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Some of the most interesting Higgs-production processes étiture € e
colliders are of the typee*e ! ffH . We present a calculation of the
complete O( ) corrections to these processes in the Standard Model for
nal-state neutrinos and top quarks. Initial-state radiat ion beyondO( ) at
the leading-logarithmic level as well as QCD corrections ag also included.
The electroweak corrections turn out to be sizable and reactihe order of

10%and will thus be an important part of precise theoretical predictions
for future €" e colliders.

Furthermore, an overview is given of a technique for a fast ad reliable
numerical calculation of multi-leg one-loop integrals. The method is nu-
merically stable also for exceptional momentum con gurations and easily
allows the introduction of complex masses and the calculatin of higher
orders in the expansion aroundD = 4.

PACS numbers: 12.15.Lk
1. Introduction

One of the main future tasks in particle physics will be the irvestiga-
tion of the mechanism of electroweak symmetry breaking in geeral and the
discovery of the Higgs boson and the determination of its prperties in par-
ticular. Since the Higgs-boson mass is expected to be in thamge from the
lower experimental bound of1144 GeV up to 1 TeV, with a light Higgs
mass (below 200 GeV) favoured by electroweak precision data, the LHC
will be able to discover it in the full mass range, provided itexists and has
no exotic properties. However, for the complete determinabn of its pro le,
including its couplings to fermions and gauge bosons, expetents in the
clean environment of ane* e linear collider are indispensable.
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Here we concentrate on the associated production of a Higgsobon to-
gether with a pair of neutrinos or top quarks in e e annihilation, which
are among the most interesting Higgs-boson production prasses at future
e" e linear colliders. The calculation of the radiative correctons to these
processes is presented in the next two sections.

The last section gives a sketch of a technique for a fast and liable
numerical calculation of multi-leg one-loop integrals anddescribes an imple-
mentation of the method in Mathematica and C++.

2. The process e*e ! H

At €" e colliders the two main Higgs production processes are the Hgs-
strahlung and W -boson-fusion processes. In the Higgs-strahlung processet
Higgs boson is radiated o aZ boson, with the corresponding cross section
B‘sing sharply at the threshold, located at a centre-of-mas (CM) energy of

s = Mz + My, to a maximum a few tens of GeV above the thresh-
old energy and then falling o as 1=s. In the W-boson-fusion process the
Higgs boson is produced via fusion of twdV bosons, each emitted from an
incoming electron/positron. The corresponding cross seixin grows asln s
and thus is the dominant production mechanism at large enerigs. Both
production mechanisms appear in the process'e ! | |H,with | =¢€; ,
or , though the W-boson-fusion process is only present fdr= e. For the
processe*e ! ZH the O( ) electroweak radiative corrections have been
calculated many years ago in Ref. [1]. Furthermore a Monte Q#o algorithm
for the calculation of the real photonic corrections to this process was de-
scribed in Ref. [2]. For the full procese*e ! H there has been a lot of
activity regarding the electroweak corrections recently. Within the Minimal
Supersymmetric Standard Model (MSSM) the fermion and sfernon loop
contributions have been evaluated in Refs. [3,4]. Analytial results for the
one-loop corrections in the SM have been obtained in Ref. [5though no
numerical results have been given there. Finally, calculabns of the com-
plete O( ) electroweak corrections toe* e ! H in the SM have been
performed in Refs. [6,7]. Very recently also results on coections to the
Z-boson-fusion procesg" e ! e'e H have been presented in Ref. [8].

2.1. Calculational framework

The calculation of the one-loop diagrams has been carried oun the
't Hooft Feynman gauge using standard techniques. The renamnalization
is carried out in the on-shell renormalization scheme, ag.g. described in
Ref. [9]. The electron massng is neglected whenever possible.

The calculation of the Feynman diagrams has been performechitwo
completely independent ways, leading to two independent caputer codes
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for the numerical evaluation. Both calculations are based orthe methods
described in Ref. [9]. Apart from the 5-point functions the tensor coe cients

of the one-loop integrals are recursively reduced to scalantegrals with the

Passarino Veltman algorithm [10] at the numerical level. The scalar in-
tegrals are evaluated using the methods and results of Reff@, 11], where
ultraviolet divergences are regulated dimensionally andR divergences with
an in nitesimal photon mass. The 5-point functions are redwed to 4-point
functions following Ref. [12], where a method for a direct rduction is de-
scribed that avoids leading inverse Gram determinants whitc potentially

cause numerical instabilities. As a check of gauge indepeedce the calcula-
tion of the virtual corrections has been repeated using the &ckground- eld

method [13].

The results of the two di erent codes, and also those obtaine within the
conventional and background- eld formalism, are in good nunerical agree-
ment (typically within at least 12 digits for non-exceptional phase-space
points).

We use two di erent schemes for the inclusion of the niteZ-boson decay
width. Inthe xed-width scheme each resonanZ -boson propagatorl=(s
M2?), wheres is the invariant mass of the neutrino antineutrino pair, is
replaced by 1=(s Mz2+ iMz z), while non-resonant contributions are
kept untouched. This potentially violates gauge invarian@, because the
resonant part of the amplitude alone is not gauge invariant. As a second
option, we applied afactorization schemewhere the full (gauge-invariant)
ZH -production amplitude with zero Z-boson width is rescaled by a factor
(s Mz?)=s Mz?+iMz z). However in this scheme the non-resonant
part of the ZH -amplitude is neglected on resonance. Nevertheless both
schemes give the same results for the total cross section Wit integration
errors.

The matrix elements for the real photonic corrections are ealuated using
the Weyl van der Waerden spinor technique as formulated in Ref. [14] and
have been successfully checked against the result obtainedth the package
Madgraph[15]. The soft and collinear singularities are treated bothin the
dipole subtraction method following Refs. [16,17] and in tle phase-space
slicing method following closely Ref. [18].

The emission of photons collinear to the incoming electronsr positrons
leads to corrections that are enhanced by large logarithms fothe form
In(me2=s). In order to achieve an accuracy at the fewD:1% level, the corre-
sponding higher-order contributions,i.e. contributions beyond O( ), must
be taken into account. These are included in our calculatiorat the leading-
logarithmic level using the structure functions given in Rd. [19] (for the
original papers see references therein).
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The calculation is done in the so-calledG -scheme,i.e. we derive the
eIectromagneH’c coupling = €?=(4 ) from the Fermi constant G accord-
ingto ¢ = 2G M\fvswzz . This procedure absorbs the corrections pro-
portional to mt2=M§v in the fermion W -boson couplings and the running of

(Q?) from Q? = 0 to the electroweak scale. In the relative radiative cor-
rections, we use (0) as coupling parameter, which is the correct e ective
coupling for real photon emission.

The cross section foe* e ! H is dominated by the WW -fusion dia-
gram, which gets its main contribution from the region of smdl momentum
transfers. Consequently, the corresponding correctionsra determined by
the e ;W and WWH vertex corrections for small invariant W masses. The
correction to the e W vertex and the main contributions to the WWH ver-
tex in the relevant kinematical region are well approximatel by r. Thus,
parametrizing the lowest order in terms of G (G -scheme) absorbs a large
part of the universal corrections. Further universal corretions have been
obtained by extracting the leading m{-dependent corrections of theW W -
contribution in the heavy-top limit in the G -scheme. These reproduce the
full m¢-dependent corrections rather well for theWW channel, which is
dominated by small momentum transfers. Therefore, we have @lned the
following improved Born approximation (IBA)

non-photonic _ WW S mtz.
d o =do dJ 652 M 1)

The corresponding expression for then; ! 1 limit of the ZH contribu-

tion is not included in the de nition 05 the IBA, since it does not give a
good description. In the ZH channel ™ s is a typical scale for the momen-
tum transfer, which is larger than my in the physically interesting region of
ete | H . Finally, d F;E'phomn'c is convoluted with the ISR structure

functions to yield the cross section of the full IBA.

The phase-space integration is performed with Monte Carlo échniques
in both computer codes. The rst code employs a multi-channé Monte
Carlo generator similar to the one implemented inRacoonW\7, 20] and
Lusifer [21], the second one uses the adaptive multi-dimensionaltggration

program Vegas [22].

2.2. Comparison to related work

We have compared our results for theO( ) corrections to Ref. [7] and
the contributions from closed fermion loops with Refs. [3,#

Adapting the input parameters and the parametrization of the lowest-
order matrix element to those used by Belangeet al. [7], we reproduced
the numbers for the total cross section given in Table 2 of therst paper of
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Ref. [7]. Note that we switch o the ISR beyond O( ) in this comparison.
In Table | we list for each Higgs-boson mass the results of Ref7]! together
with our results. The numbers in parenthesis indicate the etors in the last
digits. We nd agreement within 10 “ for the total lowest-order cross section
and within 0.3% for the corrected cross section. The corre@ns relative to
the lowest-order cross section agree within 0.2%. This is d¢he order of the
statistical error of Ref. [7], which is about 0.1%. Note thatBelangeret al.
use (0) to parametrize the lowest-order cross section. As a conseepuce
their relative corrections are shifted by3 r  +9% compared to those in
the G -scheme.

TABLE |

Total cross section in Iowest order and including the fullO( ) corrections and the
relative corrections for = s = 500 GeV and various Higgs masses for the input
parameter scheme of Ref. [7].

My [ GeV] tree [fb] [fb] [%0]
150 61074(7)  6Q99(7) 02  Ref.[7]
61.076(5)  6080(2) 0:44(3) this work
250 21135(2)  2063(2) 25  Ref. [7]

21:134(1) 2060(1) 2:53(3) this work

350 46079(5) 4184(4) 9:1 Ref. [7]
4:6077(2) 4181(1) 9:27(3) this work

We have also reproduced thecos y and Ey distributions in gures 1
and 2 of the rst paper of Ref. [7]. We found agreement within tie accuracy
of these gures.

When considering only fermion-loop corrections, we nd ageement with
the calculations of Refs. [3,4], once the appropriate renamalization and
input-parameter schemes are adopted. For more details on th compari-
son we refer to Ref. [6].

2.3. Numerical results

The results for the total cross section in lowest order and ioluding the
radiative corrections are shown in gure 1 on the Lh.s. as aunction of
the CM energy for My = 150 GeV. The relative corrections shown on
the r.h.s are large (  20%) and vary strongly in the ZH -threshold region

1 According to F. Boudjema, the numbers for the lowest-order ¢ ross section in Table 2
of Ref. [7] have integration errors of the order of 0:2%. Table | contains updated
numbers obtained with increased statistics.
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Fig.1. Lowest-order and corrected cross sections (I.h.s.as well as relative correc-
tions with respect to Born result and improved Born approximation (r.h.s.) in the
G scheme for a Higgs-boson maddy = 150 GeV.

while they are at and about 10% for energies aboveb00 GeV. They are
always negative because they are dominated by initial-sta radiation and
the cross section is monotonously rising. Also shown in guw 1 on the r.h.s
are the residual relative corrections normalized to the IBA vhich are about
1% near the threshold and reach 3 4% at high energies. Althogh they are
systematically smaller than the corrections relative to the lowest order in
the G scheme, the inclusion of the fullO( ) corrections is necessary for a
precision analysis.

3. The process e*e ! ttH

We have also investigated the procese" e ! ttH, which is interesting
since it permits a direct access to the top-quark Yukawa coung g , which
is by far the largest Yukawa coupling @iy 0:5) in the SM. This is possible
because the process proceeds mainly through Higgs-bosonission o top
quarks, while emission from intermediateZ bosons plays only a minor role
if the Higgs-boson mass is not too largei.e. My 100 200 GeV. For a
light Higgs boson with a mass aroundMy 120 GeV, a pr%cision of about
5% can be reached akare" e linear collider operating at = s = 800 GeV
with a luminosity of Ldt 1000 fb ! [23]. An even better accuracy
can be obtained by combining thettH channel with information from other
Higgs-production and decay processes in a combined t [24].

Within the SM the O( ) corrections have been calculated for the domi-
nant photon-exchange channel in Ref. [25], while the full $eof diagrams has
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been evaluated in Ref. [26]. TheO( ) corrections to the photon-exchange
channel in the MSSM have been considered in Ref. [27]. In RgR8] all QCD
diagrams have been taken into account, while the SUSY-QCD c¢rections
have been worked out in Ref. [29]. The evaluation of the eleatweak O( )
corrections in the SM has made considerable progress rechntResults have
been presented in Refs. [30 32], with agreement between Ref[31, 32] while
Ref. [30] shows deviations close to threshold and at high ergges.

Our calculation [32] includes theO( ) electroweak and theO( s) QCD
corrections. Though the calculation of the virtual correcions for this pro-
cess is much more involved than for the procese e ! H , the same
calculational techniques could be used.

3.1. Comparison to related work

The results on the QCD corrections have been reproduced witthe (pub-
lically available) computer code based on the calculation oRef. [26]. We
found agreement within the statistical integration errors.

For a comparison of the electroweakO( ) corrections with the results
of Ref. [30] we changed our input parameters to the ones quatehere and
switched to the (0)-scheme. In Table Il we compare some representative
numbers from the calculation of Ref. [30] with the corresponding reslts
from our Monte Carlo generator. The numbers in parenthesesige the er-

TABLE I

Total cross section in lowest order and including the full eectroweakO( ) correc-
tions as well as the relative corrections folMy = 150 GeV and various CM energies
for the input-parameter scheme of Ref. [30]. The statisticherrors of Ref. [30] are
estimated by the authors to be below 1%.

PSIGeV] e [fD] [fb] [%]
500 48142 10 4 3:401 10 4 29:35 Ref. [30]
4:8140(8) 10 4 3:168(4) 10 +  34:19(8) this work
800 158 163 360 Ref. [30]
1:5749(2) 16243(4) 314(2)  this work
1000 147 153 447 Ref. [30]
1:4664(2) 15273(4) 415(2)  this work
2000 06270 06297 043 Ref. [30]
0:6269(1) 06526(3) 411(5)  this work

2 These numbers were kindly provided to us by Zhang Ren-You and You Yu quoting a
statistical error below 1%.
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rors in the last digits of our calculation. The tree-level coss sections coincide
within 0.03%. Most of the numbers for the one-loop correctedross sections
agree within 1 2%, i.e. roughly within ?e estimated error of Ref. [30]. How-
ever, for the corrected cross sections at.s = 2 TeV , i.e. at high energies, and
the one very close to thresholdj.e. for = s = 500 GeV and My = 150 GeV,
we nd di erences of 4% and 7%, respectively. The same holdof the rel-
ative corrections. Ours are larger by about 4% at s =2 TeV and smaller
by about 5% for the selected cross section close to threshold

Finally, we have also compared the electrowealO( ) corrections with
Ref. [31], where the (0)-scheme has been used. In Table Il we list the
results of Table 2 of Ref. [31] forMy = 120 GeV together with the corre-
sponding results from our Monte Carlo generator. Again the ombers in
parentheses give the errors in the last digits. We reproducéhe results for
the lowest-order cross section within the integration erros, which are about
2 3 10 “. The results for the cross section including electroweak crec-
tions as well as the relative corrections coincide to bettethan 0.1% which
is of the order of the integration error of the results of Ref.[31].

TABLE Il

Total cross section in lowest order and including the full eectroweakO( ) correc-
tions as well as the relative corrections folMy = 120 GeV and various CM energies
for the input-parameter scheme of Ref. [31].

Ps[cev] e [f0] [fb] [%]
600 17293(3)  1738(2) 05 Ref. [31]
1:7292(2)  17368(6)  Q44(3) this work
800 22724(5)  2362(4) 39 Ref. [31]
2:2723(3)  23599(6)  386(2) this work
1000 19273(5)  2027(4) 52 Ref. [31]

1:9271(3)  20252(5)  509(2) this work

3.2. Numerical results

Results for the total cross section in lowest order and the aoected cross
section including both the electroweak and QCD correctianare shown in
gure 2 on the l.h.s. Away from the kinematic threshold at * s=2m+ My
the size of the cross section is typically a fewfb, with a maximum at about
800 GeV. On the r.h.s. of gure 2 the relative corrections are shown.The
QCD corrections are large and positive close to threshold wdre soft-gluon
exchange in thett system leads to a Coulomb-like singularity. For larger
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Fig. 2. Lowest-order and corrected cross sections (I.h.s.as well as relative correc-
tions (r.h.s.) inthe G scheme for a Higgs-boson madgly = 150 GeV.

energies the QCD correctiong decrease, eventually turn native and reach
about 8% at an energy of s = 1:5 TeV. The electroweak corrections
are about 10% and vary only weakly with energy away from the threshold
region, and are thus of a comparable size as the QCD correctis. Close to
threshold they reach about 20% due to the large ISR QED corrections in
this region. The behaviour of the combined electroweak and QD correc-
tions is dominated by the Coulomb-like singularity close tothreshold while
turning negative and reaching about 15% at high energies.

Summarizing, for both of the processeg" e ! H ande'e ! ttH
the O( ) corrections are sizeable and typically of the order 10% They will
thus be an important ingredient of precise theoretical predttions for future
e" e colliders. Our results agree with the ones of an independemalculation
within the integration errors, which are around 0.1 0.2%. Moreover, these
calculations show that techniques for the calculation of og-loop corrections
to 2! 3 processes are available and work well in practical applicains.

4. Numerical calculation of one-loop integrals

In this section we present a technique for a fast and reliabl@umerical
calculation of multi-leg one-loop integrals and describe mimplementation in
Mathematica/C++. The method is numerically stable also for exceptional
momentum con gurations and easily allows the introduction of complex
masses and the calculation of higher orders in the expansiaround D = 4.
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Using the conventional analytic approach of Ref. [11] all salar loop in-
tegrals can be expressed in terms of dilogarithms and logaims. Further-
more, using the reduction algorithm of Ref. [10] all tensor dop integrals,
i.e. integrals containing loop momenta in the numerator, can be xpressed
in terms of scalar integrals. Therefore, a full analytic saltion for one-loop
integrals exists. However this approach has a number of dravacks. First of
all, with an increasing number of external legs the number oflilogarithms
in the analytic expression of a scalar integral increases pidly. This can
lead to cancellations for multi-leg integrals in certain khematic regions [33].
Furthermore the tensor reduction of Ref. [10] introduces imerse Gram de-
terminants. These can vanish at the phase space boundary eveahough
the tensor coe cients themselves are regular in this region There are thus
cancellations among terms in the numerator that can lead to nmerical in-
stabilities. Unstable particles are also an important isse in multi-leg loop
calculations, since they appear as virtual particles in thaliagrams. One way
of dealing with them is the introduction of complex masses fothe unstable
particles. This requires the evaluation of loop integrals wh complex masses
which is cumbersome in analytic calculations. Finally, wihin dimensional
regularization the evaluation of the loop-by-loop contribution to a 2-loop
calculation makes it necessary to expand the one-loop integls beyond the
constant term in the expansion aroundD = 4. An analytic calculation of
these higher-order terms is rather complicated

It seems therefore worthwhile to explore alternative numeical approaches
to the evaluation of one-loop tensor and scalar integrals. e strategy
adopted here is described in detail in Ref. [34]. It is basedmothe Bernstein
Tkachov theorem [35] which can be used to rewrite one-loop fegrals in
Feynman-parametric representation in a form better suitedfor numerical
evaluation. The general method is outlined in the next secthn and a de-
scription of an implementation in Mathematica and C++ is giv en in the last
section.

4.1. Description of the method

Within dimensional regularization in D =4 2" dimensions any scalar
one-loop integral can be expressed as an integration over ff@man parame-
ters

(2 )4DZ

1
IN = = d°q

[0 m%][(qz+ p1)2 m3]  [(a+ py 1)2 m{]

=@ 3 (N 2+ DV dSy 1v(x) N 2,
)
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where the integration over Feynman parameters is de ned as

Z Z1 X1 XA o1
dS, = dx; dxo dxn
0 0 0

and V is a quadratic form in the N 1 Feynman parametersx;
V(X)= X Hx +2K Tx+ L i:

The coe cients H, K and L of V are given in terms of the momentap; and
the massesm;. Note that we use dimensional regularization not only for
ultraviolet but also for infrared (IR) and collinear singul arities.

In general the quadratic formV can vanish within the integration region,
though the zeros are shifted into the complex plane by the sniimaginary
part i . Since the limit ! 0 has to be taken in the end, the form given
above is not suited for a direct numerical integration.

Instead, the integral can be rewritten before attempting a rumerical
evaluation using the Bernstein Tkachov theorem [35]. Applied to the case
of one-loop integrals it states that for any quadratic formV (x) raised to any
real power

(x X)i@

1 ﬁ v (xi)= B V (xi); 3

whereX = KTH 1, B =L KTH K and @= @=@x Inserting this
relation into a Feynman-parameter integral and integrating by parts one
obtains

z . z z X #
=~ _ (2+n+ 1+ VI
ASV = gy @+n+2) dSv ds, b AVA
(4)
where ;= X;j X+ with Xg=1 and Xp+1 =0 and
8
2V(L;X1;i Xn 1) fori =0;
Vi(X1;::Xn 1) = >V(x1;:::;xi;xi;:::;xn 1) forO<i<n;
" V(Xq;:i0Xn 1;0) fori = n:

Applied to the one-loop integral (2) the rst term inside brackets in (4)
corresponds to theN -point integral in D +2 dimensions, while the last term
is a sum over(N  1)-point integrals in D dimensions obtained by pinching
one propagator.
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Recursive application of (4) allows to express any scalar @aloop integral
as a linear combination of terms of the form dS, V (x;)™ " with any integer
g 0. A Taylor expansion up to O("#) will then result in terms of the form

dSc V™ log**2V. For m = 0 the integrand still contains an integrable
(logarithmic) singularity while it is smooth for m > 0. Although larger
values ofm will lead to smoother integrands, the expressions also grolarger
due to the repeated application of the BT identity (4). The optimal choice
for m depends on the chosen numerical integration routine and itability to
deal with integrable singularities. Note that the calculation of higher orders
of the " expansion is straightforward in this approach. Furthermore complex
masses can also be introduced easily.

If the integral is infrared or collinear divergent, the repeated application
of the BT-identity (4) will eventually result in divergent 3- point integrals.
For theseB = 0 and using a modi ed identity the singularities are automat-
ically extracted as poles in".

In the case of tensor integrals the parametric representatin of the in-
tegral contains in general Feynman parameters in the numetar. The pro-
cedure outlined above can also be applied in this case so thab separate
reduction to scalar integrals is needed. Furthermore, no werse Gram deter-
minants are introduced using this approach, making it numercally reliable
also for exceptional kinematic con gurations.

4.2. Implementation

The method outlined above has been implemented in Mathemata and
C++ with an emphasis on the full automatization of the whole procedure.
The user only has to supply the algebraic values of the Loreatinvariants
calculated from the external momenta and the internal massgof the integral.
As a result a set of C++ routines with a simple interface is gerrated. These
can then be used for a numerical evaluation.

The implementation rst generates the parametric represeration for the
tensor coe cients for a given integral up to the maximum desired tensor
rank. The tensor coe cients are de ned according to the conwentions of
Ref. [9]. In the next step consecutive applications of the BTidentities raise
the powers of the quadratic forms. IR and collinear singulaties show up as
poles in" during this procedure. Then the expansion in" is performed. The
power in" up to which the integrals are expanded can be chosen by the use
The results of this last algebraic step are a number of Feynmaparameter
integrals of di erent dimensions and in some cases additicad constant terms.
Each of the integrands is a vector with components correspaling to the
tensor coe cients and the components themselves are trundad power series
in*"
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0

Fig. 3. Box-diagram for heavy quark pair production.

The last step is the generation of C++ routines for the calcuhltion of
the various integrands. Furthermore, a driver routine is g@erated that per-
forms the necessary initializations, calls the numericalritegration code and
constructs the results for the tensor coe cients from the results of the nu-
merical integrations. This driver routine is the only part of the code the user
interacts with directly. It needs only the values for the Lorentz invariants
and masses as input and returns the coe cients of the" expansion of the
tensor coe cients.

As an example we consider the integral shown in gure 3, whichs both
IR and collinear divergent. It has been evaluated up to the costant term in
the context of the calculation of the next-to-leading orderQCD corrections
to heavy quark pair production at hadron colliders [36]. Reently also the
O(") coecient has been calculated analytically in Ref. [37]. Usng our
numerical program we obtain fors= t = (500 GeV)? and m = 175 GeV

Do= " 2( 285078 10 1 +i 0)

" 1( 3:87554(7) 10 1° i 4:47800 10 1Y)

1 ( 249772(5) 10 ° +i 6:6096(3) 10 10
"l (1 9:9934(2) 10 ® i 4:4041(2) 10 )

"2 ( 2:78060(4) 10 & +i 1:81859(4) 10 8);

+ + + +

D =g [ 1 ( 4594) 107 i 5019(5) 10 9
+ "1 (+1:228(2) 10 5+i 4:810(2) 10 ®)
+ "2 ( 6:697(6) 10 5 i 2:259(1) 10 %)

+ 0

where numerical integration errors in the last digit are given in parentheses.
These results agree with the analytical results within integration errors.
Our implementation is currently capable of handling all triangle inte-
grals up to tensor rank 3 and all box integrals up to rank 4 incliding IR and
collinear divergent integrals. All of these can be calculatd up to O("?). A
comparison of the nite part and the IR pole with the results of the Loop-
Tools integral library [38] has shown numerical agreement ithin integra-
tion errors for all tensor coe cients of the 3- and 4-point functions. For the
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5- and 6-point functions only the scalar integrals are avadble so far. The
implementation of the remaining tensor coe cients is expeded to be nished
in the near future.

This work was supported by the Swiss Bundesamt fur Bildung und Vis-
senschaft and by the European Community's Human Potential Pogramme
under contract HPRN-CT-2000-00149 Physics at Colliders.
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