;

4|2|

(i) = 0; the harmonic oscillator case;

(i) < O;then!?<0;!3>0,!2+1260;

(v) = zithen!2=13=212 ie. we are dealing with degeneracy;
(v) > g both! 2, are complex;
p
1 i 412 1
Wi, = 5 ; =15 lo: ©))

We shall consider these cases separately.

(1) The oscillatory regime (i)

The general solution reads
q(t) = Agcos( it + 1)+ Azcos(ot+ ) (6)

It depends on four arbitrary constants Ai.2; 1.2 which can be found
knowing g; g; ¢ and § at any given time. Consequently, there are at most
four independent locally de ned integrals of motion; howeer, at least one
of them must depend explicitly on time. Two integrals can be eadily found
by computing Ai , from Eq. (6) and its rst three time derivatives. In this
way one obtains the global integrals (normalized for furthe convenience)

el CEE " LB CENEC LA

2(|4 ')
e T RSALE: BRI ™)

For generic values of parameters no additional independerglobally de-
ned integral (which does not depend explicitly on time) exists; our sys-
tem is integrable but not superintegrable. However, for ;! 2 such that
r* is rational, {+ = ¥, it becomes superintegrable. The additional in-
tegral can be constructed as follows [10]. One writesin(l 1 k ) =
sin(l(! 1t + 1) k(! 2t + 2)); the latter is expressible polynomially in
sin(! 1.2t + 1.2);cos( 1. 2t + 1:2) which, in turn, can be computed from



Hamiltonian Structures for Pais Uhlenbeck Oscillator 2119

Eq. (6) and its rst three time derivatives. In what follows w e are interested
in generic values of . Therefore, we considerd;. 2 to be the only relevant
integrals.

As usual, the integrals of motion are related to some symmeies. Using
Noether theorem suitably generalized to higher-derivatie theories one nds
the symmetries responsible for the existence af;. ,. They read

gl g+ (@ (2 1da: 8)

We can now construct the Hamiltonian formalism. There exist standard
procedure called Ostrogradski formalism [3, 4] which work$or any higher-
derivative theory. However, for a particular dynamics there can exist a
variety of suitable Hamiltonian structures.

For the reason explained in Sec. 1 we restrict ourselves to gdratic
Hamiltonians. Keeping in mind that the Hamiltonian itself i s a constant of
motion and, moreover, its rescaling is equivalent to the tine rescaling, one
can write the following Ansatz

H( )= Jicos + J,sin ; < ©)
Using

one nds the following one-parameter family of Poisson stratures

foag = 1,1
99 = cos  sin
fq;eg = 0;
v | % | %
fq; dg =
g 99 cos sin
1z 12
fag;89 = =+ — |
qu'g cos sin
fg; g = 0;
B ! g 14
fe: = - - 11
% 99 cos " sin (11)
with
1
P (12)
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Let us note the following:
(@) The Poisson structure exists for all except = ; 5; 0; 5 (this can
be easily understood from Eq. (6) both A A, are needed to characterize
fully the motion); consequently, there exists four disjoirt sectors for
( ; 5); (5 0); (0; %) and (5; ). However, the transformation
H! H; gi $ pi leaves Hamiltonian equations invariant. Therefore, it is
su cient to consider the sectors ( 5; 0) and (0; 7).
(b) One easily checks that
12 13 ¢

h i
det fq™; Mg, o, = (13)

cos sin

which is nonvanishing. We conclude that the Poisson structtes (11) are
sympletic.
(c) For any admissible

feo+12q; ¢+ ! 3qg
f4+12g; G+!3qg
fo+ ! 2q; G+ 2qg

feo+13q; G+!2qg =

1
o O O o

(14)

(d) The structures corresponding to di erent % are di erent (i.e. not canon-
ically equivalent). Indeed, g;q;e;and § are well-de ned functions of canon-
ical variables. Therefore, the canonical transformationscannot change the
numerical values of the Poisson brackets. On the other handjue to! 2 6 ! 2,
sin and cos are uniquely xed once the r.h.s. of Egs. (11) are known.
The canonical variables are found by passing to Darboux codmates.
There is a freedom in de ning such a transformation one can always
perform an additional symplectic (in our case also linear) transformation.
We shall impose a further constraintp; ¢; i = 1;2. Using (c) one nds
the following canonical variables:
for the (0; ) sector:

p—
o =  cos (g+!7q);
pp = m cos (G+!2q);
=  sin (q+!30);
p = m  sin (G+!2q);
1
qa= &p pCI1 Pq.z ;

é I % I % Ccos Sin
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_ p% m%z P% m'%z
H = =+ —= = + —= :
) om T 2 & om T T2
B
< (15)
-1 2

forthe ( 5;0) sector:

¢ = cos (q+!%0);

pr= m  cos (4+!29);

® = sin (g+!30);

o= m' sn (G+13q;

0= Gy L p 2.
PE 12 12 cos sin
2 2 2 2

H() = Zp_r’?]-k%% zp_;]+%q§ : (16)

The formulae (15), (16) have a nice interpretation. Theq variable is one
of the coordinates of two-dimensional quadratic system fowhich ¢ and
¢ are normal coordinates [11]. However, for 2 ( 5;0) the energy of
one of the normal oscillations enters with negative sign. Atually, in each
sector all systems look the same except the formula farin terms of normal
coordinates 2.
Let us consider in some detail the secto( ;0). Passing to the La-
grangian
L . m, m3, m, m?, 17
()= 791 qu EQZ TOQ (17)

is a regular procedure. On the other hand, under the canonid¢dransforma-
tion

1
eh:pﬁ(ch k) ;
1 ¢ 2
& = —P—"—m=(P1t P2);
gnv (i '3)
pr = ﬁ(! b+ 1 3p2);
"1 2
s
o= M (e ! o) (18)
12
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the Hamiltonian attains the Ostrogradski form

m m! 2
HO) =P 2 SE+ &

7 (19)

Note that Eq. (19) de nes now a singular Hamiltonian in the sense that
momenta are not expressible in terms of velocities and cooirhtes; in fact,
6 = %* imply & = n%, but also & = €p, SO p1 cannot be expressed

in terms of &; €. Therefore, some care is needed when passing to the
Lagrangian formalism which results in additional variable the Lagrange
multiplier enforcing e = €p; as a resultep obeys Eq. (2). However, e
coincides withqonly for = ; for other values of q and e, are di erent
linear combinations of normal coordinatesty:».

Using Egs. (16) one can express the Lagrangian (17) in termg$ qvariable
(up to a total derivative)

2
L() = mT(cos +sin )'Ci2

m 2(!2? cos +%sin + 12 sin +%cos )P

2
+m7((! f+215)1fcos +(!15+2!2)!2sin )¢

2
mT! 21212¢cos + ! 3sin )P (20)
which leads to the following equation of motion

d? d? d?
(cos +sin )W+(!fcos +12sin ) WH% WHE q=0:(21)

2 _ !2cos +!3sin
We see from Eq. (21) that there appears a new mode“ = 2 =—2=—

unless = ;. This is not surprising. First, let us stress that the theory
de ned by Egs. (16) and (17) solves the problem of nding the Hamiltonian

system containing Eq. (2) (or, equivalently, Eq. (3)) as oneof dynamical

equations. Indeed, Eq. (2) is the direct consequence of theedhition of qin

terms of ou.2 and the basic dynamical equations the latter obey. Moreover
dueto! 1 6 !5, in order to determine time-dependence off one has to know
both qu and @ which implies one has to impose four initial conditions on
g; therefore, the theory given by Egs. (16) and (17) describethe general
solution to Eq. (2) for arbitrary value of . In fact, the present formulation

does not dier very much in spirit from Ostrogradski formalism. In the

latter, one of the canonical equations implies that the substution q !
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g; ¢ ! qis consistent while in the former Hamiltonian equations imgy
the consistency of the ruleqr., ¢+ ! f;zq. For this reason, making the
substitution ¢ ¢+ ! izq in (17) one gets consistent equation in spite of the
fact that the number of independent variables is reduced. Ornthe other hand
this is not a point transformation which in general results h new modes (see
Appendix).

Finally, let us compare our ndings with those of Ref. [9]. Again, it is
a matter of simple computation to verify that the formalism developed in
Sec. 2.1 of [9] corresponds to = 5.

(2) The case < O (iii)

Let us pass to the casdiii) . Putting ! 2= j !1j? one gets
d2 2

: ) d
WJ Iy j? W-H% q=0 (22)

with the general solution
q= Ae' U+ A%l '+ Beos ot + ) (23)

As in the previous case one easily nds two integrals.

n m
T2G 14 1Y
n m
T2 1

1 =

(@ 1122+ 158 '129Y);

I, =

(G+13Q% ] 1172 (g+ ! 20?): (24)

However, there exists also the third globally de ned integal. The reason
for that is that there is now only one angle variable which hasto be cyclic.
The additional integral can be found by computingIn(e' 4t) j 1,jt+In A
and cos( ot + ). Then C  arccos(cos( ot + )) J:—ij In(Ael' 1Y) is time-
independent andcosC can be computed fromq;q;8 and 4. The resulting
expression is rather complicated and will not be consideretiere.

We proceed along the same lines as in the rst case. De ne the &inil-

tonian
H( )=1Iycos +lysin ; < (25)
The family of admissible Poisson structures reads

1 1

fa; _—t —
9.9 cos " sin

0;

fq;e0
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G jl1j? 12
fa;dg = sin cos
jlaj? 12
fqeg = R I
949 sin cos
fg;0g = 0;
a1
fog = =t 2
%99 sin " cos
1
= —p : (26)

T2m (j1ij2+13)]

These structures can be obtained from Eg. (11) making the rdpcement
121 j 17j2 Again we have four sectors and it is su cient to consider
two of them only:

for 2 (0; ) one gets

P—
= cos (g] !1j°0);
pp=m cos (4] !1j°Q;

® = sin (g+!30);
p2 = m  sin (4G+!3Q);
- a 1 nql nq2 -
R Ycos " sin
2 (j1aj2+13)
_ P, mi, P omjlij?,
HOO = on* 2% * on 2 ®
) 2
12j+13° @D
for 2 ( 3;0) one gets
p—— . .
= cos (g '1j?0);
pp=m cos (4 | !1j°q);
® = sin (g+!50);
P2 = m sin (G +!3q);
o 1 L G L @
97 8= Ycos " sin
2 (j11j2+!3)
_ P, m3, P omitii®,
HO) = oo+t 5% o 5@ (28)
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Again the conclusion is that the q variable is a linear combination of
normal coordinates for some quadratic system. The only di eence as com-
pared with the previous case is that the forces are in part reglling.

(3) The degenerate cas¢iv)

Consider the double frequency casév):

d? 2
@+2!2 q=0: (29)
Then
q(t) = Aq cosF 2t + 1)+ Aot cos{) 2t + ): (30)

The relevant integrals of motion are (again suitably normaized)
m .
I = (021 2% +21 %(q+ 2! *)?);

!mz(z(ﬁ +212q)q & +414P): (31)

I>

Again, our system admits third integral which is globally dened but com-
plicated and will not be considered.

We put
H( )= 1l,cos + I,sin < (32)
and nd
S cos
49 2msin?®
fagieg = O
s (2cos +sin )!?2
fg;dg = . '
a9 2m sin?
(2cos +sin )!?2
f . - .
qJ?g 2m sin®
fg;8g = 0;
s 2(cos +sin )4
fe; = - : 33
%99 m sin? (33)

There are now two sectors{ ; 0) and (0; ) and it is su cient to consider
only one, say 2 (0; ). Note that for = 5; H = I; this is possible
becausel ; depends on bothA; and As.



2126 K. Bolonek, P. Kosi«ski

Let us de ne new variables

sm

@ = ———(q+2!%0);

@ = p.——,z(q+2(1+ tg )! *a);

pL= P 5(d+21+ tg ) %)

P = @wz' 8 (34)

Then the Hamiltonian takes the form

= B2 mi2eqe ) (35)

while q is the linear combination of basic variables

cos w . %
= P=— - + : 36
2" sin sin cos (36)

The Hamiltonian does not depend explicitly on and the only -depen-
dence comes from the expression fayin terms of basic variablesq;; p.

(4) Complex frequencies(v)

Finally, let us consider the complex frequencies case. Foumly, one can
use the results of(i) and de ne the integrals

= Pm«”dﬂéq)% 3+ 139
J2 = pm((ﬁu 3%+ 1 3(g+ 1399 37)

They are no longer real but rather obey
Jo= Jip: (38)
The one-parameter Ansatz for the real Hamiltonian reads
H( )= i(e Ji+e ' Jy): (39)
The relevant Poisson structure is given by

fggg= i (¢ +e');



Hamiltonian Structures for Pais Uhlenbeck Oscillator 2127

foeg =05 |
fq;lg = i (13 +12e');
fa@g = i (¢ 15+e'1);
fg;dg = 0;
feg;lg = i (18 +18e!);
1
p— : 40
"m0z D )
Now, all values of < are admissible. Again, we could consider

only half of this domain, say 0 < , but there is no point to do this as
we are dealing with one sector only. De ne

1
h = L(q+!350);

© = s+ 13);
pL= o(d+13);
pe = —(d+139);
"2 im (1§ 15% ' (41)

The Hamiltonian takes the form

2 1 2 2 1 2
N A LU Pz L Mg o>
HO)= St — @ * 5.7 5 @ (42)
while the expression forq reads
0= % (43)
‘0 "0

The canonical variables are not real. In fact,qy = @; p1 = p2. The real
canonical variables are obtained by taking the real and imaigary parts

@ = Po(Qut IQa);
@ = P 1Q);
P = Pl—é(Pl iP2);
p2 = pl—z(P1+ iP»): (44)
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Then
_ P m(E+1d PZ m(3+1%)
H() = om + ————Q1F m + — 1 Q3
im 2 )
sy (o !'§)Q1Qz: (45)

Further change of variables transformingH ( ) into the sum of dilatation
and rotation is also possible [9] ¢f. Sec. 3).

3. Concluding remarks

Let us summarize our results. We have found essentially ongarameter
families of inequivalent quadratic Hamiltonian structures in all cases(i),
(iii) , (iv), (v). In the rst two cases these families consist of four disjoih
sectors while there are only two sectors in the(iv) case and one in the
(v) case. In each sector the Hamiltonian can be put into the paramter-
independent form; the structures belonging to any sector der in the way
the g-variable is expressed in terms of basic variables.

Due to the symmetry H $ H;qi $ p;, one can reduce by two the
number of sectors we have to consider. Therefore, in the cagg one has
basically two sectors. The Hamiltonian is, respectively, he sum or di erence
of two independent harmonic oscillators. Ourq variable is a linear combi-
nation of two basic coordinatesq;; ¢p. Taking into account the possibility of
rescaling the Hamiltonian and performing simple canonicatransformation
! Gg;pi! pi one concludes from Eq. (15), (16) thatg can be arbitrary
linear combination of g;; g except that both coe cients are nonvanishing.

Similar results hold for the case(iii) . The only di erence is that now
one oscillator describes the repelling linear force. In thdegenerate casév)
there is essentially one sector (if one again takes into acant the symmetry
G$ p; H$ H). The Hamiltonian takes less familiar form (35) while q
is given by (36).

In the complex case(v) there is one sector even without taking into
account the above-mentioned symmetry. The Hamiltonian (4% is now the
di erence of two harmonic oscillators coupled by the interaction term pro-
portional to the product of coordinate variables. Due to the fact that the
kinetic energy is not positive, de nite passing to normal c@rdinates is now

impossible.
Obviously, the Hamiltonian structures considered in Ref. 9] are the par-
ticular elements of our families ( = 4 for (i) and (i) , = 5 for (iv) and
= for (v)).

Finally, note that, apart from the Hamiltonian, there is alw ays an addi-
tional quadratic integral of motion. Therefore, we expect hat in all cases the
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separation of variables is possible. This is obvious for thest two families.
In the degenerate case one de nes [9]

G = o
@ = o %p%:
P = P} miqg3;
p2 = mig9: (46)
Then H, Eq. (35) takes the form
H= !(cfp} ogpd) m! *(df+ ) (47)

which separates in polar coordinates.
Finally, consider the case of two complex conjugated frequreies squared.
Making an Ansatz [9]

= Prela p) i @)

@ = (@ Pt @)

pr= S Tol(e+ B (Pt @) (49)
P = 5" Tol(e + p0)+ (P2 + )
one obtains
H= 2700 (@ @p)+ oo oleprtem);  (49)

i.e. the Hamiltonian becomes a commuting sum of angular momentunand
dilatation and separates in polar coordinates.

The Hamiltonian formalism provides the rst step toward quantization.
The standard approach based on Ostrogradski formalism and itac proce-
dure [12, 13] provides a consistent quantum theory. Howeverits serious
drawback is that the quantum Hamiltonian is unbounded from below. One
is not surprised that the Hamiltonian is unbounded from belav if the classi-
cal motion is unbounded (the casegiii) (v) above). On the contrary, in the
case(i) the motion is bounded while the Ostrogradski Hamiltonian is again
unbounded. We have shown that in this case there exists the vdie family
of Hamiltonians which, after quantization, yield stable ground state.

We have to stress that in all cases under consideration the @untiza-
tion procedure is quite simple because the Hamiltonians arbuilt with the
help of operators well-known from ordinary quantum mechargs: oscillator
Hamiltonian, angular momentum, dilatation operator etc.
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Appendix

Let us discuss in more detail the problem of embedding the fath-order
dynamical system into Lagrangian system with two degrees dfeedom. First
let us note the following. Assume we have the rst-order Lagangian

L=L1(q:Q: (50)

Let us make the following substitution

a(x; X, x) ;
L (a(x; x: X); dlX; %; X; X)) : (51)
Then one easily derives the following identity
! ! !
@ da ¢ a & a
@x dt @& dt2 @& dt3 @
@q d@q & @ QL d @l
@x dt@ dtz@ @q dt' @’
We see that, in general, the new equation of motion contains dditional
solutions except the case%qz 0; @9=0; in the latter case (51) describes

point transformation leading to the equivalent dynamics.
Consider now the system of two decoupled degrees of freedom,

L=Li(o; )+ La(tp; @) (53)

...q
C(X; X5 %; X)

(52)

Assume that
g = G(a;9;9); i=1;2 (54)

be the substitution, in terms of one variable, consistent wih the equations
of motion. By the latter we mean that substituting (54) into bo th equations

@ d @k _. ._..
@q a @ —O, |—1,2 (55)
produce the same equation foq:
@L— d @L ¥
@ﬂ at @ = iF q;qJ'eI;Q;q('V) (56)

with some constants 1.,. Then (52) implies for the Lagrangian

E(q;q;q;ﬁ) = Lai(o; ) + La(te; @) (57)
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the following identity | |

@ d@ & a@ & a

@q d @ d2 @ dt® @j
X2 @ 2
@4 d@g, & @q e (e (V) Y -

. @q d @L+ e Fo,a:8:9,077 ) (58)
If it happens that ;'s are such that the second and third term on r.h.s. of

(58) vanish, C gives no additional solutions.

In our case
Lo, mE mid L omg m 3 )
2 2 2 2
and the consistent substitution reads
w9+ !5q;
@ g+ !fq:

Then g can be expressed in terms af and ¢p and one obtains the consistent
embedding ofq into two-dimensional system of rst order. Moreover, for
1= > [ gives no additional mode. However, the procedure is consesit
for any 1. provided ;1 , 6 0 (we must have two degrees of freedom
in order to be able to expressq algebraically in terms of basic dynamical

variables).
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