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We discuss an eigenvalue problem which arises in the studied asymptotic
stability of a self-similar attractor in the sigma model. This problem is
rather unusual from the viewpoint of the spectral theory of linear operators
and requires special methods to solve it. One of such methodsased on
continued fractions is presented in detail and applied to déermine the
eigenvalues.
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1. Introduction

Many nonlinear evolution equations have the property that ®lutions
which are initially smooth become singular after a nite time. The nature
of this phenomenon, usually called blowup, has been a subjeof intensive
studies in many elds ranging from uid dynamics to general relativity. The
problem whether the blowup can occur, and if so, what is its chracter, is
very di cult for some major evolution equations in physics, such as Navier
Stokes equations or Einstein's equations. Thus, in order tget some insight,
it seems useful to study toy models. This paper is concerneditls such a
toy model, a nonlinear radial wave equation

2 sin (2u
Ut Uy FUr + r(2 ) =0; 1)

wherer is the radial variable andu = u(t;r). Equation (1) describes equiv-
ariant wave maps from the3 + 1 dimensional Minkowski spacetime into the
three-sphere (see [1] for the derivation). In the physics térature this model
is usually referred to as the sigma model.

(6)
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The central question for equation (1) is whether solutions grting from
smooth initial data

u(O;r) = f(r); u(0;r) = g(r) 2

may become singular in future? A hint towards answering thisquestion
comes from the scaling argument. Note that equation (1) is sde invariant:
if u(t;r) is a solution, so isu (t;r) = u(t=;r= ). Under this scaling the
conserved energy

A
2 sir?
Elu] = u? + u? + % r2dr ©)

0

transforms as a homogenous function of degree on&[u | = E [u], which
means that equation (1) is supercritical in the language of lhe theory of
nonlinear partial di erential equation. For supercritica | equations it is en-
ergetically favorable that solutions shrink to small scale so singularities are
expected to develop from su ciently large (in a suitable norm) initial data.
Although there are no rigorous results in this respect for egation (1), an
explicit example of a singularity forming from smooth initial data is known.
This example, rst pointed out by Shatah [2] and later found in closed form
by Turok and Spergel [3] is provided by the self-similar soltion

u(t;r) = Ug( ) =2arctan( ); where = % 4)

and T > 0is a constant. Since

2
@Uo() _ =5 (5)
the solution Up( ) becomes singular at the center whert % T. By the
nite speed of propagation, one can truncate this solution n space to get
a smooth solution with compactly supported initial data which blows up in
nite time.

In fact, the self-similar solution Ug is not only an explicit example of
singularity formation, but numerical simulations indicat e that it appears as
an attractor in the dynamics of generic initial data [1]. We njectured in [1]
that generically the asymptotic pro le of blowup is universally given by Uy,
that is

lim u(t; (T t)r) = Uo(r): (6)
t%T

1 U is the ground state of a countable family of self-similar solutions U, (n =
0;1;:::) [4]. However, all n > 0 solutions are unstable so they do not appear in
the dynamics for generic initial data.
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To prove this conjecture one needs to understand the mechasm responsible
for the process of local convergence to the self-similar sion Up. Such a
mechanism is relatively well-understood for nonlinear diusion equations
where the global dissipation of energy is responsible for ¢hconvergence to
an attractor, however very little is known for conservative wave equations
where the local dissipation of energy is due to dispersion.

In this paper, as the rst step towards proving the above congcture,
we describe in more detail how the limit (6) is attained. To this end, in
Section 2 we consider the problem of linear stability of the glution Up. This
leads to an eigenvalue problem which is rather unusual fromhe standpoint
of spectral theory of linear operators. In Section 3 we solvéhis problem
using the method of continued fractions. Finally, in Sectimm 4 we present
the numerical evidence that the deviation of the dynamical slution from the
self-similar attractor is asymptotically well described by the least damped
eigenmode.

2. Formulation of the eigenvalue problem

In order to analyze the problem of linear stability of the sef-similar
solution Uy it is convenient to de ne the new time coordinate = In(T t)
and rewrite equation (1) in terms of U(; ) = u(t;r)

sin(2U) _
— =

U +U +2 U 1 +§U)+ 0: @)
In these variables the problem of nite time blowup in conveited into the
problem of asymptotic convergence for !'1  towards the stationary solu-
tion Ug( ). Following the standard procedure we seek solutions of eqtian
(7) in the form U(; )= Ug( )+ w(; ). Neglecting the O(w?) terms we
obtain a linear evolution equation for the perturbation w( ; )

W o+w +2w 1 AHw +Zw)

2 2cos(dJo) .
+ ———w=0: (8)

Substituting w(; )= e v( )= into (8) we get the eigenvalue equation

V(

@ %2 v % ( v+ —7v=0; (9)
where 21 62+ 4
1 +
V( )=2cos(4arctan )= 1+ 22 (20)
We consider equation (9) on the interval 0 1, which corresponds to

the interior of the past light cone of the blowup point (t = T;r =0). Since
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a solution of the initial value problem for equation (1) starting from smooth
initial data remains smooth for all timest < T , we demand the solution
v( ) to be analytic at the both endpoints =0 (the center) and =1 (the
past light cone). Such a globally analytic solution of the sngular boundary
value problem can exist only for discrete values of the paragter , hereafter
called eigenvalues.

A straightforward way to nd the eigenvalues would be to use the Frobe-
nius method. The indicial exponents at the regular singulampoint =0 are
2and 1, hence the solution which is analytic at =0 has the power series
representation

p3
vo( )= n 22 060: (11)
n=0
Since there are no complex singularities in the open disk ofdius 1 about
=0, the series (11) is absolutely convergent fo® < 1. At the second
regular singular point, =1, the indicial exponents are0 and 1 so, as
long as is not an integer (below we shall discuss this case separafgl the
two linearly independent solutions have the power series mesentations

— A Q) n. — R 2) n+1 .
vi() = no @) ve()= no(1 ) (12
n=0 n=0
These series are absolutely convergent fdr < 1. If is not an integer

then only the solution vi( ) is analytic at =1. From the theory of linear
ordinary di erential equations we know that the three solutionsvp( ), vi( ),
and vy( ) are connected on the interval0 < < 1 by the linear relation

vo( )= A( va( )+ B( )va( ): (13)

The requirement that the solution which is analytic at =0 is also analytic
at =1 serves as the quantization condition for the eigenvalueB( ) =0.
Unfortunately, the explicit expressions for the connectimm coe cients A( )
and B ( ) are not known for equations with more than three regular singlar
points. In the next section we shall present an indirect metlod which goes
around this di culty.

We remark in passing that alternatively the eigenvalues carbe computed
numerically using a shooting-to-a-midpoint technique. With this technique
one approximates the solutionsvg( ) and vi( ) by the power series (11)
and (12), truncated at some su ciently large n, and then computes the
Wronskian of these solutions at a midpoint, = 1=2, say. The zeros of the
Wronskian correspond to the eigenvalues. Although this teltnique generates
the eigenvalues with reasonable accuracy, it is computatilly very costly,
especially for large negative values of , because the power series (11) and
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(12) converge very slowly. Note also that shooting towards = 1 fails
completely for large negative because the solutionvy( ) is subdominant
at =1, thatis, it is negligible with respect to the analytic solution vi( ).

3. Solution of the eigenvalue problem

In this section we shall solve the eigenvalue problem (9) usg a method
which exploits an intimate relationship between recurrene relations and
continued fractions. Although this method is not widely known, it is in fact
quite old and has been applied in the past to determine the baud states of
the hydrogen molecule ion [5] and quasinormal modes of bladkoles [6].

The key idea is to determine the analyticity properties of the power series
solution vg( ) from the asymptotic behavior of the expansion coe cients .
In order to implement this idea it is convenient to change thevariables

22
1+ 2°

V()=@2 x)7y(x); x= (14)

In terms of these variables equation (9) takes the form

x2(1 x)(2 x)YO%x[1 (1+ )x(2 x)IY° 3 2x(1 x)+9x* 17x+4]y=0:

(15)
The reason of making the transformation (14) is twofold. Fisst, the transfor-
mation of the independent variable rearranges the singulapoints of equa-
tion (9) in such a way that, without changing the points =0 and =1,

moves the bothersome singularities at = i (which lie on the unit disk
around = 0 and obstruct the analysis of analyticity of the power series
(11) at =1)toinnity and moves = 1 to x =2. Second, by factoring

out the singular behavior at x = 2 the number of terms in the recurrence
relation for the coe cients of the power series solution araund x = 0 is re-
duced from four to three. The indicial exponents atx =0 are 1l and 1=2
so the solution which is analytic atx =0 has a power series expansion

R
yo(X) = ax"; a;60: (16)

n=1

Substituting this series into equation (15) we get the threeterm recurrence
relation

p2(0)az + p1(0)ar = O;
p2(N)an+2 + pi(n)ans+1 + po(n)a, =0; n=1;2;::: a7)



10 P. Bizo«

with the initial conditions ag =0 and a; =1 (normalization) where

p2(n) = 8n2+28n+20; (18)
pi(n) = 120> (20+8 )n % 8 +9; (19)
po(n) = 4n?+4n + 2 O: (20)

The series (16) is absolutely convergent fo®  x < 1 and in general is
divergent for x > 1. In order to determine the analyticity properties of
the solution yo(x) at x = 1 we need to nd the large n behavior of the
expansion coe cients a,. The three-term recurrence relation (17) can be
viewed as the second order di erence equation so it has tworlearly inde-
pendent asymptotic solutions forn 1 . Following standard methods (see,
for example, [7]) we nd

X 0 X (2
a n 2 CS—S; and a® 2™ 3 & (21)
s=0 n s=0

where the coe cients cgl;z) can be determined recursively from (17). Thus,
in general the solution of the recurrence relation (17) behaes asymptotically
as

an o )af) + oo )a: (22)

If the coe cient ci( ) is nonzero then

)]

a, a
L Ly 1 oas nllog (23)
an at

hence the power series (16) is divergent fax > 1 (in fact, it has a branch
point singularity at x =1). On the other hand, if c;( ) =0 then

)]
a
Bn+1 n+l as n!1l

an oD 2 '

(24)

and the power series (16) is absolutely convergent fox < 2, in particular
the solution yp(x) is analytic at x = 1.

The advantage of replacing the quantization conditionB( ) = 0 in the
connection formula (13) by the equivalent conditionci( ) = 0 follows from
the fact that ci( ) is the coe cient of the dominant solution in (22), in
contrast to B( ) which is the coe cient of the subdominant solution in (13).
In the theory of di erence equations (recurrence relation¥y a subdominant
solution, that is a solution which is asymptotically negligible with respect to
any other solution, is called the minimal solution. In contrast to a dominant
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solution, the minimal solution, if it exists, is unique. The condition c;( ) =0
is thus equivalent to the requirement that the solution of the recurrence
relation (17) starting with ag = 0 and a; = 1 is minimal. In order to nd
when this minimal solution exists we shall use now a relatiogship between
three-term recurrence relations and continued fractionsLet

p1(n) Po(n) an+1
= ; = ; = : 25
TR MmN (29)
Then, we can rewrite (17) as
— Bn .
T At (20)

and applying this formula repeatedly we get the continued faction repre-
sentation of r,,

Bn Bn+1 Bn+2
An An+1 An+2
Pincherle's theorem [7] says that the continued fraction onthe right hand
side of equation (27) converges if and only if the recurrenceelation (17) has
a minimal solution ™" and, moreover, in the case of convergence, equation
(27) holds with r, = a™n =gM" for eachn.

Using Pincherle's theorem and settingn =1 in (27) we obtain the eigen-
value equation

rn = (27)

%=i(2+8 9) = Bi() Ba() ...

a; 20 A( ) A)

The continued fraction in (28), which by Pincherle's theoram is convergent
forany , can be approximated with essentially arbitrary accuracy ly down-
ward recursion starting from a su ciently large n = N and some (arbitrary)
initial value ry. The roots of the transcendental equation (28) are then
found numerically (see Table ).

(28)

TABLE |
The rst twelve eigenvalues.
n 0 1 2 3 4 5
n 1 0.542466 2 3.398382  4.765079  6.102295
n 6 7 8 9 10 11
n | 7.297807 7.765347 8.853889 10.1228208 11.196495 1802614

A glance at Table | shows some interesting properties of thepgctrum.
First, all the eigenvalues are real. Second, there are no @gvalues > 1.
Third, there are two integer eigenvalues =1 and = 2. Below we discuss
these properties in detail.
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Why the eigenvalues are real?

We nd this property surprising because we cannot see any a [ori reason
which forbids complex eigenvalues. On the contrary, it is esy to deform the
potential V in equation (9), without changing the character of singularties
at the endpoints, in such a way that the resulting eigenvalue are complex.
Thus, the reality of eigenvalues is related to the special fon of the potential
V. It remains a puzzle whether this relationship is accidenthor there is
something deep to it.

The eigenvalue =1

This eigenvalue is due to the freedom of changing the blowupirhe T.
To see this, consider a solutiorlJo(5—) with shifted blowup time. In terms
of the similarity variables = In(T t)and =r=(T t) we have

r = Uy

. — 0 .
TO 1§ 1+ e ; where =T" T: (29)

Uo

Thus, the perturbation induced by the shift of blowup time has the form
w(; )= e Ug(); (30)

and consequently the mode

2

V()= 2U0) = 15

(31)

solves equation (9) with = 1. Since this mode is evidently analytic at both

=0 and =1, weconcludethat =1 isan eigenvalue. We emphasize that
this positive eigenvalue should not be interpreted as the pysical instability
of the solution Ug, as it is an artifact of introducing the similarity variable s
and does not show up in the dynamics fou(t;r).

Nonexistence of eigenvalues > 1

Using the transformation

v()=@ 2 zz(); (32)
we can put equation (9) into a standard Sturm Liouville form
@ 1 2
Az = z; where A= (1 2)2F+ —V(); = (2 ) (33
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In the space of functions

D=1L? [01]
[ ] (l 2)2

the operator A is self-adjoint so the eigenvalues are real. Both endpoints

are of the limit-point type. Near = 0 an admissible (that is, belonging

to D) solution behaves asz( ) . Near =1 two independent solutions

behave as

2 () @ He'To, (34)

so only the solution z, with < 1 is admissible. Now, we shall show the
operator A has no eigenvalues. To see this, note that the solution with
=1, corresponding to the gauge mode

2

p___
z()= 1 zm;

(35)
has no zeros. This implies by a standard theorem for Sturm Louville op-
erators that there are no eigenvalues below = 1. Since =1 is not an
eigenvalue (because the mode (35) does not belong B, we conclude that
the operator A has the purely continuous spectrum 1

What does this fact tell us about the eigenvalues of our proldm? Rewrit-
ing (34) in terms of we have

z() @ )z oz () @ )z (36)

so comparing with (32) we see that onlyz, leads to a solutionv( ) which
is analyticat =1. For Re( ) > 1 the solution z, belongs toD so in this
case there is one-to-one relationship between the eigenuak of the operator
A and the eigenvalues of our problem. Since the former has nogenvalues,
we infer that our problem has no eigenvalues with Re ) > 1. This result
was obtained previously in [4].

We point out that for Re ( ) < 1 the requirements of square-integrability
and analyticity near =1 are mutually exclusive so in this case there is no
relationship between the eigenvalues of the operatoA and the eigenvalues
of our problem.

The algebraically special eigenvalue = 2

If 1 = N is apositive integer then the two linearly independent powe
series solutions of equation (15) arounck =1 are

R b
yix)=  BD@ x)"N; yx)= Cuya(x)In(@ x)+ B2 x)":
n=0 n=0 (37)
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The solution y;(x), corresponding to the larger indicial exponent, is ana-
Iytic at x =1 but the solution y,(x), corresponding to the smaller indicial
exponent, involves a logarithm in general. However, foN = 3 we have an
exceptional case: the coe cientC3 vanishes and both solutions are analytic
at x = 1. The best way to see this is to solve the recurrence relationof

the coe cients lq(qz) assuming temporarily that the solution y, contains no

logarithm. We nd

2) _ Pan 1( ) _
4 = ( +1( +3):( +n 1)’ (38)

where Po, 1( ) is a polynomial in  of order 2n 1. Moreover this poly-
nomial has no integer roots. Whenl = N is a positive integer di erent
from 3, then the expansion coe cient bf\lz) does not exist which contradicts
the assumption that y, contains no logarithm. The only exception isN =3

because the denominator in (38) has n¢ +2) term. Thus, for = 2the
singularity at x = 1 is apparent - each solution which is analytic atx = 0
is automatically analytic at x =1 as well. This proves that = 2 is the
eigenvalue.

4. Numerical veri cation

According to the linear stability analysis presented abovethe conver-
gence of the solutionu(t;r) towards the self-similar attractor Ug should be
described by the formula

X

utr)=U(; )=Uo( )+ «e* w()= Uo( )+ et vi( )=

k=1

as 11 (39)

where vi( )= are the eigenmodes corresponding to the eigenvalueg and
¢k are the expansion coe cients. In order to verify (39) we sohed equation
(1) numerically for large initial data leading to blowup, expressed the result
in the similarity variables, and computed the deviation from Ug fort % T.
The result (see gure 1) shows that, in perfect agreement wi the formula
(39), the deviation from Up is described by the least damped eigenmode
vi. This makes us feel con dent that the calculation presentedn Section 3
contains no algebraic errors.

We remark that the formula (39) could be used to compute the gjenvalues
numerically directly from the dynamics rather than by solving the eigenvalue
equation. Such a computation was performed by Donninger [8ith the
result which is in rough agreement with Table | (rough, as thedynamical
computation of eigenvalues is by far less accurate than theooitinued fraction
method).
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Fig. 1. We plot the deviation of the dynamical solution u(t; r) from the self-similar
solution Ug = 2arctan( ) at some moment of time close to the blowup time. The
solid line shows the least damped eigenmode (T t) tvi( )=, where the coef-
cient c; is tted once for all times.
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