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We investigate a mechanical system consisting of in nite number of har-
monically coupled pendulums which can impact on two rigid rads. Because
of gravitational force the system has two degenerate groundstates. The
related topological kink, likely the simplest one presente in literature so
far, is a compacton, that is it has strictly nite extension. In the present
paper we elucidate the relation of such system with sine-Gaton model.
Also, solutions describing waves with large amplitude, andan asymptotic
formula for the width of the kink are obtained.

PACS numbers: 03.50.Kk, 11.10.Lm

1. Introduction

Theoretical studies of classical mechanical systems withaige number
of degrees of freedom are relevant to many branches of conded mat-
ter physics (not to mention engineering sciences), where qutal aspects
of microscopic world are practically not visible. Moreover since the sem-
inal work of Fermi, Pasta and Ulam [1] it is clear that such sysems can
also provide useful models on which concepts of theoreticahysics can be
tested or illustrated. For example, studies of anharmonic dttices give in-
sights into nonlinear transport phenomena, see.g. [2], or mechanisms of
thermal conductivity, see, e.g. [3]. Another example: sine-Gordon solitons,
which appear in many places including quantum eld theory (the duality
with Thirring model), have beautiful realisation in a system composed of
harmonically coupled pendulums, seeg.g. [4].

In recent papers [5,6] we have investigated a mechanical sgm, de-
scribed below in Sec. 2, which has in nite number of degreesfdreedom.
It exhibits spontaneous symmetry breaking and related to it topological
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kink and antikink. Its main attractive feature is extraordi nary simplicity of
the kink. It has strictly nite extension equal to  in a certain limit, and in
that limit the kink is represented by the piece of sine functon in the interval

[ =2; =2]: To the best of our knowledge, it is the simplest topological
defect presented in literature so far. Furthermore, time ewlution of the sys-
tem during the symmetry breaking transition can be describd analytically.
For these reasons, the system is quite interesting as a testi ground for
various ideas of theory of topological defects. Physics ofish objects poses
many very interesting albeit hard to solve dynamical questbns, see [7,8] for
overviews.

The purpose of the present paper is to supplement our previaulinvesti-
gations [5,6]. In next section we brie y recall the model andcertain results
in order to make the paper self-contained. We also introduca folding trans-
formation which maps trajectories of certain auxiliary, smpler model into
trajectories of our system. Sec. 3 is devoted to large amplide waves
the ones having small amplitudes were investigated in [6]. fie two types
of waves involve very di erent kinds of motion. In Sec. 4 we ckulate the
width of the kink in a limit when it increases to in nity. Conn ection of our
system with the one considered in connection with the sine-@&don soliton
is elucidated in Sec. 5. We show that from mathematical viewpint the un-
folded version of our model can be regarded as non-analytita perturbed
sine-Gordon system. In particular, the sine-Gordon solita and breather
provide approximate solutions of our model. Neverthelesspur system and
the sine-Gordon system are very di erent from physical vieypoint. Finally,
in Sec. 6 we point out several dynamical problems which can bgosed within
our model and which, in our opinion, deserve a careful inveggations.

2. The model and the folding transformation

We consider one dimensional model with the Lagrangian
L=3@)* 3(@) V(); (1)
where the eld potential V( ) has the form

_ cos 1 for jj 0;

vOr= for ji> o o
see Fig. 1. Here g is a constant, > > 0. Thus, all values of the real
eld are restricted to the interval [ o; o]: The potential has two sym-
metric minima at = 0, and it is not continuous at them. This model
describes an in nite set of harmonically coupled pendulumsn a homoge-
neous gravitational eld: is a dimensionless coordinate along a wire to
which the pendulums are attached, is a dimensionless time variable, and
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V()

Fig.1. The potential V( ):

(; ) is equal to the angle between the upward vertical direction ad the
arm of the pendulum located at the point and time . The pendulums can
move only in planes perpendicular to the wire. The restricton

0 0 ®3)

is enforced by two rigid rods parallel to the wire. We assume hat the
pendulums bounce elastically from the rods. For a more detbdd description
of this system see [5].

Time evolution of (; ) is governed by the following equation

@ @ =sin; if jj< o; 4)
and by the elastic bouncing condition
@) @ ) i ()= o ®)

Hence, the time evolution of the velocities@ is in general not continuous.
The vertical upward position, thatis =0, is unstable. The stable positions
are given by = o. Energy of the system is conserved. Typical motion
of a pendulum consists of smooth ights between impacts wth the rigid
rods.
Inthe case ¢ 1 we may replacesin by , and instead of Eq. (4) we
then have
@ @ = if jj< o (6)
Physically, the kink is obtained when the pendulums gradudiy turn from
one rod to the other one along the wire. Its center is identi el with the point
1 suchthat ( 1) =0 the corresponding pendulum points in the upward
direction. Static kink is represented by a time-independehsolution ¢( ) of
Eqg. (4) or Eq. (6) which interpolates between o and + o, and such that
cand @ . are continuous when ! o: Such solutions have particularly



790 H. Arod?, P. Klimas

simple form in the case of Eq. (6): for example, the kink locad at ; =0
is given just by

8
2 o for 5
()= S oSin for 5 54 )
0 for 5
Anti-kink is represented by ¢( ) = ¢( ). Translations or Lorentz boosts

give, respectively, shifted or moving kink or anti-kink. As discussed in [5],
the kink has strictly nite extension forany o< . Therefore, itis a simple
example of so called compactons which were found for modi edorteweg
deVries models [9 11], and in a system of pendulums with notrvial anhar-
monic coupling between them [12].

Condition (5) is quite troublesome because it introduces dicontinuity in
phase space trajectories of pendulums. For this reason, eft it is conve-
nient to unfold the model. By this we mean passing to a new modl with
anew eld (; )suchthat@ has continuous time evolution. can take
arbitrary real values. The relation between and has the following form.
If

_2[ 0+2k 0, o+2k o]; (8)

wherek is an integer, then

(; ) 2k o if k iseven

G= %, () if kisodd: ©)

The impacts on the rods occur when = o+ 2l o with integer |. Rela-
tion (9) is depicted in Fig. 2.

-2f £ o 0 f

Fig. 2. The folding transformation.
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Evolution of _is governed by the equation

@ @& _= S

d )

(10)
where V() is given by the following formula: if belongs to the interval
(8), then in the case of Eq. (4)

V()=cos(_ 2k o) 1;

(see Fig. 3) and
V()= 3 2 0)? (11)
in the case of Eq. (6).

Fig. 3. The potential V().

Time evolution of B and of its rst derivatives @_; @_ is continuous. It
follows from transformation (9) that condition (5) is autom atically satis ed.

3. Waves of impacting pendulums

Let us rst consider uniform motions of the pendulums, i.e., the ones
such that does not depend on . In this case Eq. (6) is reduced to

[
e (12)

j i< o
The energy integral of motion corresponding to Eq. (12) hashe form

2 2= (13)
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In the case the constantcy is positive we may write g = u?; whereu > 0O is
the absolute value of the velocity of pendulums at the vertial upward posi-
tion ( = 0). This class of trajectories describes the pendulums impéiag
simultaneously on one barrier rod with the velocity (u? + 3)72, elastically
bouncing back from it and moving over the upward positon and @rther,
until they impact on the other rod, from which they are re ect ed again
the motion is periodic in time. The pertinent solutions of Eq. (12) have the
form

()= usinh( 0): (14)

At the time ¢ all pendulums are in the vertical position. They fall onto ore
of the rods at the time ¢ such that

usinh(q o) = o: (15)

Hence, r !

!
q o= arsinh( o=u) =In UO+ 1+u—g ; (16)

The period Ty of this motion is given by the formula
To=4(q o0): 17)

The phase space picture of trajectories of this type is preséed in Fig. 4
by the curve A. Because the velocity changes its sign at the moment of the
impact, the trajectory consists of two disconnected parts.

The curvesB and C in Fig. 4 represent two di erent sets of trajectories
such that the pendulums do not pass through the vertical pogion ( =0):
the pendulums bounce from one rod, raise a little bit and fallon the same
rod. Also this motion is periodic in time. The correspondingsolutions of
Eq. (12) have the form

()= mcosh( o); (18)

where |, is a constant such that0 < |, < ¢: In this case, ¢y = ﬁq

in formula (13). At the time o pendulums reach their highest position,
(o0)= m. They fall on the rod after the time interval 4  o; where

cosh(q o) = 9. (29)

Hence, s |

_ 0 5 .
¢ o=h —+ S 1 : (20)
m
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The period is equal toTo =4( ¢ o). Waves generated from these solutions
were discussed in [5].
There are solutions of Eq. (12) for whichcy = 0:

()=Aoexpl ( o)l; (21)

where A = 1. The solution . describes pendulums which at the time g
start to move up from one of the rods with the initial velocity A ¢ and reach
the upward position at =+ 1 . The other solution describes the reverse
process. These motions are not periodicTp = 1 ), and they separate the
previous three classes of trajectories. In Fig. 4 they are pgesented by the
dashed lines.

Finally, the thick dot in the center of Fig. 4 denotes the trivial, unstable
trajectory = 0; and the thick dots at = o the stable equilibrium
positions.
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Fig. 4. Phase space trajectories of the uniformly impactingpendulums.

The spatially homogeneous solutions discussed above carsia be gen-
eralised to solutions describing periodic in time and spacevaves just by
performing a Lorentz-like boost. For example, in the familar case of Klein
Gordon wave equation for a scalar eld , 2 = mj3; instead of Eq. (12)
we haved? =d 2= mj3 with the solutions = Aexp( img ): Lorentz
boost with velocity w, where jwj < 1, amounts to the substitution ! =

(  w);where =(1 w? 2 In this way we obtain the plane wave
with the frequency! = m o and the wave vectork = mgpw such that
12 k2= mj:

Applying the boost to the solutions of the classB or C we obtain waves
which coincide with the waves discussed in our previous worf6] after the
substitution w = 1=v. Waves obtained from solutionA are combined piece-
wise from the functions



794 H. Arod?, P. Klimas

(; )= usinh(  o); (22)
see Fig. 5.
f
Fig.5. The wave of impacting pendulums.
Here
\
ve 1

o is a constant, andv is the phase velocity of the wave. It is assumed that
jvj > 1. The group velocity is equal to the boost velocityw = 1=v: The wave
length and the frequency are equal to

P—— v o1
0=4 Vv2 1(q o) !0—19\/2:1T—0,
where Tp is given by formula (17). Depending on the value o/, ¢ can be
any positive number, while 0 < jl oj < 1=Tp: Whenv !1 we recover the
uniformly bouncing pendulums: o= 1; 9= T, L.

The trick with boost can be applied if we have a solution whichexists
forall  otherwise we would obtain (; ) on a part of the axis only. For
this reason, solutions (21) have to be combined together inrder to cover
the whole time axis. There are two possibilities which di er by overall sign
factor:

o exp( o) for 0

oexp(o ) for 0;

and ( ). Boosting these solutions consists of replacing by as above.
We obtain a travelling wave in which the pendulum located at ; hits the
rod at the time

()=
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while all other pendulums either are raising (those at < ;) or falling down
(those at > ).

4. The width of the compacton when 0!

In the particular case when ¢ = the two rods merge into one put
below the wire which supports the pendulums, and the angle can take
arbitrary value in the interval [ o; o]: As far as the static con gurations
are considered, such a system of pendulums coincides withelone corre-
sponding to the sine-Gordon equation, where the rod is absemltogether.
The point is that the least energy con gurations of the systans coincide. Of
course, for time-dependent con gurations the two systemseamain di erent
because in our system the pendulums bounce from the rod, whilin the
sine-Gordon one they can move without encountering any obatles.

The soliton of sine-Gordon model has in nite extension becase of its
exponential tails. On the other hand, the compacton does nohave tails for
any o < : Therefore, its width o( o) should be divergent when g !
from below. In [5] we have obtained the following formula forthe width

71

1
ol )= P2 dp ; (24)
2 0 cos( o) c€Os g
Substituting here ¢ = ". "> 0 and changing the integration variable
to =( ") =2 we obtain
= "=2
z 1
o( 0)= (25)

. U co2('=2) sin?

Second change of integration variable, namely
| <o _SiN
" 77 cos('=2)

yields the elliptic integral of the rst kind
Z1
o( 0)=

0

1

dsp (1 s?2co2("=2))1 s?) : (26)
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Thus,
ol  ")= K cog("=2) : (27)

Because

1 16
K(x) = éln1 X;

forx! 1 ; seee.qg.[13], we nally obtain that

n—2 .
" Sin(=2)"

of "= (28)
when" ! 0+. Thus, the width of the compacton diverges logarithmically

when ¢!

5. Equivalence with the non-analytically perturbed
sine-Gordon system

The potential V( ) is periodic in , hence it can be written as Fourier
series. Straightforward calculations show that potential(11) can be written
in the form

" #

X n
+ 1—3 % cos L : (29)

n=1 0
It is clear from Fig. 3 that the derivative V with respect to  does not exist
atthe points = k o, wherek is an odd integer. At these points the Fourier
series fordV( )=d is divergent.
The constant and then =1 terms in formula (29) give the potential

cos — (30)

(; )+ (31)

Euler Lagrange equation obtained from the potential V) (_) can be written
in the form

@ @ (;)= sin (;); (32)

which is ng_entf'pgl with the sine-Gordon equation (on both sdes we have
replaced 2; 2 by ; ).
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The n > 1 terms in formula (29) give the non-analytic perturbation of
the sine-Gordon potential (30),

pert — X i .
vPert( )= 5 cos );
n=2

and of the sine-Gordon equation

)q_ .
@ @) = sin sin(n ) .

n=2 n

The sum on the r.h.s. of the last equation is nite for all values of , but
it is not continuous at = 2k ; wherek is integer. This follows from the
formula

R sinn ) i
T2

In( € ) sin
n=2

and the fact that In function has a cut along the negative part of the real
axis.
The replacement ofV( ) by A (_) gives the sine-Gordon approxima-

tion to our system. The folding transformation applied to V¥ () yields the
potential

® 6,238

V¥ ()= —+ — cos

0 1
where ¢ o: Itis presented in Fig. 6. The vertical lines at = 0
in Fig. 6 correspond to the two rods. The main di erence betwen this
potential and the original one, see Fig. 1, is that now the rd derivative of

(1)

v

Fig.6. The potential V® ().
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the potential vanishes at each of the two minima. This fact ha profound
in uence on the shape of the soliton at large : the soliton acquires the
exponential tails.

It is clear that with the help of the sine-Gordon approximation and for-
mula (9) we can utilise the well-known exact solutions of sie-Gordon equa-
tion in order to obtain approximate solutions of our system. For example,
the sine-Gordon breather [4] gives

0 _py 1

% sin pl%pz §
P32

p cosh p—l+p2

4
()= = 9 arctan

0s (33)

where0 < p < 1 is a parameter. The folding transformation transforms
this solution into the approximate trajectory of our system of pendulums:
atthe time =0 all pendulums are just bouncing from the rod at = 0
next they move up. Some of them can cross the upward vertical gsition
provided that p  1; but they do not reach the other rod. All pendulums
stop simultaneously at the time

o I

o A+p?
and they begin to slide back to the rod, from which they bounceagain at the
time 2 ,. The motion is periodic in time. We do not know whether there
exists breather in our original system with evolution equaton (4) or (6).

6. Remarks

1. Our model has several attractive features: simplicity ofdi erential
equation (6); the simple analytical form (7) of the kink; nea physical
realisation as the system of pendulums with their motions rstricted by
the two rigid rods. For these reasons we believe that the modean be
useful for case studies of such interesting yet di cult to understand in
detail phenomena as production of topological defects dung symme-
try breaking transitions (certain preliminary results in t his direction
were presented in [6]), scattering of kink on anti-kink, or nteraction
of kink with a boundary in analogy to investigations reported in [14].
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2. Mechanical systems with impact have been investigated cently in
connection with so called grazing bifurcation as a road to chotic be-
haviour, see,e.g, [15,16] the dynamics of such systems is far from
trivial. Our system is of eld theoretical type, that is it ha s in nite
number of degrees of freedom, while most studies presentedl litera-
ture so far are devoted to nite systems. It would be very interesting
to nd out whether the chaotic motions are present in our sysem and,
if present, what is their role in dynamics of compactons.

REFERENCES

[1] E. Fermi, J. Pasta, S. Ulam, Collected Papers of Enrico Fermi Ed. E. Segre,
University of Chicago Press, Chicago 1965.

[2] Y.A. Kosevich, R. Khomeriki, S. Ru o, Europhys. Lett. 66, 21 (2004).
[3] S. Lepri, R. Livi, A. Politi, cond-mat/0410538.

[4] R.K. Dodd, J.C. Eilbeck, J.D. Gibbon, H.C. Morris Solitons and Nonlinear
Wave Equations Academic Press, Inc., 1984, Chap. 7.

[5] H. Arod?, Acta Phys. Pol. B 33, 1241 (2002).
[6] H. Arod?, Acta Phys. Pol. B 35, 625 (2004).

[7] Y.M. Bunkov, H. Godfrin (Eds.), Topological Defects and the Non-Equilibrium
Dynamics of Symmetry Breaking Phase Transitions Kluwer Academic Pub-
lishers, 2000.

[8] H. Arod, J. Dziarmaga, W.H. surek, (Eds.), Patterns of Symmetry Breaking
Kluwer Academic Publishers, 2003.

[9] P. Rosenau, J.M. Hyman,Phys. Rev. Lett. 70, 564 (1993).

[10] F. Cooper, H. Shepard, P. SodanoPhys. Rev.E48, 4027 (1993).

[11] A. Khare, F. Cooper, Phys. Rev.E48, 4843 (1993).

[12] S. Dusuel, P. Michaux, M. RemoissenetPhys. Rev.E57, 2320 (1998).

[13] H.B. Dwight, Tables of Integrals and Other Mathematical Data The MacMillan
Company, New York 1961.

[14] N.D. Antunes, E.J. Copeland, M. Hindmarsh, A. Lukas, Phys. Rev. D69,
065016 (2004).

[15] J.M.T. Thompson, R. Gha ari, Phys. Rev.A27, 1741 (1983).
[16] M.F. Dimentberg, D.V. lourtchenko, Nonlinear Dynamics 36, 229 (2004).



