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This article contains a review of an alternative theory of sqieezing,
based entirely on the wave function description of the squesed states.
Quantum eld theoretic approach is used to describe the squezing of the
electromagnetic eld in its most complete form that takes into account
temporal and spatial characteristics of the squeezed state An analog of
the Wigner function for the full electromagnetic eld is int roduced and ex-
pressed in terms of second order correlation functions. Theeld-theoretic
approach enables one to study the propagation of the squeerm wave
in space-time. A simple example of weak squeezing, that ales for all
calculations to be done analytically, is discussed in detéi

PACS numbers: 42.50.Dv, 12.20. m, 03.65.Ca

1. Introduction

The standard description of squeezing of the electromagniet eld [1 4]
employs the annihilation and creation operators associaté with the mode
decomposition of the eld operators. Subsequently, only oa or two modes
are singled out for the analysis of the squeezing phenomend&his procedure
gives a very e ective tool to explain most squeezing experients. However,
it will not be adequate if one attempts to describe the propagtion of squeez-
ing in space-time, when many modes are participating in the pcess and
the state of the eld exhibits strong correlations between derent modes.
In order to accommodate such situations, | shall introduce adescription
of squeezing, started in Refs. [57] and continued more reodly [8], that
employs formal methods of quantum eld theory and enables oa to pro-
duce compact and closed expressions for the space-time cheteristics of

Presented at the XXXVIII Cracow School of Theoretical Physi cs, Zakopane, Poland,
June 110, 1998.

(3569)



3570 |. Bialynicki-Birula

the squeezing phenomena. Very convenient tools in this angis will be the
wave functional and the Wigner functional of the quantized éectromagnetic
eld. These objects require a speci cation of the referencdrame since they
depend on the eld 3-vectorsB and D . At a rst glance such a description
may look noncovariant and the author of Ref. [9] has fallen ito this trap.

However, as | show in Sec. 8, despite the absence of tensoriiadlices, our
formulation is fully relativistically covariant.

Since the electromagnetic eld may be viewed as one grand, ntidimen-
sional harmonic oscillator, many properties of squeezedates can be clearly
seen in a simpler case of al -dimensional harmonic oscillator in quantum
mechanics. Using this example, | introduce in Sec. 2 the nessary formal-
ism and | describe in Sec. 3 special properties of the squedzstates related
to uncertainty relations for positions and momenta. Next, | solve in Sec. 4
the time evolution problem for squeezed states and | introdae in Sec. 5 the
description of squeezed states in terms of the Wigner funain.

In Sec. 6, the formalism developed for squeezed states of thhgantum
mechanical oscillator will be carried over to quantum eleatodynamics. Even
though the electromagnetic eld corresponds to anin nite-dimensional os-
cillator, there is a complete formal correspondence betweethese two cases.
This correspondence enables one to write complete expremss for the rele-
vant guantities in quantum electrodynamics in a closed formeven though the
rigorous mathematical foundation for this theory is often lacking. | address
In Sec. 7 the problem of the propagation of squeezing of the esdtromag-
netic eld in space-time and | discuss in detail simple examfe of a small
perturbation. Finally, | introduce in Sec. 8 the Wigner functional for the
full quantized electromagnetic eld an analog of the quant um-mechanical
Wigner function and | discuss its relativistic properties.

There is no universally adopted terminology concerning thesqueezed
states and some authors extend the notion of squeezed statesalmost any
state that exhibits some kind of squeezing. Throughout thispaper | shall
use the term squeezed states in a narrow sense to denote thatsts whose
wave function is a Gaussian. Such states, as discussed in S&; saturate
various forms of the uncertainty relations for positions aml momenta. They
also can be obtained, as is discussed in the standard theoryf squeezing,
from the vacuum state by the action of operators that are quadatic in the
annihilation and creation operators in the exponent [1 4].
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2. Multidimensional harmonic oscillator
in quantum mechanics

Squeezed states are usually de ned in terms of annihilatiomnd creation
operators, but the description in terms of the wave functionin coordinate
representation or in momentum representation, which | haveadopted here,
is very useful for a general analysis:

It o ers a geometric picture of the squeezing phenomenon thiais easy
to grasp intuitively.

It leads to compact formulas that exhibit the correlations between
various oscillators.

It enables one to give a simple general description of time elution.

It uses the smallest possible number of parameters to desbg an ar-
bitrary squeezed state.

Of course, the formalism based on annihilation and creatioroperators is
often very convenient but for the uniformity of my exposition | shall restrict
myself solely to the description in terms of wave functions.

The Hamiltonian of an N -dimensional harmonic oscillator will be taken
in the form (summation convention for repeated indices willbe used through-
out)

1 . o
H= 5(9” pip + uj x'x!); (1)

where both matricesg and u are symmetric and positive de nite. One might
also include the quadratic terms that mix x and p but | shall omit them since
they are not needed in the analysis of the electromagnetic ld. Changing
the variables, one may transformg! to a multiple of the Kronecker delta.

. 1 .

== 2

¢ =~ )

By an additional orthogonal transformation, one may bring the potential

matrix u to a diagonal form. The eigenvaluesy; of this matrix are multiples

of the squares of the characteristic frequencies; of the oscillators, u; =

m £

The ground state of the quantum-mechanical system with the Fmilto-

nian (1) can be obtained by simply plugging in a Gaussian wavéunction of
the form

o(r) = Det ) (m= ~)N4exp ;xi X 3)
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into the time-independent Schrdodinger equationH = E and by solving
the matrix equation

m?g =u: 4)

The solution for  must be chosen as a symmetric and positive matrix. In
our diagonal representation has the form

O 0 o o1
0 , 0 0
= (5)
0O 0 o ]

In addition to the ground state, there exist other Gaussian vave functions.
The most general normalized Gaussian wave function of aN -dimensional
harmonic oscillator is characterized by two real vectors ' and ; and two
real symmetricN N matrices forming one complex matrixK; = aj + ibj ,

(r) = (Det &' (m= )" *exp( i ' =2-)

S N IS T PR ®)

where the phase factor has been introduced to maintain a symetry between
the position (6) and the momentum representation (13).

Gaussian wave functions are special: the Gaussian form of ehinitial
wave function of a harmonic oscillator remains Gaussian dumg the whole
time evolution. This property has been recognized right afer the discovery
of wave mechanics [10]. In addition, as shown in Sec. 3, the @ssian wave
functions saturate the multidimensional generalization é the Schrédinger-
Robertson uncertainty relations [11,12] and the entropic ucertainty rela-
tions [13]. Gaussian distributions in probability theory are also exceptional:
all higher order correlation functions can be expressed inetrms of the low-
est correlation functions. This property is re ected in the properties of the
Wigner function for the squeezed states, as shown in Sec. 5.

The notion of a squeezed state always refers to a speci ed Halonian.
Given a Hamiltonian of the form (1) one can nd the ground state but the
inverse problem does not have a unique solution because foregy symmetric
and positive matrix  there is a whole family of Hamiltonians of the form
(1) such that the ground state is described by (3). The only cadition on
the matrices g and u is that they satisfy the condition (4). One can even
nd a Hamiltonian for which the ground state is described by a complex
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matrix K but if the imaginary part of K does not vanish the Hamiltonian
must also contain the mixed termf/x'p; .

The choice of the ground state provides us with a standard agast which
one can measure the departures of the mean square deviatioimspositions
and momenta from their normal (i.e. ground state) values. This enables
one to de ne the notion of squeezing. In particular, it enabks one to relate
the scale in the momentum variables to that of the position vaiables. All
Gaussian wave functions correspond to squeezed states, egtthe one de-
scribing the ground state. Whena is larger than , the state is squeezed
in the position variables and when it is smaller, it is squeezd in the mo-
mentum variables. Of course, sinc&K is a matrix, the degree of squeezing
may depend on the direction.

The energy of the system separates into the center of mass pand the
internal motion part

E = Eem* Eint; @)
1. 1 .

Ecm = 59” ijT Euij ' (8)

Eint = iTrfmgba b+ mga+ ua *=mg: 9)

The energy of the internal motion tends to zero in the classial limit, when
~ 1 0, because the Gaussian shrinks to zero and one is left with themo-
tion of a classical point-like particle. It is worthwhile to observe that the
Gaussian solutions of the Schrédinger equation corresportd two indepen-
dent autonomous mechanical systems with their Hamiltonias given by the
expressions (8) and (9). The canonical variables for thesevb systems, as
has been shown in Ref. [5], in addition to '; ;), are the components of the
matricesa ! and b.

From the expression forEj,; one may obtain the following formulas for
the rst and second variation of the internal energy around the ground state

Eim = iTrf a vua laa '=mg; (10)
2E. = %Trf b lb+a !ag (11)
where | have usedg! = U =m. The equilibrium condition derived from

Eint =0 (a is arbitrary) coincides with the equation (4). The quadratic
form de ning the second variation is clearly positive con rming the fact that
the energy of the ground state is the lowest one.

The formula (7) can also be used to nd the change in the energypf the
ground state due to a change of the matriceg and u describing the system.
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Here one can see the advantage of keepimgand u arbitrary.

Eint = iTrfmga+ mga+ ua '=m ua 'aa '=mg

iTrf mga+ ua =mg: (12)

Since for the ground state the variations a of the matrix a cancel out, this
formula may be viewed as an analog of the Feynman Hellmann thorem
[14,15].

Analogous results are obtained in momentum representatianThe gen-
eral normalized Gaussian wave function in momentum space @btained by
the Fourier transformation of the position space wave fundon (6) and it
reads

() = (Det &) *=( ~m) NPexp(i | =29
expl 50 0K N ) ip=k (19

Also the formula (9) for the internal energy of the Gaussian tate, despite
its appearance, exhibits a symmetry under the interchange fopositions and
momenta. Denoting by ¢ and d the real and the imaginary parts of the
matrix K 1,

c=(a+balph L d= a ba+balp % (14)

one can rewrite (7) as

Eint = iTrfudc ld=m+ uc=m+ mgc 1g: (15)

3. Saturation of uncertainty relations
by squeezed states

The special character of squeezed states comes forth clgaih the anal-
ysis of uncertainty relations between positions and momemt. In order to
simplify the notation, | shall assume in this section that the expectation
values R'i and hp;i are zero. In the simplest, one-dimensional case the
Schrddinger-Robertson uncertainty relation [11,12] hastte form

2

x2 p?  ~?=4+ P+ PRi%=4: (16)

This inequality is saturated by any Gaussian wave function. The equality
expressing the saturation of uncertainty relations in one @mension can also
be rewritten as a matrix equation

QJIQ = (~=4)%J; (17)
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where
_ MRRi Imp+pri
Q= imp+pri  hppi (18)
and J is the simplectic metric
_ 0 1 |
J= 10 ° (19)

The set of conditions that correspond to the saturation of tre Schrédinger-
Robertson inequality in the N -dimensional case has the same general form
(17) except that all matrix elements of the matricesQ and J become now
N N matrices

B MRIR IRy + Rl
Qn = %m, R+ Al pii hp; B; i ’ (20)
and
0 K
JN = jk (J) . (21)

In order to prove the formula (17) in the N -dimensional case, one may use
the following expressions for the position and momenta coelations functions
that can be obtained from the formula (6) by performing the caresponding
Gaussian integrals

hixli = %(a 1yij - (22)
ripi = (a+ ba by (23)
wpi = () +iGa D)); (24)
i = () iah)): (25)

These relations can easily be inverted to givi and its inverse in terms of
correlations

Kik = i(h'xii) T pei=m; (26)
(Ki) 1 = im(hpipi) hy xXi: (27)

The validity of Eq. (17) with Q and J given by the expressions (20) and
(21) can be checked now by a direct calculation with the use df22) (25).
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By a direct calculation one may also check that the entropic ugertainty
relation [13]
Z Z

dVxj (Nifnj iz dVpi (P)*INj (P> N(@n +1) (28)

is saturated by all squeezed states. Note that the saturatio of the Schrédin-
ger-Robertson and the entropic uncertainty relations is a baracteristic fea-
ture that singles out all squeezed states. The whole set of sgezed states
can be characterized by these properties without any referee to a specic
Hamiltonian or to annihilation and creation operators.

4. Time evolution of squeezed states

The squeezed states retain their form during time evolution In order to
satisfy the time-dependent Schrédinger equation, the vears , , and the
matrix K must be taken as functions of time,i.e.

(r;t) = (Deta(t) ™(m= )*exp( i ' =2-) 29)
exp o TOKG O TO)+ T Ox==

Upon substituting this formula into the Schrédinger equation with the Hamil-
tonian (1), one nds the classical equations of motion for the position and
momentum  of a harmonic oscillator

d . . d :
g =9 U L M= u ' (30)
and the following nonlinear evolution equation for the matrix K
%K ()= K ({t)mgK(t)+ iu=m: (31)

The vectors and determine the center of mass position and the center of
mass momentum of the Gaussian wave packet. The matricesand b deter-
mine the shape of the wave function and the distribution of the probability
current of the internal tumbling motion, respectively. |t follows from Eq.
(31) and from the relation dK 1=dt = K !dK=dtK ! that the inverse
matrix K ! satis es the evolution equation in which the roles ofg and u
are interchanged,

%K Yy= K (t)u=mK (t)+ img; (32)
as one would expect from the formula (13) and the symmetry oftte Hamil-
tonian under the interchange of positions and momenta.
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The nonlinear equation (31) is a matrix Riccatti equation and it may
be converted into a set of linear equations by the following wbstitution
(g=1=m)

K(t)=D Yt)N(t): (33)
Eq. (31) is satis ed when two complex matricesN and D satisfy the set of
equations

d_ o d.
GPO=IN®:  ZN@®=D(): (34)

The solution of this linear set of equations

N (t)
D (1)

N(O)cost + iD (0)sin t; (35)
D(@©O)cost + iN (0)sin t; (36)

gives the following result forK (t)

1

sin t (K@O)cost +i sint): (37)

K()= cost + iK (0)

The order of matrices is here important since in general thenitial value
K(0) and do not commute. Actually, there are two equivalent forms of
K (t) resulting from the identity

1

in t . .
Sin (K(@Q)cost +i sint)

cost + iK (0)

1

SNt o) - (39)

= (costK (0O)+i sint) cost +i

Since both sides of this equality are related by the matrix tansposition, the
symmetry of the matrix K (t) is preserved during time evolution. For the
ground state (and only for the ground state), K is constant in time, even
though both matrices N and D vary with time: N(t)= D(t)= €! . From
Eq. (37) one obtains the following formula for the time evoldion of a

a(t)= D (t)agD¥ *(t); (39)

that shows explicitly that the positive de nite character of a is preserved
during the time evolution.

The formula (37) describes completely the dynamics of squeed states
for an arbitrary harmonic oscillator. The time evolution of K may get quite
complicated for a multidimensional harmonic oscillator when the matrices
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and K (0) do not commute so that they cannot be simultaneously diag-
onalized. In the simple case, when the initial value oK represents just a
small perturbation of the ground state,

K@0)= + K (0); (40)

the formula (37) simpli es as follows
K{t)= +e't K(@©e'!: (41)
An alternative method of nding the time evolution will be gi ven in the next

section in terms of the Wigner function.

5. Wigner function of squeezed states

The Wigner function Wsq(r;p) of a general squeezed state (6) can be
easily determined from the de ning formula [16]
VA

W(r:p)=2 N dV exp(i p=) (r =2) (r+ =2) (42)

by evaluating an N -dimensional Gaussian integral. The prefactor in (42)
has been chosen so that the Wigner function is a pure exponeat,

We(r:p)=exp  (x  )(a+ba 'tyj(x )

ep S(p @b ) cx )badbie ) : @3)

This formula can be rewritten in a compact form in terms of theexpectation
values of the position and momentum operators

2 i i i 2
Ws(r;p)=exp —  (x' hRi)p (pi hpi)& : (44)
Thus, the expectation values of the position and momenta antheir quadratic
forms determine the Wigner function. This was to be expectedince every

Gaussian distribution is determined by its second momentsFor the squeezed
states centered at the origin, this formula takes on the form

Wsq(r; p) = exp éxil'p.gixj+pimikjipj pihRip + P Rlix)  :(45)

The time evolution of the Wigner function of a harmonic oscilator is deter-
mined by the equation

@W(r;p;t)= (pg'rj  xuy @W(r;p;t); (46)
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wherer and @denote the di erentiation with respect to r and p, respec-
tively. The solution of this equation can be written in the form

W(r;p;t)= W(r( t);p( t);t=0); (47)

where (r ( t);p( t)) is the time-reversed solution of the classical equations
of motion. Owing to the invariance of the simplectic formx'p;  p;x' under
all canonical transformations including the time translation, the formula
(45) for the time-dependent Wigner function of a squeezed ate can also be
written in terms of the solutions of the Heisenberg equatios of motion for
the position and momentum operators

Welripi=exp 5 (X hR@ODKO (o hBODRE) >
(48)

6. Quantized electromagnetic eld

Owing to the correspondence between a set of harmonic osatibrs and
the electromagnetic eld, an analogous approach to the onengsented here
works, at least at the formal level, for the general squeezedtates of the
electromagnetic eld.

In order to use the analogy with quantum mechanics of harmorm oscil-
lators to its full extent, | shall employ the formulation of g uantum electro-
dynamics in a representation which is the closest possibleoanterpart of the
Schrodinger representation. Jackiw, who is also fond of tkiapproach, called
it in Ref. [17] the eld theoretic Schrodinger representation In this repre-
sentation the state is described by a functional [A] of the vector potential.
The vector potential operator A (r) and the magnetic induction operator
B (r) acts on the state functional as a multiplication,

A(r) [Al=A(r) [AL; B(r) [Al=(r A(r) [Al; (49

while the electric displacement operatorD (r) acts as the functional di er-
entiation,

D) A= i~—4 AL (50)
The Hamiltonian in this representation takes on the form
Z
_1 -2 1 2 .
H= > d°r 0] A(r)2+ (r)(r A(r)* . (51)
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This representation is the analog of the Schrédinger (posibn) representa-
tion. There is also the analog of the momentum representatio in which the
electric displacement vector acts as a multiplication and ke vector potential
acts as the functional derivative.

The most general Gaussian functional is determined by two w&or func-
tions A(r) and D(r) and the counterparts of and and a complex
symmetric kernel K(r;r9 the counterpart of the matrix K,

zZ Z

[A] = Cexp — d% d&*r%A@r) A (1) K(r:r9 (ArY A (r9)

NOSTIR

exp |: drD(r) A(r) ; (52)

In addition to being a function of two vector arguments, the kernel K is
also a3 3 matrix since it acts on the vector indices ofA;. The vector
function A(r) and the kernel K are just labels characterizing the state. To
distinguish A from the argument A of the state functional, they are set in
a di erent font. In order to secure gauge invariance,i.e., the invariance of

[A] under the gauge transformationsA(r) ! A(r)+ r (r), the kernel
KU (r;r9 must obey the conditions

@’ (r;r9=0= Ki(r;r9 @" (53)
Thus, the kernel K must be a double curl of some new kernalV,
KU (rsr9 = """ @Wmn (r;r9 @ : (54)

This means that [A] depends onA (r) only through B(r)=r  A(r).

The total energy of the electromagnetic eld, like in the cag of the
guantum-mechanical oscillator, is made of two parts: the @ssical energy of
the coherent eld and the quantum correction due to squeezig

Z o DA, B

7 7 "(r) (r)

= P §3roK (r(r r9 imk @a, L in gf
"z z %

drto &0 POk (r;ra, rro9 (rr)+ &l (rr)

"(r)

E =

+
N NI~

+
|

(55)
whereal and bl are the real and the imaginary part of K/l ,

Ki(rr9=al (r;r%+ ibl (r;r9 (56)
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and the inverse ofal is to be taken in the subspace of transverse kernels
satisfying the conditions (53).

The analog of the equation (4) that determines the ground stte of the
harmonic oscillator in quantum mechanics has now the form

Z
der Kk (I‘ ) L K K K (r; rOOa[) — wimk @1 ki ( r 9 @ﬂmjnl_ (57)

'(r) 9

In the simplest case, when the medium is homogeneous, the kel K may
depend only on the di erence of coordinates and the solutiorof Eq. (57)
can be easily found by the Fourier transformation. The resuing expression
has the form

r

T

RI (k)= —""™kpy Jka p (58)

The coordinate representation of this expression is

T

K i (r r% — 4_12 __uikm @—" r(]z @) jin . (59)

jr

Therefore, the ground-state functional of the electromagatic eld in the
homogeneous medium is

1 r 2 Z 1
43 3,0 .
. dr dbBr B(r)jir rqu(r() : (60)

o[A]= Cexp
This formula in the case of the vacuum state has been written dwn by
Wheeler [18]. Here | would like to study its signi cance in the presence of a
medium. The existence of the ground state in any static medim enables one
to de ne the notion of squeezing with respect to this ground gate. One can
see from (60) that the dielectrics decrease the uctuationsof the magnetic
eld, while the magnetics increase them.

In the case of the electromagnetic eld there also exists anralog of
the quantum-mechanical momentum representation. In this epresentation
the state of the electromagnetic eld is given as a functionhof D which is
the canonically conjugate variable to the potential A. Owing to the known
symmetry of Maxwell theory without sources, the formula for the ground
state functional in the D representation can be obtained by the replacements

D! B; B! D; "t P (61)

and it has the form
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o A = CO%xp — d% & °D(r)

1
. rqu(r() . (62)
where A is the vector potential for D, i.e. D =r A.

For an inhomogeneous medium, one may easily nd rst-order hanges
in K by perturbation theory. The most interesting case is that ofa change
in the dielectric constant. The exact kernel for the ground sate in a static
medium satis es the equation

Z 0 o9

Brk*rlr) Kkl ro§=z nimkg XY~ J (r” r @®m";  (63)
"(r) (r9

from which the following equation is obtained by taking a vatation due a

small change in"(r)

Z Z
dZ3r K”‘(roﬁr)%K” (r;r%+ d%K”‘(rQr)% KU (r:r®%
= d®rKk*rlr) lf,'(r)(zr)K'j (r;r%: (64)

When the variation is taken around the vacuum state, the trarslational
invariance of this state allows one to seek the change i in the form
z

KI@er®=d® 5% rir 1% (r): (65)

Applying the Fourier transformation to Eq. (64), one nds th e following
Fourier transform of the kernel !

~i(kykp) = ( Mk2 KKD)— oMM (k2 k0Kl (66
( 1 2) ( 1 1"l JliJkZJ(Jli+Jk2J)( 2 2 2) ( )

wherecis the speed of light in the medium. In the coordinate represaation,
the expression for ! reads

C
(2 )3jrajir2i(ir 14j + jr2j)

Tryr)=( % @d) (" da)x

(67)

This expression shows the long range e ect in the squeezinggduced by
a dielectric: when one moves away from the dielectric, the fuction  falls
only as 1=r%,
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With the use of Feynman-Hellmann theorem (12) one may diredy arrive
at the rst order correction to the ground state energy Eg that is due to a
small departure of the dielectric constant from its vacuum \alue ", without
ever calculating K . To this end, | shall use the following adaptation to the
present case of the formula (12) for the harmonic oscillator

~Z n (r)
Eo= 5 B B0 KT o 19
Z
I Y (S Ul -
= 3 d°r " 2 23 gkj: (68)

The integral over k represents the energy of all photons that are a ected
by the change in the dielectric constant and the factor of 2 cames from two
polarization states of the photon. Obviously, the integraion does not ex-
tend to in nity because all dielectrics become transparent(behave like the
vacuum) for su ciently high photon frequency and that fact w ill introduce
a cuto . Therefore, a more appropriate way to write Eq. (68) is

z z
Eo= L girp 2K k()
4 )2 "o

~Ck (1)JKj; (69)

where " and c are taken as slowly varying functions of the wave vectok.
Sincec = (1= " )= ("=2")c, the expression (69) can be recognized as
the variation of the zero point energy evaluated in the localapproximation
when the variation of " in space is very slow over the distance of a wave
length 1=Kk,

22 g

_ 3 k —
Eo= > dr 2 7BE c (N)jkj (70)

First order perturbation theory, described here as a simpldllustration
of the global approach to squeezing, is clearly not su cientto give the
Casimir force. This force can be understood as coming from #hchange in
the energy of the ground state but it requires the calculation of the energy
at least up to second order. In the rst order, one obtains ory the volume
e ect. In particular, the change of the relative positions o several pieces of
the dielectric would not lead to a change in the energy and thesfore would
not give rise to an interaction force.
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7. Propagation of squeezing

In order to satisfy the time-dependent Schrédinger equatio
i~@ [Ajt]=H [Ajt]; (71)

the functions A and D and the kernel K must depend on time, except for
the ground state. Their time evolution can be derived by substuting the
wave functional

[Ajt] ;s 7

= Cexp 2—1~ dr dB*r%A@r) A (r;t) Kr:rlt) (A9 A (rt)
Z

texp = d*rD(r;t) Ar) (72)

into (71) and then by comparing the terms of the same form on bth sides of
this equation. In this way one obtains the Maxwell equationsfor B = r A
and D

D(r;t).

"(r)
B(r;t) .

(r)

and the following nonlinear integro-di erential equation for K

@B(r;t) (73)

@D(r;t) (74)

@7 (7500
= i PR ) KK (rr ) 4 jrimk @]M @i
Cn) n (r9
(75)

Propagation of squeezing, in principle, is fully describedby the time
evolution equation (37) of the kernel K but it is rather dicult to draw
physical conclusions from this equation in the general caseHowever, for
small perturbations, when the departure from the vacuum sitiation is given
by (65) and (67), one can nd an explicit expression for the tme dependence
of K. To this end, | shall use the rst order formula (41) obtained for
the harmonic oscillator. In the present case, this formula &kes on a very
simple form whenK is taken as a function of wave vectors because in this
representation the frequency is diagonal. The application of the operations
exp( it ) in the formula (41) amounts simply to the multiplications by
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exp( icjkjt). This leads to the following formula for K(t)

KI(rirot)

3 3 ) ) N,
— Zd3r ((; k)l3 ((; k)23e|k1(r1 r)elkz(l’ ra) m (r)e |c1k11te icjkajt ~ij (kl; kz)
= d® U(rqy r;r oryt)(r): (76)

The function (r1 r;r ry;t) can be easily evaluated explicitly since after
the substitution of the expression (66) all integrations oer the wave vectors
are elementary. The resulting formula reads

T(ry rir rat)

= ¢( * @)1 kG(r1 rir rot)( " ada)s (77)

where
Z o
d3k1 d3k2 ) ) e ICjkljte icjkajt
G(ryrat) = kairaghkorz = = 78
(rurat) 2)3@2 ) iKjik2j (k) + jK2)) (78)
_ 1 Zldk ZLdk e 'ckite ickat gin(kyry) sin(karz)
S ey, 10 >kt ko r r2

The integration over k; and k, can be easily performed after the change of
variables: k = k; + ko; q= k1 ko

A VAS

1 dk _k+ -k
G(ry;rot) = 23, e ket dgsin qusln 3 qr2
0 k
A . .
_ 2 %e ket Sinkra  sinkry
@) (f ) Kk r2 ra
0
-1
ICBEGIND
(ro j ctj) (ry j Ctj)+ I—In ro ct I—In r{ ct ’
ro r ro r, + ct ri r{+ ct

(79)

where (r ct) is the step function. The function (79) describes fully the
propagation of squeezing in the vacuum when the departure &m the vac-
uum state is small f. Eq. (41)). Unfortunately, this approximation is not
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valid near the light cone in the variablesr and t because of the singularities
in Eq. (79). A better, nonperturbative approach is needed todetermine
the behavior of squeezing on the light cone. What does followhowever,
from these considerations is that squeezing has very inteséng propagation
properties. In my simple example, the initial value of the sqieezing kernel
K has been in uenced by a change in the value df that took place in some
region of space. This in uence extends throughout space wiht the power-
law fallo when moving away from the region where" has been changed,
as determined by the formula (67). Then, att = 0, the vacuum value of
" is restored and the electromagnetic eld begins its relaxdbn to the true
vacuum state. The real part of K relaxes to zero with the speed of light
as seen from the presence of the step functions, while the imaary part
relaxes to zero much more slowly as determined by the logalitnic functions.

8. Wigner functional for the electromagnetic
eld and relativistic invariance

There is a tendency among some physicists to limit the notiorof rela-
tivistic invariance to theories that involve only tensorial (or spinorial) equa-
tions. The case of the Wigner functional and the number of phtons, that
is explored in this section, shows clearly that this limitation is not justi ed
and that it restricts unnecessarily the freedom of choosindhe right formu-
lation. All that is really required of a relativistically in variant theory is that
the physical laws are the same in all inertial reference fraes. This implies
that the equations used by all observers related by a Poincér transforma-
tion have the same form. The exact nature of the transformatn laws for
physically relevant quantities is of no importance if they mly guarantee the
correct nal result. There is no simple way to write the expression for the
Wigner functional for the vacuum state in terms of tensor quantities with
properly summed up indices even though this functional is arabsolute in-
variant. It has the same value and the same form for every obseer and it
is even invariant [23] under conformal transformations.

The description of squeezed states of the electromagneti@ld in terms of
the Wigner function can be obtained by analogy with quantum rechanics.
As a starting point of this generalization | shall take the foomula (44). The
generalization consists of replacing the positiorr by the vector potential
and the momentum p by (minus) the electric displacement vector. In this
way, one obtains the following functional of A and D describing the most
general squeezed state of the electromagnetic eld
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qu[A;D] 7z 7
= exp é & %A @) hAM) M EOD % (ArY h Ar9Yi)
zZ Z
exp é & oD (r) hD@)i) MOATYi O h D (i)
z Z
exp ~—22 dcr dBrP%Ar) hA@i) W EOAEY DY h DY)
zZ Z
exp é & oD ) hB@)i) MOD % (ArY h Ar9%i) :

(80)

Owing to gauge invariance, the Wigner functional depends orthe vector
potential A only through the magnetic induction vector B and | shall take
this explicitly into account by treating W as a functional ofB and D . It
should be stressed that the Wigner functional for the eleciomagnetic eld
is quite di erent from the Wigner function for the photon wav e function
discussed in Refs. [20, 21]. The Wigner functional descrisethe quantum
statistical properties of the full electromagnetic eld and not just of a single
photon.

In the simplest case of the vacuum state of the electromagniet eld the
expectation values of eld operators can easily be evaluateand the resulting
formula for the Wigner functional can be written in a form resembling the
functionals representing the vacuum state vectors (60) and62)

Wyac [B;D]=exp( 2N [B;D]); (81)
where
eoy o, r
-1 B o T:B(r);B(r()+ jD(r);D(r%
4 2~ jr rg? " jr rg2
(82)

The physical signi cance of the functional N [B ;D ] has been discovered by
Zeldovich [19] long time ago. It is the average number of phans present
in the electromagnetic eld described by the vectorsB and D . This inter-
pretation can be justi ed by noting that the number of photon s is related
to the energy of the eld by the factor 1=~cjkj and the division by jkj is
represented in thefosition space by a nonlocal kernel

i 1 1
3k 19 = _ :
d’k € K- a3 T (83)
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The functional (82) that made its appearance in the exponenbf the Wigner
functional for the vacuum state has also been used as a naturaorm for
the electromagnetic eld and it is intimately connected with the concept of
the photon wave function [21, 22]. Despite its nonrelativstic appearance
N [B ;D] is invariant not only under all Poincaré transformations but also,
as shown by Gross [23], under the full conformal group. The foula (82)
teaches us an important lesson on the subject of relativisti invariance that
appearances are sometimes misleading.

A general Wigner functional (80) is, of course, not invarian under the
Poincaré transformations, but it does have well de ned trarsformation prop-
erties that follow from its physical meaning. As a (pseudo) pobability dis-
tribution in the phase space, the Wigner function and the Wiger functional
must transform as scalars, because the probability is a saal and the phase-
space volume is an invariant. This requirement is even more bwious for
the squeezed states, when the Wigner functional is a true phlmbility dis-
tribution. Thus, under a Poincaré transformation, the Wigner functional
transforms as follows

wlBeD® =wW|[B;DJ: (84)

The transformed functional evaluated for the transformed \alues of its ar-
guments is equal to the original functional for the original values of the
arguments. The relativistic invariance of the theory meanghat there exists
a set of generators of the Poincaré transformations that obethe commu-

tation relations characteristic of the Poincaré group. These generators are
identi ed with the corresponding physical quantities: enegy, momentum,
angular momentum, and the center of mass. In our case these rggrators
are given by the standard expressions for the electromagnet eld and they
act on the Wigner functional through the Poisson bracket rehtions. For ex-
ample, the energy of the electromagnetic eld generates théme translation

and that leads to the time evolution equation for the Wigner functional

Z

5. 1 DA, B2
@W [B;Djt] 5 d°r ) @

D(r) B(r)

) B(r) () D)

W [B;Dijt]

= d®r

W [B ;D jt]
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that is the counterpart of (46). The complete analysis of re:htivistic(in-)
variance along these lines has been carried out in detail in éls. [24, 25].
The second reference is particularly relevant since it dealwith the classical
statistical theory of the electromagnetic eld and all the formal properties
of the Wigner functional are the same as those of the classikdistribution
function.
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