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BRIDGING THE DIMENSIONAL GAP:
FROM KINK IN ONE DIMENSION TO CURVED
DOMAIN WALL IN THREE DIMENSIONS
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Improved expansion in width is applied to a curved domain wal in non-
relativistic dissipative ( 2 v2)2 model with real scalar order parameter
. Approximate analytic description of such a domain wall to the second
order in the width is presented.

PACS numbers: 11.27.+d, 02.30.Mv

1. Introduction

Physics of domain walls and vortices has been a rather inteséing eld
of experimental as well as theoretical research for quite aohg time [1].
Example of a recent hot topic is production of such soft solibnic objects
in rapid phase transitions testing and re ning a theoretic al description
proposed by Kibble [2] and >urek [3]. Theoretical analysis & dynamics
of domain walls and vortices is relatively di cult because pertinent eld
equations are nonlinear, and the most interesting solutios do not belong to
weak eld sector.

Among problems which have been discussed in literature isrtie evolu-
tion of single curved domain wall or vortex. It is commonly regarded as
accessible only by a numerical analysis. Actually, there dgt also analytical
approaches which yield (an approximate) description of theime evolution:
the classical e ective action (CEA) method which has been deeloped in a
series of papers starting from [4,5], examples of more redemorks are [6 8],
and a version of Hilbert Chapman Enskog method which we cal the im-
proved expansion in width (IEW). This latter approach has been developed
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in papers [9], with an inspiration coming from [10]. The two nethods have
been outlined and compared in paper [11]. These two analytid approaches
are not simple, but neither is the purely numerical approach this is just a
re ection of the fact that dynamics of the curved domain wall or a vortex is
nontrivial due to nonlinearity, many spatial dimensions, and many modes of
involved elds. The numerical and analytical approaches sbuld be regarded
as equally important and complementary sources of informabn about the
dynamics.

In the present paper we apply IEW method to a curved domain walin a
nonrelativistic dissipative system. Time evolution is goerned by a di usion
type equation for which no simple action functional exists. Therefore, it
is not clear how CEA scheme could be applied in this case, whil as it
turns out, IEW method works quite well. Because our second gdas a
presentation of the method, we consider a relatively simplesystem with
scalar order parameter. An application to domain walls in nenatic liquid
crystals we will present elsewhere [12]. IEW method has aldmeen applied
to a vortex line, see [13]. Work on application to a disclinaton line in a
nematic liquid crystal is in progress [14].

In our opinion IEW method has several attractive features,e.g., it com-
bines the old and elegant subject of dierential geometry ofsurfaces in
3-dimensional space with nonlinear dynamics of the curved amain wall.
Another interesting aspect is that IEW scheme relates propeies of the do-
main wall to properties of one-dimensional kink. In this sese IEW method
embodies the idea that the curved domain wall can be regardeds three-
dimensional embedding of the one-dimensional kink.

The expansion in width is based on the idea that transverse mrle of
the curved domain wall considered in suitable coordinateswhich are called
comoving coordinates) di ers from transverse pro le of a panar domain wall
by small corrections which are due to curvature of the domairwall, and that
these corrections can be calculated perturbatively. Therés a condition for
applicability of such a perturbative scheme: the two main cuvature radia
of the domain wall should be much larger than its width. As we ball see
below, turning that idea into a concrete calculational schene requires some
work, but that should be expected in any approach which tackbs generic
curved domain walls.

The plan of our paper is as follows. In Section 2 we introducehie co-
moving coordinate system. Section 3 is devoted to the prestation of the
perturbative expansion. Several remarks are collected inestion 4.
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2. The comoving coordinates

We shall seek the curved domain wall solutions of the followig equation

@ F
—+ — =0 2.1
ot (2.1)
where the free energyF has the form
Z
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Here is areal scalar order parameter;; v and are positive constants; and
(x ); =1:2;3, are Cartesian coordinates in the usuaR® space. From (2.1)

and (2.2) we obtain the following equation for the rescaled winensionless
order parameter = =v

@._
@t
The domain wall solutions of Eqg. (2.3) smoothly interpolatebetween = 1

on one side of the wall and =+1 on the other side. Canonical example of
such a solution is given by the formula

2v? (2% 1): (2.3)

3
2l

X

o(x3) = tanh a. (2.4)

where |02 = 4v? and ais an arbitrary constant. The presence of the
constant a is due to translational invariance of Eq. (2.3). This particular
solution represents planar static domain wall located at tle planex® = a.
Such domain wall is homogeneous along that plane. Its trangrse pro le is
parametrized by x3. Width of the wall is approximately equal to lo, in the
sense that forjx® aj  lg values of dier from +1 or -1 by exponentially
small terms. The form (2.4) of o(x®) coincides with one-dimensional static
kink present in one-dimensional version of the model de nedby (2.1) and
(2.2). The domain wall can be regarded as embedding of that Rk in the 3-
dimensional spaceR3. Notice that somewhere inside any domain wall there
is a surface on which vanishes. For example, in the case of planar domain
wall (2.4) o =0 for x3 = a. Such surface is called the core of the domain
wall.

The rst step in our construction of the perturbative scheme consists
in introducing special coordinates comoving with the domai wall. One
coordinate, let us say , parametrizes direction perpendicular to the domain
wall, two other ( 1; ?2) parametrize the domain wall regarded as a surface in
the R3 space. The comoving coordinates have been proposed in thentext
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of CEA method, [5]. We introduce one important modi cation: an auxiliary

surface S, which is present in the de nition of the comoving coordinates,
is apriori independent of the domain wall. In literature on CEA method it

is de ned directly in terms of the domain wall the most popul ar choice
is that S coincides with the core. It turns out that the latter choice in

general is not compatible with certain consistency condittns which appear
in our approximation scheme. Transformations to comoving ocordinates in
the cases of relativistic domain walls and vortices in Minka/ski space-time
can be found in [9, 13], respectively. Below we introduce sucboordinates
for the nonrelativistic domain wall moving in the R® space.

After all these remarks let us nally de ne the comoving coordinates.
We consider a smooth, closed or in nite surfaceS in the usual R® space. It
is close to the core and its shape is similar to the shape of thdomain wall.
In particular one may assume thatS coincides with the core at certain time
to. Points of S are given by X ( ';t), where ' (i = 1;2), are two intrinsic
coordinates onS, and t denotes the time we allow for motion of S in the
space. The vectorsXy; k = 1;2, are tangent to S at the point X ( ';t)L.
They are linearly independent, but not necessarily orthogoal to each other.
At each point X ( ';t) of S we also introduce a third vectorg( ';t) which is
perpendicular to S, that is

X =0:

We assume thatp has unit length, £ = 1. The three vectors(X ;g form a

local basis at the point X ( ':t) of S. With this basis given at each point of
S, we introduce geometric characteristics ofS: induced metric tensor onS

Ok = XiXk;
and the extrinsic curvature coe cients
Kii = X5 :
(i;k;1 =1;2). They appear in Gauss Weingarten formulas
X = KikP+ @ Xa; = o KiXy: (2.5)

Here the matrix (g*) is by de nition the inverse of the matrix (gq), i.e.
g¥gq = |, and | are Christo el symbols constructed from the metric g .
The two by two matrix (Kijx) is symmetric. Two eigenvaluesks; ks, of the
matrix (K|), whereK/ = g'Ky;, are called extrinsic curvatures ofS at the

point X. The local curvature radia are de ned asR; = 1=k;.

! We use the compact notation f,  @f=@".
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The comoving coordinates( 1; 2: ) atthe time t are introduced by the
following formula _ _
x=X( L)+ p L) (2.6)

Herex =(x ); =1;2;3, are the usual Cartesian coordinates in the space
R3. isthe coordinate in the direction perpendicular toS. Notice that this
direction has very simple parametrization the r.h.s. of fo rmula (2.6) is a
linear function of . We will use a compact notation for the comoving coor-
dinates: ( 1; 2; )=( ),with =1,2.3and 2= . The coordinates( )
are just a special case of curvilinear coordinates iR%. The corresponding
metric tensor G in R3 has the following components:

Gaz=1; Ga = Gk3=0; Gy = N/g,N[;

where
Nil - I| K-

i;k;l;r =1;2. Simple calculations give
p_— _
G-= P gN;

where G = det(G ); g =det(g ) and N = det(N,i() is given by the
following formula

1 . .
N=1 K;+E 2Kk KiKD:
ComponentsG  of the inverse metric tensor have the form
633:1; G?;k: Gk3=0; Gikz(N l)i‘gﬂ(N l)i(,

where 1

(N D=5 @ KD+ Kg
We see that dependence o on the transverse coordinate is explicit,
and that 1; 2 appear through the tensorsgy ; K| which characterise the
surfaceS.

In general the coordinates( ) have certain nite region of validity. In
particular, the range of is given by the smallest positive o( ':t) for which
N = 0. Itis clear that such ¢ increases with decreasing extrinsic curvature
coe cients Ki', reaching in nity for the planar domain wall. We assume that
the surface S (and the domain wall) is smooth enough, so that outside of
that region there are only exponentially small tails of the domain wall which
give negligible contributions to physical characteristics of the domain wall.
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The comoving coordinates are utilised to write Eq. (2.3) in aform suit-
able for calculating the curvature corrections. Laplacian in the new coor-
dinates has the form

P @

GG@—

The time derivative on the I.h.s. of Eq. (2.3) is taken under te condition
that all x are constant. It is convenient to use time derivative taken &
constant . The two derivatives are related by the formula

_ L@
- PSe

e _@ ,@e. @
@{x @{ @th @
where

%{X = B85 %tlx = (N Hid"x,(x+ 9);

the dots stand for @=@t. The nal step consists in rescaling the transverse
variable

=2lps:

The dimensionless variables measures the distance from the surfac& in
the unit 2lp. Equation (2.3) transformed to the comoving coordinates wth
rescaled as above has the following form

213 9 AexG. (N HigU X, (R +2lsp &
_ 1@ 3, 1 @N@ 2,1 kP @ .
= 7e3t t v Gsest 2l6Pgn e G ONgr 1 27

which is convenient for construction of the expansion in thewidth.

3. The expansion in the width

We seek domain wall solutions of Eq. (2.7) in the form of expasion with
respect tolp, that is

= o+ g 1+|82+ZZZZ (31)

Inserting formula (3.1) in Eqg. (2.7) and keeping only terms & the lowest
order ( 13) we obtain the following equation

1@ o
2@ °

ow
I
o

(3.2)
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It has the well-known kink solutions
o=tanh(s sgp);

which formally have the same form as the planar domain walls3.4). In the
remaining part of the paper we shall consider curvature coections to the
simplest solution

o =tanh s: (3.3)

Notice that o interpolates between the vacuum solutions 1. Therefore,
the corrections ; k 1; should vanish in the limits s! 1

Equations for the corrections ,; k 1; are obtained by expanding the
both sides of Eq. (2.7) and equating terms proportional tol('§. They can be
written in the form

C = fy; (3.4)
where L @ L @ 3
- 2 — .
I'_\—E@—§+l 30_5@—§+7cosﬁs 2: (3.5)

and f depends on the lower order contributions |; | <k . Straightforward
calculations give

f1 = @ o(Ki pX); (3.6)
fo =3 o 2+2s@ oK/K! + @ 1(KI  pX); (3.7)
f3=2 (@1 9K R@ 1)+6 01 2+ 3

+25@ 1K/K! 28?@ oK (K})? 3K/K!
2 .
500 @ 0+ @ oK]  PX); (38)
and

fa=2 (@2 250"FXx@ 1) 29XyX(@ 2+2sK/@ 1)
+3 o %4'6 013t+3 % 2+2s@ 2KjiKij

45°@ o (K1)* (KIK®? 2(K)?K/K!
2°°@ 1K{ (K)2 3KIK] ﬁz—g@(pﬁd"@ )
é‘%@(p@wk@ D+4sd @K@ 1+ @ s(K! PX);(3.9)

where @= @=0@t; | @ @=@.
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Notice that all Egs. (3.4) for ¢ are linear. The only nonlinear equation
in our perturbative scheme is the zeroth order equation (3.2

Now comes the crucial point: operator has a zero-mode, that is a
normalizable function o(s) such that

C 0= 0:
This function can be obtained by di erentiating  o(x?) given by formula (2.4)
with respect to a=2lp and putting a=0,
1

07 Cosis’ (3.10)

This zero-mode owes its existence to invariance of Eq. (3.2yith respect to
translations in s, therefore it is often called the translational zero-mode.Let
us multiply Egs. (3.4) by ¢(s) and integrate overs. Because
A
ds ()C k=0;
1

we obtain the consistency (or integrability) conditions

2
ds o(s)fk(s)=0: (3.12)
1
The operator [* appears also in the expansion in width for relativistic doman

walls [9]. Using standard methods [9,15] one can obtain th@flowing formula
for vanishing in the limits s! 1 solutions ¢ of Egs. (3.4):

k= Glfil+ Ck( 5 ) o(S); (3.12)
where
7s 7s
Glfk]= 2 o(s) dx 1()fk(X)+2 1(s) dx o(X)fk(x): (3.13)
0 1

Here o(s) is the zero-mode (3.10) and

1 3 3 s
s) = =sinh(2s)+ —tanhs+ —

(3.14)

is the other solution of the homogeneous equation

t =o0:
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The second term on the r.h.s. of formula (3.12) obeys the honggneous
equation [ = 0. It vanishes whens! 1
One can worry that ; k 1, given by formulas (3.12), (3.13) do not

vanishwhens! 1 because the second term on the r.h.s. of formula (3.13)
is proportional to 1 which exponentially increases in the limitss ! 1
However, the integrals

7s

dx Ofk
1

vanish in that limit, see the consistency conditions (3.11) Moreover, quali-
tative analysis of Eq. (2.7) shows thatf, (polynomial in s) exp( 2jsj)
for large jsj, hence those integrals behave liképolynomial in s) exp( 4jsj)
for large jsj ensuring that  exponentially vanish whenjsj! 1

We have explicitly solved Egs. (3.4). The solutions (3.12) entain as yet
arbitrary functions Cy( ';t), and alsoX ( ';t) giving points of the comoving
surfaceS  K|; gk follow from X. It turns out that the conditions (3.11)
are so restrictive that they essentially x these functions The consistency
condition with k = 1 is equivalent to

pX = K/; (3.15)

where we have used formulas (3.6), (3.10). Thus we have obted equation
for X. It is of the same type as Allen Cahn equation [16], but in our
approach it describes motion of the auxiliary surfaces only. Equation (3.15)
should be compared with Nambu Goto equation for a relativigic membrane
obtained in the relativistically invariant version of our m odel [9]. We shall see
below that the remaining consistency conditions do not givenore restrictions
for X at least up to the fourth order they can be saturated by the fu nctions
Ci( ';t). We expect that this is true to all orders but we have not attenpted
to provide a proof.

Let us now proceed with the discussion of the perturbative cwections:
Taking into account the condition (3.15) we havef; = 0. Therefore

_ Cy( )

costt's (3.16)

Equation (3.4) with k =1 does not provide more information.

The second order contribution ; is given by formula (3.12) with k = 2.
Using the results (3.15), (3.16) from the rst order we obtain the following
formula ,

Ca( 1) .

2= 2(S)CE( 'ty + 3(S)KiiKij * Cosi?s

(3.17)
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where
sinhs

s) = :

() cosits
Zs Zs
4 X 1(x) X

s) = d +4 4(s dx :

3(8) cosit's coskt x 1(8) cosH* x

0

3(s) can easily be evaluatede.g., numerically. Also the higher order cor-
rections involve only rather simple integrals of elementay functions.
The consistency condition (3.11) withk = 2 does not give any restrictions
it can be reduced to the identity 0 = 0. More interesting is the next
condition, that is the one with k = 3. It can be written in the form of the
following inhomogeneous equation foCy( ';t)

(@1 d“ X, X@Cy) pl—g@(padk@cl) KiKlCy
_1 2 r i\2 il .
= S DK (KD? (K] (3.18)

This equation determinesC; provided that we x initial data for it. The
consistency condition coming from the fourth order k = 4) is equivalent to
the following homogeneous equation fo€C,

(@ ¢ X, X@C) ﬁl—g@(pﬁdk@cz) KiKIC=0:  (3.19)

The perturbative scheme presented above is not quite straigforward.
Therefore we would like to add several explanations. The fonulas presented
above give a whole family of domain wall solutions. To obtainone concrete
domain wall solution we have to choose initial position of tke auxiliary sur-
faceS. Its positions at later times are determined from Eg. (3.15) We also
have to x initial values of the functions C;;C, and to nd the correspond-
ing solutions of Egs. (3.18), (3.19). The approximate domai wall solution

is given by formula (3.17). Notice that we are not allowed to boose the
initial pro le of the domain wall arbitrarily because the de pendence on the
transverse coordinates is explicitly given by formulas (3.3), (3.16), (3.17).
Any choice of the initial data gives an approximate domain wél solution.
Of course such a choice should not lead to large perturbativeorrections at
least in certain nite time interval. Therefore one should require that at the
initial time 15Cq 1;I(2)C2 1; IOKJ-i 1. The domain wall is located close
to the surface S because for larggsj the perturbative contributions vanish
and the leading termtanh s is close to one of the vacuum values 1.
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The presented formalism is invariant with respect to change of coor-
dinates 1 2 on S. In particular, in a vicinity of any point X of S we

can choose the coordinates in such a way thatjy = i at X. In these
coordinates Eq. (3.15) has the form
1 1
V=—+ —; 3.20

where v is the velocity in the direction perpendicular to S and Ry; R, are
the main curvature radia of S at the point X.
Let us present a simple example: takeS to be a sphere of radiusR.
Then R; = R = R(t), v= R and Eq. (3.20) gives
r

R(t)= R ﬂ(t to);

where Ry is the initial radius. Our approximate formulas are expecta to be
meaningful as long asR(t)=lp 1. Equations (3.18), (3.19) reduce to

1 1 . 1 2 2
= — + ZCi=2(— 1)=—;
@cC, RZ s @(sin @ Cy) e @Cy R2C1 (6 )R3
1 1 1 2
C — — i Cy)+ C —Cy,=0:
@C2 7 5, @GN @C) i @c, RzC2

In the last equation ; are the usual spherical coordinates ors (we apol-
ogize for using letter also in this meaning). If we take the simplest initial
data at t = tg, namely C; = C, = 0, then the last equation implies that
C, =0 also fort >t g while C; > 0. The Cartesian coordinate frame is
located at the center of the sphereS and p is the outward normal to S;
s=(r R(t))=2, wherer is the radial coordinate in R3.

4. Remarks

We would like to make several general remarks about the expaion in
width.

1. We have usedg as a formal expansion parameter. It is a dimensionful
quantity, hence it is hard to say whether its value is small orlarge.
What really matters is smallness of the correctiondg 1; |g 2. This is
the case iflgCq 1; I%Cz 1 and IOKJ-i 1, as seen from formulas
(3.1), (3.16) and (3.17).

2. Notice that an assumption that S coincides with the core for all times
in general would not be compatible with the expansion in widh. If we
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assume thatC, = 0 = C, at certain initial time tg, Eqg. (3.18) implies
that C; 6 0 at later times unless the r.h.s. of it vanishes. Then, it
follows from formulas (3.1), (3.3) and (3.16) that does not vanish at
s=0, thatison S.

3. The question of convergence of the expansion (3.1) has nbeen anal-
ysed. Actually we think that the expansion can turn out to be con-
vergent, in spite of the fact that more frequent in eld theory are
asymptotic expansions. Moreover, this problem seems to beitliin
the reach of the present day mathematical techniques.

4. Finally, we would like to stress that we have abandoned e ets which
come from perturbations of the exponential tails of the doman wall.
For example, if we have a domain wall in the form of cylinder wih
very large radius and small height (and with rounded edges)then the
top and bottom parts are at, and according to Eq. (3.20) they do not
move. In our approximation the domain wall shrinks from the sdes
where the mean curvaturel=R;+1 =R, does not vanish. Now, in reality
the top and bottom parts interact with each other. This inter action is
very small only if the two at parts are far from each other. We have
neglected it altogether assuming thetanh s asymptotics for large s.
Thus, our approximate solution takes into account only the eects of
curvature.

| would like to thank the organizers for the possibility to present this
work, and for stimulating atmosphere during the School.
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