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We study the properties of time evolution of the K 0� �K 0 system in
spectral formulation. Within the one-pole model we �nd the exact form of
the diagonal matrix elements of the e�ective Hamiltonian for this system. It
appears that, contrary to the Lee�Oehme�Yang (LOY) result, these exact
diagonal matrix elements are di�erent if the total system is CPT-invariant
but CP-noninvariant.
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1. Introduction

This paper has been inspired by the results presented in [1] and [2].
Paper [1] analyses the problem of equality of particle and antiparticle masses,
whereas [2] describes an exactly solvable model of the particle�antiparticle
system � in this particular case K 0 � �K 0. The most important properties of
antiparticles follow from the CPT symmetry. This symmetry, also known as
the CPT theorem [3], determines the properties of the transition amplitudes
under the action of the product of C, P and T transformations (charge
conjugation, space inversion and time reversal, respectively). According to
the CPT theorem, the transition amplitudes describing any physical process
must be CPT-invariant. From this we conclude that the full Hamiltonian H
of the system under consideration must be invariant under the product of
the C, P and T operators. Another conclusion which can be drawn here is
that stable particles and their antiparticles must have the same mass. This
property of the particle�antiparticle pair is true for stab le particles and the
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same is usually assumed of unstable particles (e.g. K 0 and �K 0). Such an
extension of a law true for stable particles to unstable particles is questioned
in [1]. The reason for the widespread belief that this extension is correct is
most probably the Lee, Oehme and Yang (LOY) approximation and the
conclusions which follow from it � and more speci�cally, the properties
of the e�ective Hamiltonian, HLOY ; governing the time evolution in the
subspaceH k: In our caseH k is the subspace of the total Hilbert space of
states H , spanned by state vectors ofK 0; �K 0 mesons.

Following the LOY approach, a nonhermitian Hamiltonian H k is usually
used to study the properties of the particle�antiparticle unstable system [4�9]

H k � M �
i
2

� ; (1)

where
M = M + ; � = � + (2)

are (2 � 2) matrices acting in H k. The M -matrix is called the mass matrix
and � is the decay matrix. Lee, Oehme and Yang derived their approxi-
mate e�ective Hamiltonian H k � HLOY by adapting the one-dimensional
Weisskopf�Wigner (WW) method to the two-dimensional case correspond-
ing to the neutral kaon system. Almost all properties of thissystem can be
described by solving the Schrödinger-like equation

i
@
@t

j ; t i k = H kj ; t i k ; (t � t0 > �1 ) ; (3)

(where we have used~ = c = 1). The initial conditions for Eq. (3) are

k j ; t = t0i k k= 1 ; j ; t0 = 0 i k = 0 ; (4)

where j ; t = t0i k belongs toH k (H k � H ) and H k is spanned by orthonor-
mal neutral kaons states: jK 0i � j 1i , j �K 0i � j 2i . Thus H k = PH, where

P � j 1ih1j + j2ih2 j : (5)

According to the standard result of the LOY approach, in a CPT invari-
ant system, i.e. when

� H � � 1 = H; (6)

(where � = CPT ) we have

hLOY
11 = hLOY

22 (7)

and
M LOY

11 = M LOY
22 ; (8)
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where: M LOY
jj = < (hLOY

jj ) and < (z) denotes the real part of a complex
number z (then = (z) is the imaginary part of z), and hLOY

jj = hj jHLOY jj i
(j = 1 ; 2).

The universal properties of the two particles subsystem described by the
H ful�lling the condition (6), may be investigated by the use of the matrix
elements of the exact evolution operator forH jj instead of the approximate
one used in the LOY theory. This exact evolution operator,Uk(t), can be

written as follows: Uk(t) = PU(t)P, where U(t) � e� itH is the exact
evolution operator acting in the total state spaceH.

Assuming that the CPT symmetry is conserved in the system under
considerations one �nds that the matrix elements

A jk (t) = hj jUk(t)jk i � h j jU(t)jk i (j; k = 1 ; 2) ; (9)

of the exact Uk(t), obey
A11(t) = A22(t) : (10)

General conclusions concerning the properties of the di�erence of the
diagonal matrix elements(h11 � h22) of the exact H k, (which can in general
depend on timet [10]), where

hjk = hj jH k jk i (j; k = 1 ; 2) (11)

can be drawn by analyzing the following expression derived in [1] for CPT
invariant systems

h11(t) � h22(t) �
i

det A (t)

 
@A21(t)

@t
A12(t) �

@A12(t)
@t

A21(t)

!

: (12)

In [1] it is shown that
h11(t) � h22(t) 6= 0 (13)

when (6) holds and
[CP; H ] 6= 0 (14)

that is in the exact quantum theory the di�erence (h11(t) � h22(t)) cannot
be equal to zero with CPT conserved and CP violated. In Section 3 we
will consider this relation in the context of an exactly solvable model. This
problem is important because realistic calculations are carried out with the
use of simpli�ed and approximate models. Not all of them conform to the
requirements of the exact (not approximate) quantum theory.

The aim of this paper is to calculate the di�erence of the diagonal matrix
elements of the e�ective Hamiltonian, (12), in a CPT invariant and CP
noninvariant system for the approximate model analyzed in [2], that is in
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the case of the one-pole model based on the Breit�Wigner ansatz, i.e. the
same model as used in Lee, Oehme and Yang theory.

The paper is organized as follows. In Section 2 we review brie�y the spec-
tral formulation for the neutral kaon system and a model described in [2]:
one pole approximation. Section 3 investigates the diagonal matrix elements
of the e�ective Hamiltonian and their di�erence in the CPT in variant and
CP noninvariant system in the case of the one-pole model. In Section 4 we
present our conclusions and we estimate the numerical result of the investi-
gated di�erence for the K 0 � �K 0 system. Appendix A contains the relevant
integrals and derivatives used in Section 3. In Appendix B wegive the exact
formulae for expressions appearing in Section 3.

2. The model: one pole approximation

While describing the two and three pion decay we are mostly interested in
the jK Si and jK L i superpositions ofjK 0i and j �K 0i : These states correspond
to the physical jK Si and jK L i neutral kaon states [2,11,12]

jK Si = pjK 0i + qj �K 0i ; jK L i = pjK 0i � qj �K 0i : (15)

We assume that these physical states are the initial physical states of the
CPT-invariant system, i.e. at the instant of creation of neutral kaons. We
have

hK SjK Si = hK L jK L i � j pj2 + jqj2 = 1 ; (16)

hK SjK L i = hK L jK Si � j pj2 � j qj2 def= � K 6= 0 : (17)

The time evolution of K 0 and �K 0 can be concisely presented in the
following way:

jK � (t)i = e� iHt jK � i
� AK � K � (t)jK � i + AK � K � (t)jK � i + Qe� iHt jK � i ; (18)

whereK � = K 0; �K 0 and H is the full hermitian Hamiltonian and Q = I � P,

AK � K � (t) = hK � je� iHt jK � i � h K � jK � (t)i : (19)

Let us notice that amplitudes AK � K � (t) for K � ; K � = K 0; �K 0 corre-
spond to the previously de�ned amplitudes1 A jk (t); where j; k = 1 ; 2, (9).

1 Amplitudes AK 0 K 0 (t ); etc., correspond to PK 0 K 0 (t ); etc. respectively used in [2].
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Consequently we may write

AK 0K 0 (t) � h K 0je� itH jK 0i = h1je� itH j1i � A11(t) ;

AK 0 �K 0 (t) � h K 0je� itH j �K 0i = h1je� itH j2i � A12(t) ;

A �K 0K 0 (t) � h �K 0je� itH jK 0i = h2je� itH j1i � A21(t) ;

A �K 0 �K 0 (t) � h �K 0je� itH j �K 0i = h2je� itH j2i � A22(t) : (20)

Using the spectral formalism we can write unstable statesj� i as

j� i =
X

q

! � (q)jqi (21)

and then j� (t)i as

j� (t)i def= e� itH j� i =
X

q

jq(t)i ! � (q) ; (22)

where jq(t)i = e� itH jqi and vectors jqi form a complete set of eigenvectors
of the hermitian, quantum-mechanical Hamiltonian H and ! � (q) = hqj� i :
If the continuous eigenvalue is denoted bym, we can de�ne the survival
amplitude A(t) (or the transition amplitude in the case of K 0 $ �K 0 ) in
the following way:

A(t) =
Z

Spec(H )

dm e� imt � (m) ; (23)

where the integral extends over the whole spectrum of the Hamiltonian and
density � (m) is de�ned as follows

� (m) = j! � (m)j2 ; (24)

where ! � (m) = hmj� i :
The above formalism may be applied tojK Si and jK L i by introduc-

ing a hermitian Hamiltonian with a continuous spectrum of decay products
labelled by �; � etc.,

H j� � (m)i = mj� � (m)i ; h� � (m0)j� � (m)i = � �� � (m0 � m) : (25)

In accordance with formula (22) the unstable statesK S and K L may now
be written as a superposition of the eigenketsj� � (m)i ;

jK Si =

1Z

0

dm
X

�

! S;� (m)j� � (m)i ; (26)

jK L i =

1Z

0

dm
X

�

! L;� (m)j� � (m)i : (27)
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Thus

jK S(t)i = e� itH jK Si =

1Z

0

dm
X

�

! S;� (m)e� itH j� � (m)i ; (28)

jK L (t)i = e� itH jK L i =

1Z

0

dm
X

�

! L;� (m)e� itH j� � (m)i : (29)

Using (28) and (29) we can write

hK SjK S(t)i =

1Z

0

dm
X

�

j! S;� (m)j2e� imt def= AK SK S(t) ;

hK L jK L (t)i =

1Z

0

dm
X

�

j! L;� (m)j2e� imt def= AK L K L (t) ;

hK SjK L (t)i =

1Z

0

dm
X

�

! �
S;
 (m)! L;
 (m)e� imt def= AK SK L (t) ;

hK L jK S(t)i =

1Z

0

dm
X

�

! �
L ;� (m)! S;� (m)e� imt def= AK L K S(t) : (30)

From (15) we can obtain

jK 0i =
1
2p

(jK Si + jK L i ) (31)

and

j �K 0i =
1
2q

(jK Si � j K L i ) : (32)

Now, using formulae (20), (28)�(30), we can expressAK 0K 0 (t) etc. in
terms of quantities describing physical states, that is through the ampli-
tudes AK SK S(t), AK L K S(t) etc. (seee.g. [2])

AK 0 �K 0 (t) �
1

4p� q
[AK SK S(t) � AK L K L (t) � AK SK L (t) + AK L K S(t)] ; (33)

A �K 0K 0 (t) �
1

4pq� [AK SK S(t) � AK L K L (t) + AK SK L (t) � AK L K S(t)] : (34)
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One can also �nd that

AK SK S + AK L K L = 2 ( jpj2AK 0K 0 (t) + jqj2A �K 0 �K 0 (t) ) : (35)

Assuming (6) and using (16), (35) we get

AK 0K 0 (t) = A �K 0 �K 0 (t) � 1
2 (AK SK S(t) + AK L K L (t)) : (36)

It follows from (31), (32) and (33)�(36) that the probabilit ies AK 0K 0 (t) etc.
can be written in the following way:

AK 0K 0 (t) = A �K 0 �K 0 (t) =

1Z

0

dm � K 0K 0 (m)e� imt

=
1
2

1Z

0

dm
X

�

�
j! S;� (m)j2 + j! L;� j2(m)

	
e� imt ; (37)

AK 0 �K 0 (t) =

1Z

0

dm � K 0 �K 0 (m)e� imt

=
1

4p� q

1Z

0

dm
X

�

n
j! S;� (m)j2 � j ! L;� (m)j2 ;

� ! �
S;� (m)! L;� (m) + ! �

L ;� (m)! S;� (m)
o

e� imt ; (38)

A �K 0K 0 (t) =

1Z

0

dm � �K 0K 0 (m)e� imt

=
1

4pq�

1Z

0

dm
X

�

n
j! S;� (m)j2 � j ! L;� (m)j2

+ ! �
S;� (m)! L;� (m) � ! �

L ;� (m)! S;� (m)
o

e� imt : (39)

The Breit�Wigner ansatz [13]

� BW (m) =
�
2�

1

(m � m0)2 + � 2

4

� j ! (m)j2 (40)
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leads to the well known exponential decay law which follows from the survival
amplitude

ABW (t) =

1Z

�1

dm e� imt � BW (m) = e� im 0 t e� 1
2 � j t j : (41)

(Note that the existence of the lower bound for the energy (mass) induces
non-exponential corrections to the decay law and to the survival amplitude
(41) � see [2].) It is reasonable to assume a suitable form for! S;� and ! L;� .
More speci�cally, we use [2]

! S;� (m) =

r
� S

2�
AS;� (K S ! � )

m � mS + i � S
2

; (42)

! L;� (m) =

r
� L

2�
AL;� (K L ! � )

m � mL + i � L
2

; (43)

where AS;� and AL;� are the decay (transition) amplitudes. It is convenient
to use the following de�nitions:


 S �
� S

2
; 
 L �

� L

2
; � m � mL � mS ; (44)

S �
X

�

jAS;� j2; L �
X

�

jAL;� j2 ; (45)

R �
X

�

< (A �
S;� AL;� ) ; I �

X

�

= (A �
S;� AL;� ) : (46)

In the one-pole approximation (42), (43)AK 0K 0 (t) can be conveniently writ-
ten as

AK 0K 0 (t) = A �K 0 �K 0 (t)

= �
1

2�

8
><

>:
e� im St

0

B
@�

� mS=
 SZ

0

dy
e� i
 S ty

y2 + 1
+

1Z

0

dy
e� i
 Sty

y2 + 1

1

C
A

+ e� im L t

0

B
@�

� mL =
 LZ

0

dy
e� i
 L ty

y2 + 1
+

1Z

0

dy
e� i
 L ty

y2 + 1

1

C
A

9
>=

>;
: (47)

Collecting only exponential terms in (47) one obtains an expression analo-
gous to the WW approximation

AK 0K 0 (t) = A �K 0 �K 0 (t) = 1
2

�
e� im S t e� 
 St + e� im L t e� 
 L t � + NK 0K 0 (t) : (48)

HereNK 0K 0 (t) denotes all non-oscillatory terms present in the integrals(47).
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3. Diagonal matrix elements of the e�ective Hamiltonian

This section constitutes the main part of the paper. Using the decompo-
sition of type (48) and the one-pole ansatz (42), (43), we �ndthe di�erence
(13), which is now formulated for the K 0 � �K 0 system. It can be written as
follows

h11(t) � h22(t) =
X (t)
Y (t)

; (49)

where

X (t) = i
�

@A�K 0K 0 (t)
@t

AK 0 �K 0 (t) �
@AK 0 �K 0 (t)

@t
A �K 0K 0 (t)

�
(50)

and

Y(t) = AK 0K 0 (t)A �K 0 �K 0 (t) � AK 0 �K 0 (t)A �K 0K 0 (t) : (51)

To calculate (38), (39) we use the following relations [2]

1Z

0

dm
X

�

j! S;� (m)j2e� imt =
1
�

e� im St
�
� J (0)

�

 St; �

mS


 S

�
+ K (0) (
 St)

�

(52)
and

1Z

0

dm
X

�

=
�
! S;� (m) ' �

L ;� (m)
�

e� imt

= �
p


 S
 L

�

1Z

0

dm
a1m2 + b1m + c1

[(m � mS)2 + 
 2
S][(m � mL )2 + 
 2

L ]
e� imt

= �
p


 S
 L

�

(
e� im S t


 S

 

D 0
I

�
� J (0)

�

 St; �

mS


 S

��
+ K (0) (
 St)

+ 
 SCI

�
� J (1)

�

 St; �

mS


 S

��
+ K (1) (
 St)

!

+
e� im L t


 L

 

F 0
I

�
� J (0)

�

 L t; �

mL


 L

��
+ K (0) (
 L t)

� 
 L CI

�
� J (1) (
 L t; �

mL


 L
)
�

+ K (1) (
 L t)

!)

; (53)
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where a1; b1; c1 and CI ; D 0
I ; F 0

I are de�ned in Appendix B and J (0) (a; � );
J (1) (a; � ); K (0) (a); K (1) (a) in Appendix A.

Using the above mentioned formulae from Appendixes A and B (without
any additional simpli�cations and approximations) we get, for example

AK 0 �K 0 (t) =
1 + �
8�p � q

n
e� im St e� 
 St [1 + kS]

� e� im L te� 
 L t [1 � kL ]
o

+ NK 0 �K 0 (t) ; (54)

where

kS =
p


 S
 L


 S

�
� 2 i 
 SCI + D 0

I � F 0
I

�
; (55)

kL =
p


 S
 L


 L

�
2 i 
 L CI � D 0

I + F 0
I

�
; (56)

and NK 0 �K 0 (t) is the non-oscillatory term containing the exponential integral
function E i and it has the following form:

NK 0 �K 0 (t) =
1

8�ip � q

(

e� im St e� 
 St E i (
 St + im St)(1 + 
 SkS)

+ e� im L te� 
 L tE i (
 L t + im L t)( � 1 + 
 L kL )
+ e� im Ste
 S t E i (� 
 St + im St)

�
�

� 1 +
p


 S
 L

�
� 2iC I +

1

 S

(� D 0
I + F 0

I )
��

+ e� im L te
 L tE i (� 
 L t + im L t)

�
�

1 +
p


 S
 L

�
2iC I +

1

 L

(D 0
I � F 0

I )
�� )

: (57)

Using the expression (A.9) for the derivative ofE i (Appendix A) we can
�nd the derivatives which will be necessary for the following calculations,
for example

@AK 0 �K 0 (t)
@t

=
1 + �
8�p � q

n
e� im S te� 
 S t (� im S � 
 S(1 + kS))

+ e� im L t e� 
 L t (im L � 
 L (1 + kL ))
o

+� NK 0 �K 0 (t); (58)
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where � NK 0 �K 0 (t) is de�ned as follows:

� NK 0 �K 0 (t) =
1

8�ip � q

(

e� im St e� 
 St E i (
 St + im St) ( � im S � 
 S(1 + kS))

+ e� im L t e� 
 L tE i (
 L t + im L t)
�

im L � 
 L (1 + kL )
�

+ e� im St e
 St E i (� 
 St + im St)
�

im S � 
 S

+
p


 S
 L (� 2i
 SCI � D 0
I + F 0

I )
�

+ e� im L t e
 L t E i (� 
 L t + im L t)
�

� im L � 
 L

+
p


 S
 L (2i
 L CI + D 0
I � F 0

I )
�

)

: (59)

There are similar expressions for A �K 0K 0 (t) ; N �K 0K 0 (t) ; @A�K 0 K 0 (t )
@t ;

� N �K 0K 0 (t) :
The states jK L i and jK Si are superpositions ofjK 0i and j �K 0i ((31),

(32)). The lifetimes of the jK L i and jK Si particles may be denoted by� L
and � S, respectively, � L = 1

� L
= (5 :17 � 0:04) � 10� 8 s being much longer

than � S = 1
� S

= (0 :8935� 0:0008)� 10� 10 s [15].
Below we calculate the di�erence (49) fort � � L

h11(t � � L ) � h22(t � � L ) =
X (t � � L )
Y (t � � L )

: (60)

When we consider only the long living statesjK L i then we may drop all
the terms containing e� 
 St jt � � L as they are negligible in comparison with
the elements involving the factor e� 
 L t jt � � L : We also drop all the non-
oscillatory terms NK 0K 0 (t); N �K 0K 0 (t); NK 0 �K 0 (t) (57) present in AK 0K 0 (t)
(47), A �K 0K 0 (t) and AK 0 �K 0 (t) (54), because they are extremally small in the
region of time t � � L [2]. Similarly, because of the properties of the expo-
nential integral function E i ; we can drop terms like� N �K 0K 0 in @A�K 0 K 0

@t and

� NK 0 �K 0 (59) in @AK 0 �K 0

@t (58). This conclusion follows from the asymptotic
properties of the E i function (A.8) and the fact that � N �K 0K 0 ; � NK 0 �K 0

only contain expressions proportional toE i .
We may now calculate the products

AK 0K 0 (t) � A �K 0 �K 0 (t) ; AK 0 �K 0 (t) � A �K 0K 0 (t) ;

@A�K 0K 0

@t
(t) � AK 0 �K 0 (t) ;

@AK 0 �K 0

@t
(t) � A �K 0K 0 (t)
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that after the use of the above mentioned properties ofNK 0K 0 (t), � NK 0K 0 (t)
and performing some algebraic transformations, lead to thefollowing form
of the di�erence (60):

h11(t � � L ) � h22(t � � L )) =

 
2� 2p


 S
 L

� 2 + 2 � + 1

!
Z
W

6= 0 ; (61)

where

Z = 4 jpj2jqj2 �
� 2 + 2 � + 1

4� 2

h
1 + 
 S

�
4
 L C2

I +
1

 L

(� D
02
I � F

02
I + 4D

0

I F
0

I )

+4 iC I (D
0

I � F
0

I )
�i

6= 0 ; (62)

W = 2
�

� CI mL + D
0

I � F
0

I

�
+ i

h
� 4CI 
 L +

mL


 L
(� D

0

I + F
0

I )
i

6= 0 : (63)

4. Final remarks

Our results lead to the conclusion that in a CPT invariant and CP nonin-
variant system in the case of the exactly solvable one-pole model, the diago-
nal matrix elements do not have to be equal. In the general case the diagonal
elements depend on time and their di�erence, for example att � � L , is di�er-
ent from zero. This has been clearly demonstrated in the lastsection: Z and
W in (61) are di�erent from zero, so the di�erence (h11(t) � h22(t)) jt � � L 6= 0 :
From the above observation a conclusion of major importancecan be drawn,
namely that the measurement of the di�erence(h11(t) � h22(t)) should not
be used for designing CPT invariance tests. This runs counter to the general
conclusions following from the Lee, Oehme and Yang theory.

A detailed analysis ofhjk (t), (j; k = 1 ; 2) shows that the non-oscillatory

elementsN �;� (t); � N �;� (t) (where �; � = K 0; K
0
) is the source of the non-

zero di�erence (h11(t) � h22(t)) in the model considered. It is not di�cult to
verify that dropping all the terms of N �;� (t); � N �;� (t) type in the formula
for (h11(t) � h22(t)) gives (hosc

11 (t) � hosc
22 (t)) = 0 , where hosc

jj (t), (j = 1 ; 2),
stands for hj j (t) without the non-oscillatory terms.

To obtain the numerical estimate the real and imaginary parts of
(h11(t � � L )� h22(t � � L )) it is necessary to put experimentally obtained val-
ues ofmS; mL ; 
 S; 
 L , etc., into (61)�(63). According to the literature [5,7],
if the total system is CPT-invariant but CP-noninvariant th en we have
(see,e.g., [14])

p =
1 + "
p

2
; q =

1 � "
p

2
; (64)
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and hence we get

� K = 2 < (") ; (65)

where j" j ' 10� 3 [5,7]. Putting experimental values [15]

� m = (3 :489� 0:008) � 10� 12 MeV ; (66)
mS ' mL ' maverage = (497:648� 0:022) MeV (67)

and � L ; � S; ~ into expressions (61)�(63) for the neutral kaon system we can
obtain the following estimations

< (h11(t � � L ) � h22(t � � L )) ' � 4:771� 10� 18 MeV (68)

and

= (h11(t � � L ) � h22(t � � L )) ' 7:283� 10� 16 MeV : (69)

So, the di�erence of the diagonal matrix elements of the e�ective Hamilto-
nian for the K 0 � �K 0 system in one pole approximation is di�erent from
zero. According to our evaluation

j< (h11(t � � L ) � h22(t � � L )) j
maverage

�
jmK 0 � m �K 0 j

maverage
� 10� 21 : (70)

Recent experiments givejmK 0 � m �K 0 j
maverage

� 10� 18 [15]. So our estimation (70)
does not contradict the experimental results.

Deviations from the LOY result estimated in [2] have the order of magni-
tude 


m : These estimations refer to amplitudesAK 0 �K 0
and A �K 0K 0

: However,
these estimations could not be directly transformed into the calculation of
the di�erence (h11(� ) � h22(� )) ; because the di�erence depends not only
on amplitudes of type AK 0 �K 0

; but also on their derivatives (see relations

(49)�(51)). There are products of type @A�K 0 K 0 (t )
@t AK 0 �K 0 (t) in the numerator

of the expression (49), whereas there are not any derivatives in the denomi-
nator of this expression. What is more, there is the di�erence of expressions
of type @A�K 0 K 0 (t )

@t AK 0 �K 0 (t) in the numerator of (49). So, it can hardly be
expected, that the order of deviations from the LOY result ofthe relatively
complicated expression (49) will be the same as the order of corrections to
the LOY result of one of the following expressions:AK 0 �K 0

and A �K 0K 0
:

If estimation (70) is compared with a similar one obtained in[1, 16�18]
one can see that the numerical value of our estimation is muchlarger than
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the value of mentioned estimations. It is because the estimations given in
the mentioned papers were obtained using a di�erent method for the Lee�
Fridrichs model [19].

The results (h11(t) � h22(t)) 6= 0 and (68), (69) and (70) seem to be very
important as they have been obtained within the exactly solvable one-pole
model based on the Breit�Wigner ansatz, i.e. the same model as used by
Lee, Oehme and Yang.

As the �nal remark it should also be noted that the real parts of the
diagonal matrix elements of the mass matrixH k; h11 and h22; are considered
in the literature as masses of unstable particlesj1i ; j2i (e.g., mesonsK 0; �K 0).
The interpretation of the diagonal matrix elements of H k(t = 0) � PHP
is obvious (see [18]). They have the dimension of the energy (that is, the
mass) andhj j (0) � h j jH jj i ; (j = 1 ; 2): So their interpretation as masses of
particle �1� and its antiparticle �2� at the instant t = 0 seems to be justi�ed.
Note that H k has the following form ( [10,16�18])

H k(t) = PHP + Vk(t) ; (71)

that is

H k(t) � H k(0) + Vk(t) : (72)

The diagonal matrix elements of the operatorVk(t); i.e. vj j (t) = hj jVk(t)jj i ,
also have the dimension of the energy and in general they depend on time.
So, the problem seems to be open: we can treat the matrix elements of the
operator Vk(t) as a time-dependent correction to the energy or mass.

The author wishes to thank the Referee for many critical and inspiring
remarks and Professor Krzysztof Urbanowski for many helpful discussions
and comments on the subject treated in this paper. The authoralso thanks
Doctor Jarosªaw Piskorski for his help.

Appendix A

This appendix contains the relevant integrals and derivatives used in
Section 3.

Integrals K (n) (a) and J (n) (a; � ) are de�ned as follows [2,20]

K (n) (a) �

1Z

0

dx
xn

x2 + 1
e� iax ; (A.1)

J (n) (a; � ) �

�Z

0

dx
xn

x2 + 1
e� iax : (A.2)
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If we assumea � (
 S=L t) and � � (�
mS=L


 S=L
); for n = 0 we get

K (0) (
 S=L t) =

1Z

0

dy
1

y2 + 1
e� i
 S=L ty

=
�
2

e� 
 S=L t �
i
2

�
e� 
 S=L tE i (
 S=L t) � e
 S=L t E i (� 
 S=L t)

�
; (A.3)

J (0) (
 S=L t; �
mS=L


 S=L
) =

� mS=L =
 S=LZ

0

dy
1

y2 + 1
e� i
 S=L ty

= �
1
2i

"

� i sgn
�

�
mS=L


 S=L

�
e� 
 S=L t

+ e� 
 S=L tE i

�

 S=L t

�
1 � i

�
�

mS


 S=L

���

� e
 S=L tE i

�
� 
 S=L t

�
1 + i

�
�

mS


 S=L

���

� e� 
 S=L tE i
�

 S=L t

�

+ e
 S=L tE i (� 
 S=L t)

#

; (A.4)

where E i is the exponential integral function and sgn (�
mS=L


 S=L
) stands for

the sign of (�
mS=L


 S=L
).

Any other integral of K (n) (a) or J (n) (a; � ) for n > 0 can be obtained
from (A.1) or (A.2) by di�erentiating (A.1) or (A.2) with res pect to a and
using the Fourier identity in (A.2) [2]. For n = 1 we have

K (1) (
 S=L t) =

1Z

0

dy
x

y2 + 1
e� i
 S=L ty

= � i
�
2

e� 
 S=L t �
1
2

�
e� 
 S=L tE i (
 S=L t)+ e
 S=L tE i (� 
 S=L t)

�
;(A.5)
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J (1) (
 S=L t; �
mS=L


 S=L
) =

� mS=L =
 S=LZ

0

dy
x

y2 + 1
e� i
 S=L ty

= �
1
2

"

i sgn
�

�
mS=L


 S=L

�
e� 
 S=L t

� e� 
 S=L tE i

�

 S=L t

�
1 � i

�
�

mS


 S=L

���

� e
 S=L tE i

�
� 
 S=L t

�
1 + i

�
�

mS


 S=L

���

+ e� 
 S=L tE i
�

 S=L t

�

+ e
 S=L tE i (� 
 S=L t)

#

: (A.6)

The exponential integral function E i is de�ned in the following way [2,20]:

E i (� xy) = � e� xy

1Z

0

dt
e� xt

y � t
; < y > 0; x > 0: (A.7)

We can use the very convenient asymptotic properties ofE i given in [21]

E i (0) = �1 ;
E i (1 ) = 1 ;

E i (�1 ) = 0 ;
E i (i1 ) = i� ;
E i (� i1 ) = � i� : (A.8)

These properties ofE i have been used to obtain the �nal result (61)�(63).
In our calculations we have also used the formula for the derivative of

E i . Its �nal, general form is given below

dEi (� xy)
dx

=
1
x

e� xy : (A.9)



Diagonal Matrix Elements of the E�ective Hamiltonian : : : 1917

Appendix B

In this Appendix we collect from [2] the coe�cients a1; b1; c1 and CI ; D 0
I ;

F 0
I which were used in Section 3.

The calculations will be clearer if we write the sum of the productP
� ! �

S;� ! L;� in the same way in which spectral functions de�ned by (42),
(43) were used earlier in [2]

X

�

! �
S;� ! L;�

�
�
�
�
�
�
BW

=
p


 S
 L

� [(m � mS)2 + 
 2
S][(m � mL )2 + 
 2

L ]

�f (aRm2 + bRm + cR ) + i (aI m2 + bI m + cI )g; (B.1)

where

aI = I; bI = ( 
 S � 
 L )R � (mS + mL )I ;
cI = ( 
 L mS � 
 SmL )R + ( mSmL + 
 S
 L )I (B.2)

similar formulae may be found foraR ; bR ; cR ; where

R =
� K

2
p


 S
 L
(
 SS + 
 L L) ; (B.3)

I =
� K

2
p


 S
 L

� m

 S � 
 L

(
 SS � 
 L L) ; (B.4)

and

S = 1 +

 S

�m S
+ O(( 
 S=mS)2) ;

L = 1 +

 L

�m L
+ O(( 
 L =mL )2) : (B.5)

Equations (B.5) result from performing the following integration

1Z

0

dm
X

�

j! S;� j2 =

1Z

0

dm
X

�

j! L;� j2 = 1 : (B.6)

This integral follows from the initial conditions de�ned by (15)�(17).
This expression is now factorized

aI m2 + bI m + cI

[(m � mS)2 + 
 2
S][(m � mL )2 + 
 2

L ]
=

CI m + D I

(m � mS)2 + 
 2
S

+
E I m + FI

(m � mL )2 + 
 2
L

(B.7)
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which leads, as usual, to a linear system of equations which allows us to
calculate the coe�cients CI ; D I ; E I ; FI

E I = � CI ;

CI � m + D 0
I + F 0

I = aI ;
CI [(m2

L + 
 2
L ) � (m2

S + 
 2
S)] � 2D 0

I (mL � 2F 0
I mS = bI ;

D 0
I (m2

L + 
 2
L ) + F 0

I (m2
S + 
 2

S) + CI [mL (m2
S + 
 2

S) � mS(m2
L + 
 2

L )] = cI :
(B.8)

In the last formula we have introduced new de�nitions

E I = � CI ;

D 0
I � D I + CI mL ; F 0

I � FI � CI mL : (B.9)
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