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Chaotic time series obtained from simple dynamical systemgthe tent
map and the logistic map) are analyzed by means of DetrendedIEctuation
Analysis (DFA) a widely used method for quantifying long-r ange corre-
lations in time series obtained from complex systems. The st conclusion
is that time series obtained from stochastic (noise-drivey and determinis-
tic systems may be indistinguishable using the DFA method. W introduce
the adaptive DFA exponent and nd that it is related to the str ucture of
the periodic orbit. We show that persistence detected in de¢rministic se-
ries by DFA has a di erent interpretation than that used in th e context of
stochastic series analysis. For chaotic time series, we ndhat only a large
level of dynamic additive noise can alter the short-range DR exponent.
Finally, a relation between the DFA exponents and the contrd parameter
of the map is studied. The short-range DFA exponent is sensive to di er-
ent kinds of nonlinear transitions we show that the exponen t decreases
with the merging of chaotic bands and increases as the natutameasure
becomes more symmetric. If periodic windows occur in the bifrcation di-
agram, they can be also detected by DFA as an abrupt decreasef the
short-range exponent to a value close to 0. An interior criss occurs at the
end of each periodic window as a result, the DFA exponent increases as
a function of the control parameter until the next band-merging point. As
the periodic windows are dense in the bifurcation diagram, ke relation of
the DFA exponent on the control parameter is more complex forthis case.
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1. Introduction

Natural phenomena occur in a complex and often unpredictald way.
Modeling of such phenomena is a challenging task because thariety of
behaviors may indicate a variety of unknown underlying proesses. If we
focus on recent models and measures of natural phenomena 27] we nd
two general approaches.

The rst approach originates from statistical physics, where unpredict-
able events are described by statistical rules. The applideon of such statis-
tical physics to e.g. heart rate variability [1 7], DNA chains [7,14], data from
economy [6,15], weather changes analysis [16, 17], electsignals [20,21] or
stellar X-ray binary systems [22] in principle is equivalento assuming that
these phenomena are caused by truly random processes. Thimd of mod-
eling of natural phenomena is also the basis of the DetrendeBluctuation
Analysis (DFA) method analyzed in this paper, a recent and aleady pop-
ular method, used extensively in the analysis of various kids of complex
non-stationary data [2 4,14 30].

The second approach is based on the long-known fact that datministic
nonlinear systems may generate seemingly random and unprietable time
series [5,6,8 13]. These series often have the same staitstl properties as
random processes. Therefore the successful application stbchastic meth-
ods of analysis does not exclude the deterministic origin dhe data analyzed.
Often the source of the processes analyzed is unknown. It maccur that a
time series of deterministic origin be assumed of stochastiorigin.

The DFA method detects persistency by assuming the self-siitarity of
series (seeg.g, the study of detecting persistency in fractional Brownian
motion by Malamud et Turcotte [31]). The correlations in uc tuations in
those signals occur on a statistical basis. We analyze wheththe application
of DFA to chaotic data is possible when the uctuations ar e the result
of nonlinearities.

A detailed study on the e ect of various transformations of the input
signal on DFA can be found in recent papers [28 30]. These trsforma-
tions include the addition of trends and nonlinearities to the original signal.
However, in these studies nonlinearities are treated only saalterations of
the signal. Therefore, the main aim of such an analysis corss of elimi-
nating a given set of Iters to derive the properties of a presimably pure
signal. In the cited studies, it is shown that the transform dters the DFA
results only at a certain range of correlation lengths. For ther correlation
lengths, detrended uctuation analysis of the transformedsignal yields the
same results as for the unaltered signal. Here we study a dirent situation

nonlinearity is the genesis of both structure and uctuati ons in the ana-
lyzed signals [11 13,32], which is in contrast to being justan alteration of
the analyzed signal.
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In this paper, we investigate the e ectiveness of DFA when aplied to
simple stationary time series derived from two well-known gnamical sys-
tems the logistic map and the tent map. The properties of the se systems
have been investigated extensively [11 13,32]. The folloing equation:

Xn+1 = aXn(1  Xn); (1a)

de nes the logistic map, and the tent map is given by:
1
Xn+1 = a 1 2 > Xn (1b)

In the above equations the control parameter is denoted by.

Both our own software and that from the authors of the method [8] was
used in the calculations.

The paper is divided as follows. First, we introduce the DFA nethod.
In Section 2, we consider the application of DFA to periodic gnals. Al-
though from the de nition of the method such use of DFA may seen to be
inappropriate, we show that, for large periods, the value othe short-range
correlations exponent is related to the structure of the peiodic orbit. We
analyze the sensitivity of the method to noise. The meaning fopersistence
and antipersistence in the context of deterministic seriess discussed. Sec-
tion 3 is focused on the analysis of the chaotic states of disgte dynamical
systems. Finally, in Section 4 we study a general relation khereen the DFA
exponents and the control parameter. We show that DFA is seniive to dif-
ferent kinds of nonlinear phenomena in deterministic systes. The analogies
between the Lyapunov exponent [11 13] and DFA are analyzedOften it is
very di cult to calculate the Lyapunov exponent, as the know ledge of the
dynamical evolution of the system is required [6]. Therefa the existence
of a possible relation between the Lyapunov exponent and DFAnay be an
important issue in the analysis of dynamical systems.

1.1. Detrended Fluctuation Analysis

Detrended Fluctuation Analysis is a method for quantifying long-range
correlations in non-stationary time series. Among othersit has been applied
to detect long-range correlations in DNA nucleotide sequeres [14], nancial
data [15] and mean daily temperatures [16], as well as in colgd chaotic
oscillators [20], electric signals [21, 22], stellar X-raybinary systems [23],
neural receptors in biological systems [24], cloud structe [25], ethnology
[26], music [27] and many other research elds (see [28 30]nd references
therein for a list of over 70 publications that have utilized DFA). DFA was
introduced by Penget al. in 1994 for analyzing nucleotide sequences [14] and
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soon afterwards applied to heart rate variability (HRV) tim e series derived
from 24-hour ECG recordings [18]. It has been reported to shwoimproved
prognostic value for medical diagnosis [3,5, 19].

As DFA has been originally designed for the DNA walk, one neeslto
de ne a general input series-related walk analogously. To d this, the input
seriesf B (k)g of length N is integrated after subtracting the average value.
The seriesfy(k)g is then:

X
y(ky= (B(i) hBi); )

i=1

where B(i) is the i-th point of a discrete time series andhBi is the aver-
age value of the data. Next, the integrated series is dividednto subinter-
vals (windows) of equal lengthn, and for each window a linear least squares
t to the y(k), denoted y,(k), is made. The RMS uctuation around the
regression line is then given by the equation:

! X
F=t 27 b9yl ©
k=1

The dependence ofF on n is examined via a plot of logF (n) versus
logn. When scaling occurs, the overall slope of the linear trendni the
double-logarithmic scale is equal to the DFA exponent and deoted by

= log(e PF(n))(log n) !; where b is the intercept of the approximated
trend. Figure 1 shows an example of the loglog plot of the datnded
uctuations F versuswindow sizen for a computer generated uncorrelated
random numbers series. The length of the series wak)® data points and
the DFA exponent is equal to =0:5.

In Ref. [18], in addition to the global scaling exponent , 1 was intro-
duced. This is a short-range correlations exponent, de nedor the range
of4 n 16, as opposed to the whole range af used in the calculation
of . The importance of the short range correlations for HRV anaysis was
demonstrated in Refs. [2,4,19].

Generally speaking, when a scalindg-(n) / n is observed, the scaling
exponent in the range0:5 < < 1 indicates positive long-range power-law
correlations (in other words, persistencg and 0 < < 0.5 infers anticorrela-
tions (i.e. antipersistence) [14,18,19]. = 1:5is obtained for the Brownian
walk. The exponent = 0:5 corresponds to uncorrelated data (such as in
Fig. 1). If there are short-range correlations, the slope folow n may di er
from 0.5 but it will approach this value for large n. It was also proved rigor-
ously that the DFA exponent is related to the Hurst exponentH: =1+ H
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log F=0.50log n~1.11

0 0.5 1 1.5 2 25 3 35 4 4.5
log n

Fig. 1. The dependence of detrended uctuationsF on the window sizen for a test
series: 10° data points calculated using the GNU C compiler random real mmber
generator uniformly distributed from 0 to 1 with a good accuracy; the mean value
of the series is 0.500.

when the signal corresponds to an incremental walkg.g. Brownian walk)
and = H when the analyzed signal consists of incrementse(g. uncorre-
lated i.i.d. noise) [34].

Crossovers in the linear dependence of the exponent on windosize
n have been observed in detrended uctuation analysis of comex data
(e.g. biological data) and may be an important indicator characteizing the
underlying process [14, 18].

2. Periodic signal analysis

Purely periodic signals have neither a trend nor uctuations. Therefore
the application of DFA to such signal may seem controversial Although
other methods are more suitable for such an analysis, it is teresting to nd
that, contrary to the assumptions of the de nition, it is at a Il possible to
apply DFA to periodic signals. In this section, we introducetwo new mea-
sures: the DFA short-range adaptive exponent , and the DFA long-range
exponent_. We show that these exponents quantify correlations bettethan

1 and » introduced in Ref. [18].

To perform the Detrended Fluctuation Analysis of a periodic state, one
must avoid window lengths which are a multiple of the period & the data.
Otherwise the uctuation F(n) vanishes. Figure 2 depicts the DFA plots
of periodic states of the logistic map for two values ofa. In both cases
the period is equal top = 18. In gure 2(a), it can be seen that for most
window lengths F (n) is a constant this makes the resulting overall slope
close to 0, which is an indicator of very strong correlationg14,18] (.e. pe-
riodicity in this case). For small values ofn, we also observe in Fig. 2(b)
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Fig.2. DFA plots of the logistic map for control parameter a corresponding to
periodic states (the period is equal to 18). (a): the overallDFA exponent is
equal to O for a periodic state; (b): magni cation of the area marked in (a). (c):
DFA plot for a periodic orbit with a di erent structure than i n (a). (d): DFA

plot for the same parameter value as in (c), but with a small amount of noise
( =5 10 %) added at each iteration. 1 is the DFA short-range exponent, .

is the DFA short-range adaptive exponent and__ is the DFA long-range exponent.



On the Application of DFA to the Analysis of Unimodal Maps 1809

(a magni cation of Fig. 2(a)) the e ect of the periodicity of the state an-
alyzed the uctuation F depends strongly on the window length. This
happens for values ofn smaller or of the same order of magnitude as the
period length. For such window sizes, the uctuationsF change with n be-
cause, at large periods, the series within a window of smalize may seem
quasiperiodic or almost random. The uctuation values may then dier
strongly from window position to window position along the sries. On the
other hand, whenn is larger than the period length, the series looks alike
at all ranges of n larger than the period length and there are very small
(if any) di erences with window position at a given n.

In summary, for n smaller then the period length, we obtain a slope quite
di erent from zero, while at larger n the DFA exponent tends to zero. This
behavior suggests the use of the previously-cited short-rgge correlations
exponent 1 introduced in [18]. The disadvantage is a rigidly de ned rarge
of n required for its calculation (n 2 [4;16). As can be seen in Fig. 2(b), the
short-range correlation exponent ; (dashed line) di ers from zero but its
meaning is doubtful due to the large linear approximation eror. The error
for 1 will thus be an unknown function of the period of the orbit.

A better approach is to introduce the DFA short-range adaptive exponent

+ the slope of the best linear approximation for short-range window sizes
n as marked in gure 2(b) 2(d) by a solid line. The points inclu ded in the
optimized linear regression are denoted by triangles on tlse plots.

The value of ; is equal to 0.37 for the control parametera = 3.92628 in
gure 2(b) indicates antipersistence, while the adaptive &ponent , =0.58
indicates a weak persistent character of the series.¢. a low level of positive
correlations in the series). On the other hand, for the contol parameter
a = 3.60059 the exponent ., equal to 0.32 was obtained, indicating an-
tipersistence (Fig. 2(c)). Both series have a period lengtip = 18, the main
di erence between them is the distribution of the iterations x; around the
mean valuehxi.

The above observations show that the adaptive DFA exponent ; is an
indicator of the structure of periodic orbits. Such structure can be described
by the invariant measure, shown in Fig. 3 for the above discused periodic
orbits. In all plots the structure of the measure depicted isasymmetric. As
can be seen for the control parametea = 3:92628(Fig. 3(a)), although the
period of the orbit is 18, there are only ten bars visible, butnote that two
bars nearx = 0:5 are twice shorter than the rest. These bars are shorter
because they are the e ect of a splitting of a single bar. Witlout this
splitting the period would have been9. The di erence in the dynamics of
the two orbits in Fig. 3(a) and 3(b) is that, for a = 3:60059 the values come
one after another in a rather symmetric manner around the mea value (this
is equivalent to antipersistence in DFA). At a = 3:92628 for x 2 [0; 0:4]
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there are only two bars, while in the range[0:6; 1.0] there are six bars. This
asymmetric distribution of the elements of the periodic orlit around the
mean iterations value makes the series persistent.

Fig. 3. Invariant measures for the logistic map with control parameter values cor-
responding to periodic states (compare Fig. 2).

The natural measures depicted in Fig. 4 are a mean represettian of
the signal in time. DFA is sensitive to the dynamics of the sigal. This
sensitivity is the consequence of the use in the calculationf the DFA ex-
ponents of a sliding window with a varying lengthn. For example, let the
signal structure be asymmetric in the time within one period(as in the case
of a = 3:92628 see Figs. 2(a) and 3(a)). Then, the uctuations valueF
for window sizesn smaller than a half of the period length will be much
smaller than those for largern values (but still not exceeding one period
length). As a consequence, the DFA exponent . value will be larger for
such a distribution than for a symmetric series of iteratiors.

By adding even a very small amount of random noise at each iteten
of the states in Egs. (1a) and (1b) (noise amplitude =5 10 © at each
iteration), we change dramatically the dependence of the man uctuation
F on n for large window sizes (compare Figs. 2(c) and 2(d)). As in th
case of uncorrelated stochastic noise, also in this casey farge n the slope
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Fig. 4. Double logarithmic plots of the detrended uctuatio ns F versuswindow size
n for two nonlinear unimodal maps. Series lengthN = 10°. (a) the logistic map
with control parameter a = 4, (b) the tent map with a = 1. The small di erence
in the intercepts is due to a non-uniform iteration distribu tion for the logistic map.

will approach the value 0.5 (on Fig. 2(d) this slope is represnted by a
dashed line). The corresponding DFA exponent calculated folarge n will
be denoted by _.

Note that, counter-intuitively, the log F versuslogn plot at small window
sizesn remains almost unaltered by the noise. As will be shown in thenext
section, this is true also for larger levels of additive nois. Note that the
value of . did not change due to noise.

The invariant measure fora = 3:60059with noise is shown in Fig. 3(c).
With the addition of noise, the xed points are no longer uniformly dis-
tributed and the original natural measure is not preserved. However, the
exponent . has the same value as for the series with no noise (Fig. 2(c)
and 2(d)). Note that . is a measure of short-range correlations. This indi-
cates that weak dynamic additive noise retains does not desty short-range
correlations. The crossover point (Fig. 2(d)) is a measurefahe predictabil-
ity range of the series [18].
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3. Chaotic signal analysis

For fully developed chaos & = 4 for the logistic map and a = 1 for
the tent map) we cannot distinguish between the time series gnerated by
the maps (1a) and (1b) (Fig. 4) and purely stochastic uncorr&ated iid noise
(Fig. 1). However, for control parameters even only slighty less than the
maximum value at which fully developed chaos is obtained, wend visible
traces of determinism at short window lengths (Fig. 5).

Fig.5. Double logarithmic plots of the F versusn dependence. (a): the logistic
map without additive noise for a = 3:60064 a chaotic state. (b): the logistic
map without additive noise for a = 3:99 a fully-developed chaotic state. (c):
the logistic map with a = 3:60064and large additive noise. (d): the logistic map
with a=3:99 and a large additive noise ( = 0:1).

The correlation range for the logistic map can be evaluated ypmeans of
the DFA scaling exponents. An increase of the DFA exponent lae occurs
from that obtained for the short n range (e.g. 1 =0:03for a = 3:60064in
Fig. 5(a) and 1 =0:34for a=3:99in Fig. 5(b)) to a value close to 0.5 for
large window lengths. This is seen as a crossover on thag F (n) versuslogn
plot. Such an e ect occurs because, in chaotic states, memyprof the initial
condition is lost when the number of iterations increases. @ illustrate this,
we introduce noise which makes the correlation range shonte This is also
a good way to show that the DFA plot does not depend on the genés of
the signal. For example, a periodic series for the logistic ap (a = 3:60059
with a small amount of additive noise at each iteration (as inFig. 2(d))
may have a DFA plot similar to the one for a chaotic state seris, e.g. for
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a = 3:60064 without noise (Fig. 5(a)). The similarity of the series in this
case is expressed by similar values of the short-range cdatons exponent

+, Of the long-range correlations exponent_ and by the sharp change of
the slope that occurs approximately atlogn = 3.

Other similarities between the DFA plots of di erent chaoti ¢ time series
for di erent control parameter values also can be found. Fistly, we will
calculate _ the DFA exponent at large window sizes n. For all time series
corresponding to chaotic states, the value of this exponenis close to 0.5
indicating the absence of long-range correlations. For a ewtic state series
at a = 3:60064without noise (Fig. 5(a)) it is equal to _ = 0:43. For a fully
developed chaotic state series the value of is closer to 0.5,e.g. _ = 0:48for
a = 3:99 (Fig. 5(b)). For time series with a high level of dynamic addiive
noise ( =10%) _ = 0:51(Figs. 5(c) and 5(d)). This shows that the addition
of the noise renders the deterministic series faa < 4 indistinguishable from
each other and from purely stochastic uncorrelated i.i.d. nise by means of
DFA at large n. For smaller window sizes é.g. n < 10%) the situation is
di erent.

By adding a relatively high level of dynamic additive noise ( = 10%)
to the deterministic time series fora = 3:60064the position of the crossover
is shifted to smaller values ofn (approximately to logn = 2) and the slope
value becomes slightly closer to that for largen (Fig. 5). Thus, the DFA plot
in this case (Fig. 5(c)) is more similar to the plots for the seies at greater
values of the control parameter (as in Fig. 5(b)). This same bservation can
be obtained for the DFA plot of the time series ata = 3:99 (Fig. 5(b)). When
dynamic noise is added (Fig. 5(d)) this series becomes indisguishable by
means of DFA from the time series ata = 4:0 (Fig. 4(a)) and also from
purely stochastic uncorrelated i.i.d. noise (Fig. 1).

Note that for a < 3:9 even large noise does not a ect strongly the value of

1 0r 4 (this was also true in the case of periodic signals, compardds. 2(c)
and 2(d), described in the previous section). More signi cat is that only a
relatively large noise is able to remove completely the coelations detected
by DFA. This feature of DFA seems to be important.

The departure from the linear trend at the largest values ofn seen in
the above described gures is an artifact that occurs becaues of the small
number of sliding windows. At such window sizes €.g. logn > 4 for time
series lengthN = 10°) the number of sliding windows is less than 10. This
introduces a large error value in the RMS uctuation around the regression
line from Eq. (3).
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4. The dependence of the DFA exponents
on the control parameter of the map

Sections 2 and 3 were mostly devoted to the analysis of the DFAlots
(i.e. logF logn plots) for a particular control parameter value of the logigic
map. When the series analyzed were periodic (Section 2), thealues of 1
and . were related to the structure of the periodic orbit and therewas no
obvious relation between the DFA exponents and the control prameter. In
Section 3, it was observed that for largera corresponding to chaotic states
the value of ; is also larger and reaches 0.5 fom = 4. In this section, we
investigate the general relation between the DFA exponent ad the control
parameter.

The dependence of the properties of chaotic maps on the cowutr pa-
rameter is usually described by the Lyapunov exponent [11 3], which is a
measure of the memory of the initial conditions. The Lyapune exponent
for one-dimensional iterated maps is calculated as [12]:

o L d(Xi)
- I\Illql N In dxj ' @)
where x; corresponds to thei-th iteration of the map and Xxq is the initial
condition. A negative value of indicates periodic states, a positive
chaotic states. The Lyapunov exponent is related to the strature of the
bifurcation diagram (Figs. 6 and 7). The period doubling ponts seen on
the diagram for the logistic map (Fig. 7) correspond to = 0. The control
parameter value at which the doubling cascade becomes in te is called the
accumulation point. For control parameter values greater han the accumu-
lation point, we nd chaotic states ( > 0) and periodic windows ( < 0).
In the case of the tent map (Fig. 6), there are no periodic windws (.e.
> 0 everywhere beyond the accumulation point), and the dependee of
the Lyapunov exponent (denoted by the long dashed line) on ta control
parameter value a is very simple, namely: =1In(2 a). The DFA exponent
1 (lowest curve in Fig. 6) seems to be a more complicated funan of the
control parameter (we did not calculate . since there are no periodic states
in this case).

For a less than 0.6, there is a large scatter in the ; values, due to
the narrow range in which the iterations fall. Such small varance in e ect
imitates a periodic signal. For this reason we omitted here lie results for
this range.

Three di erent regions may be distinguished fora > 0:6. The rst region
corresponds approximately toa < 0:7. In this region, the range of iteration
values increases monotonically and so does.
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Fig.6. The Lyapunov (long dashed line) and DFA ; exponents (continuous
line) and mean of the tent map (short dashed line) fora 2 [0:5; 1]. The bifurcation
diagram is drawn in the background for comparison. In the catulation of 1,
and hxi the control parameter was incremented by10 #, while for the bifurcation
diagram by 5 10 3.

The second region (approximately for0:7 < a < 0:8) is characterized by
a non-monotonic dependence of1 on a. The decrease of the DFA exponent
value occurs near the point of the band-merging. As the bandsnerge, the
iterations are distributed more uniformly thus the value of 1 is smaller. But
as the control parameter increases, the phase space in theadtic region also
grows (the bifurcation diagram in Fig. 6 widens as we increasa) and so does
the DFA exponent. However, because the bifurcation diagranis asymmetric,
the increase of this exponent i(e. the decrease of antipersistence) is due
to an increase in the symmetry of the natural measure. As a resdt the
DFA exponent is a strong function of the average iterationhxi. Due to the
interplay of the two phenomena: band-merging and increasaithe symmetry
of the natural measure, many local minima and maxima are obseed in this
range.

In the third control parameter range (a > 0:8), the band-merging has
a weak e ect, the iterations have a wide range and are mostly miformly
distributed. That is why the DFA exponent grows monotonically in this
region.
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Fig. 7. Upper part: the dependence of (Lyapunov exponent, top curve) on the
control parameter a for the logistic map. Lower part: the dependence of ; (con-
tinuous curve) and the mean value calculated for 10000 iterions (dashed curve)
on a. In the lower part, the bifurcation diagram is also shown in the background
for comparison. In the calculation of ;, and hxi the control parameter was
incremented by 10 “, while for the bifurcation diagram by 5 10 8.

The dependence of ;1 as well as on the control parameter and the
bifurcation diagram for the logistic map is shown in Fig. 7. Numerous min-
ima of the Lyapunov exponent are seen (indicating periodic wmdows where

< 0) as well as the strong correlation between the abrupt decrese of the
Lyapunov exponent below zero and abrupt changes in the valuef 1.

To show that the changes of the two measures are not only coreged
but also occur for the same control parameter value, we caltated the value
of the critical control parameter values analytically. This can be done by
means of symbolic dynamics. To nd the value of the control paameter, at
which a superstable orbit exists one needs to solve the equan [32]:

f(a;xc) = W(Xe); (5)

where X is the argument at which the iterated map has the maximum
value, f (a; X¢) is the maximum value of the map iterations (equal t00:25a
for the logistic map) and W denotes a word composed of symbolic dynamics
functions R and L [32]. R denotes the right branch andL the left branch
of the map. The symbol C indicating the critical point is in this notation
omitted.
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The approximate solution of Eq. (5) for the period 3 orbit (in symbolic
dynamics denotedRL) is a = 3:83187 On the other hand, it can be seen in
Fig. 7 that this value of the control parameter corresponds ery well to the
smallest local minimum of ;.

The same is true for other superstable orbitse.g. we nd local minima
of ;and for period 5 orbits: RL® (a = 3:99027, RL?R (a = 3:90571)
and RLR 2 (a = 3:7389)). For all of the above control parameter values both
the Lyapunov and DFA exponents have a minimum, indicating the presence
of a periodic window.

Within periodic windows, 1 remains almost constant, contrary to ,
which has minima. Thus, in periodic windows we observe almosat minima
or maxima of ;. Instead, for a periodic orbit attains a wide range of
values, indicating the strength of attraction of the orbit.

As shown in Section 2, DFA exponents are not good measures fguanti-
fying the periodic behavior of a system the calculation of ; by linear re-
gression is dubious, as in the rangé < n < 16there are often crossovers (see
Fig. 2). This was the reason to introduce .

The corresponding relation between , and a value is given in Fig. 8.
Note that for the iterated map studied here 1 never exceeds 0.5, while
(as discussed in Section 2) the adaptive DFA exponent.. may have values
larger than 0.5. In Figs. 7 and 8, both maxima and minima of DFAexponents
are observed for the periodic windows. The minima are simpléo explain

there are no uctuations in periodic signals (except for e ects due to the

Fig.8. The dependence of , (the adaptive DFA short-range scaling exponent,
continuous line) and (Lyapunov exponent, dotted line) on the control parameter
a for the logistic map. The control parameter was incrementedby 10 4.
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sliding window size) therefore the DFA exponent is close to Oand constant
within the periodic window. On the other hand, the maxima of the DFA
exponents occur for periodic time series with an asymmetridistribution of
the iteration values within one period (see Section 2).

The complicated dependence of ; and . on the control parameter of
the logistic map is due to the occurrence of the interior cris [35]. These
are sudden changes in the structure of a chaotic attractor de to collisions
with an unstable periodic orbit when the control parameter exceeds a critical
value. Similarly as in the case of the tent map, when merging fodi erent
chaotic bands occurs, the value of the DFA exponent decreaseln the tent
map, this phenomenon practically disappeared when the conbl parameter
exceeded 0.8. For the logistic map, this e ect is observed &dr each of
the periodic windows, because of the interior crises withirthese windows.
Beyond the interior crisis point, the DFA exponent increasesas a function
of the control parameter until the next band-merging point. Then, again,

Fig. 9. Relation between the mean iteration valuelxi and the DFA exponent .
for the control parameter ranging from 0.53 to 0.8 (a) and fran 0.8 to 1.0 (b) for
the tent map. In the latter case, a strong linear dependences found.
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it decreases. However, as the control parameter increasdbe phase space
in the chaotic region also grows (the widening of the bifurcaon diagram in
Fig. 7) and so does the DFA exponent. The presence of an in né number
of periodic windows makes the DFA exponent dependence on theontrol
parameter very complex.

In addition to the dependence of the DFA exponent on the contol pa-
rameter, another relation is worth mentioning. In the case 6the tent map, a
simple relation between the mean iteration valuexi and the DFA exponent

+ is found. In Fig. 9, we present separate plots representinghts relation
for 0:53<a < 0:8 and for a > 0:8. The second plot depicts a strong linear
relationship, namely

+ = 4lxi +2:5: (6)

The square of the Pearson correlation coe cient for the aboe relation is
equal to 0:97. As mentioned before in the description of Fig. 6, the range fo
iterations increases monotonically fora > 0.8 and so does the DFA exponent

1. Note that the linear dependence on the mean value is not a geral
property of DFA exponents, but is due to the properties of thetent map in
this region of the control parameter. Due to the asymmetry othe bifurcation
diagram, although the phase space grows in this region in bbtdirections,
the expansion of the distribution of iterations towards the value of O is faster
than towards 1. As the iterations are almost monotonically dstributed in
the phase space foa > 0:8, the mean valuehxi decreases monotonically.
In the case of the logistic map, the DFA exponent dependencencthe mean
value is not as simple.

Fig.10. Relation between the mean iteration value and DFA exonent . for
control parameter value ranging from 3.5 up to 4 for the logisic map. The data
from within the periodic windows were omitted from this graph.



1820 M. Soza«ski, J. >ebrowski

The dependence seen in Fig. 10 was obtained after omitting thmean
iteration values corresponding to periodic windows. The riation is more
complex. As there is an in nite set of periodic windows betwen the ac-
cumulation point and the control parameter value correspoding to fully
developed chaos, even for the range of control parameter weds close to
a = 4 we do not observe a simple linear dependence bfi on a. The rst
band-merging point and the occurrence of crises at the end @ach periodic
window all have an e ect on the dependence in Fig. 10. The deits of this
dependence are being researched.

5. Summary and conclusions

DFA detects and classi es the type of correlations in a time sries. We
showed that DFA is sensitive to both the dynamics and the staistical prop-
erties of the signal. Dynamical systems in a fully developedhaotic state can
exhibit random behavior, indistinguishable by means of DFAfrom stochastic
processes. Thus, using the DFA method, it is impossible to ate whether
the origin of the behavior obtained is a deterministic or nose-driven process.
Even if such a method yields consistent results in the analys of such data
as heart rate variability [2,4,14,18,19], it does not meanhat the underlying
mechanisms are noise-driven processes. An important resulbtained by us
is that the persistence detected in the deterministic seies by DFA has a
di erent interpretation than that in a stochastic time seri es.

We demonstrated that nonlinear maps generate behaviors thacan be
analyzed by means of DFA. We also applied the DFA method to thexnalysis
of periodic time series. Although, from the de nition of the method, this may
seem to be inappropriate, we showed that the DFA short-rangeorrelations
exponent is related to the structure of the periodic orbits. However, for orbit
period length less than 20, the value of the exponent ; is often meaningless
due to a large linear approximation error. Therefore we intoduced the
adaptive DFA exponent . as an improved quanti er of the short-range
behavior of periodic time series. The new exponent has thewest possible
linear approximation error and re ects the structure of the periodic time
series better than ;.

We studied a general dependence of the DFA short-range expents on
the control parameter a for the tent and logistic maps. In the case of the tent
map, the complicated shape of the ; versusa curve re ects the sensitivity
of DFA to the merging of the chaotic bands and the enlarging othe map
iterations range with a (Fig. 6).
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Periodic windows can be detected by DFA with a good accuracy.The
analogies between ; and shown in this paper (abrupt changes of the DFA
exponent at periodic windows, the increase of 1 with the development of
chaos) may suggest that a DFA-related measure could be veryseful in such
cases where the Lyapunov exponent cannot be easily calcudat.

Summarizing, we have shown that DFA may be a useful tool in aplica-
tion to deterministic time series. In some aspects the infanation obtained is
similar to that from the Lyapunov exponent. A general relation between the
DFA exponent and the Lyapunov exponent does not exist but theDetrended
Fluctuation Analysis may be a useful additional measure in he analysis of
chaotic maps and nonlinear systems, as it is sensitive to derent types of
nonlinear phenomena.

A special feature of DFA exponents 1 and . is that they are relatively
insensitive to noise in the signal. Only relatively large leels of noise can
signi cantly alter the DFA plot of a signal.

This research has been supported by the Warsaw University ofech-
nology internal grant. The authors are very grateful to Pete Talkner for
introducing them to the detrended uctuation method several years ago.
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