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0Odd-dimensional Riemannian spaces that are non-orientable, but have
a pin structure, require the consideration of the twisted adjoint represen-
tation of the corresponding pin group. It is shown here how the Dirac
operator should be modified, also on even-dimensional spaces, to make
it equivariant with respect to the action of that group when the twisted
adjoint representation is used in the definition of the pin structure. An
explicit description of a pin structure on a hypersurface, defined by its im-
mersion in a Euclidean space, is used to derive a Schrédinger transform
of the Dirac operator in that case. This is then applied to obtain —in a
simple manner — the spectrum and eigenfunctions of the Dirac operator
on spheres and real projective spaces.

PACS numbers: 02.40.+m, 03.65.Ge
1. Introduction

Most of the research on the Dirac operator on Riemannian spaces is re-
stricted to the case of orientable manifolds. It is of some interest to treat also
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the non-orientable case that requires the introduction of pin structures. In
physics, even in the orientable case, one considers spinor fields transforming
under space and time reflections, which are covered by elements of a suitable
pin group. The generalization to the non-orientable case involves interest-
ing subtleties. First of all, for a real vector space with a quadratic form
of signature (k,!), the Clifford construction yields two groups, Ping; and
Pin; j, which need not be isomorphic; see (1] and Sec. 3.1 for a precise state-
ment. This fact is of interest also to physics [2]. There are non-orientable
spaces with a metric tensor field of signature (k, ) admitting either a Piny, ;-
structure or a Pin; j-structure. If a space admits a Spiny, ;-structure, then
it is orientable and admits both these structures. Real projective spaces
and quadrics provide the simplest examples of such situations [3-5]. If the
dimension k + [ is even, then one can use either the adjoint or the twisted
adjoint representation of Piny ;. If one uses the twisted adjoint representa-
tion, as one has to do when k + [ is odd, then the classical Dirac operator
(see, e.g., [6-8]) needs to be modified to make it equivariant with respect to
the action of the pin group |5, 9]. In this paper, the relation between the
adjoint and the twisted adjoint representation of the pin group is considered
in some detail (Section 3). In Section 4, the definition of spin and pin struc-
tures is illustrated on the example of spheres and real projective spaces. The
form of the modified Dirac operator is recalled in Section 5. A canonical pin
structure on a hypersurface immersed in a Euclidean space is described in
Section 6 and shown to have a trivial associated bundle of ‘Dirac’ or ‘Pauli’
spinors . A convenient formula for the ‘Schrédinger transform’ of the mod-
ified Dirac operator on such hypersurfaces is derived in Section 7. As an
illustration, the spectrum and the eigenfunctions of the Dirac operator on
real projective spaces are found on the basis of the corresponding results for
spheres (Section 8).

2. Notation and preliminaries

This paper is a continuation of [5] and [9]; it uses the notation and
terminology introduced there. To make the paper self-contained, some of
the notation is summarized below.

2.1. Clifford algebras and pin groups

Throughout this paper, by an algebra I mean an associative algebra
with a unit element. A homomorphism of algebras is understood to map
one unit into another. A representation of an algebra is a homomorphism
of the algebra into the algebra End S of all endomorphisms of a vector
space S. If V is a finite-dimensional vector space, then V* denotes its dual
and the value f(v) of the l-form f € V* on v € V is often denoted by
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(v,f). fh: V — W is a linear map (homomorphism of vector spaces),
then its transpose *h : W™ — V* is defined by (v,*h(f)) = (h(v), f) for
every v € V and f € W*. Let V be a real, m-dimensional vector space
with an isomorphism h : V — V* which is symmetric, h = *h, and such
that the quadratic form V — R, given by v — (v, h(v)) is of signature
(k,1), £ +1 = m. One says that the pair (V,h) is a quadratic space of
dimension m and signature (k,[). The corresponding Clifford algebra (see,
e.g., [1, 8, 10))
Cl(h) = C1°(h) ® CI*(h),

contains R@V and is Z;-graded by the main automorphism a characterized
by a(1) = 1 and a(v) = —v for every v € V. Every a € Cl(h) is decomposed
into its even and odd components, ag and aq, respectively, such that a, €
CI*(h) and a = ag + a1 = a(ag — a1). For every v € V, its Clifford square
is v2 = (v,h(v)). Assume V to be oriented and let (ej,...,em) be an
orthonormal frame in V of the preferred orientation. The square of the
volume element vol(h) = ey ...€ep, is

vol(h)? = i(h)?, where i(h)€ {1,i}.

For every v € V omne has vol(hjv = (—1)™%1vvol(h). Therefore, if m is
even, then a is an inner automorphism, a(a) = vol(h) a vol(h)~1.
It follows from the universality of Clifford algebras that the Clifford
map
V — Cl(h), v+ vol(h)v,

extends to the homomorphism of algebras,
3 CY(-1)"™TYi(h)?R) — Cl(h), (1)

such that j(1) = 1 and j(v) = vol(h)v for v € V. For m even, this ho-
momorphism is bijective and respects the Z-grading of the algebras. If
m is even and vol(h)? = 1, then j : Cl(-h) — Cl(h) is an isomorphism
of algebras. If m is even and vol(h)? = —1, then the algebras Cl(h) and
Cl(—h) are not isomorphic and j is an inner automorphism of Cl(h) given
by j(a) = %(1 + vol(h))a(l - vol(h)). If m is odd, then the homomorphism
(1) is onto the even subalgebra CI°(h). In this case, the volume element
corresponding to vol(h)?h has a positive square. Therefore, if m is odd
and h is such that vol(h)? = 1, then j(vol(h)) = 1 and there is the exact
sequence of homomorphisms of algebras,

0 — Cl™(h) — CI(h) & CI°(h) — 0,

where C17(h) = {a € Cl(h) : vol(h)a = —a} is the subalgebra of anti-
-selfdual elements of Cl(h). There is no analogous sequence for m odd and
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h such that vol(h)? = —1. For m odd, the algebras Cl(h) and Cl(-h)
are never isomorphic. The algebras C1°(h) and C1°(—h) are isomorphic
irrespective of m and h. An element u € V is said to be a unit vector
if either u? = 1 or u* = —1. The group Pin(h) is defined as the subset
of Cl(h) consisting of products of all finite sequences of unit vectors; the
group multiplication is induced by the Clifford product.! The spin group
is Spin(h) = Pin(h) N C1°(k). The Lie algebra spin(h) of Spin(h) can be
identified with the subspace of C1°(h) spanned by all elements of the form
uv — vu, where u,v € V. The Lie bracket in spin(h) coincides with the
commutator induced by the Clifford product.

If V = R**! and one wants to specify the signature (k,1) of h, then one
writes voly ;, Cly;, Ping; and Spin, ; instead of vol(h), Cl(h), Pin(h) and
Spin(h), respectively; a similar notation is used for the orthogonal groups
O(h) and SO(h). Since the groups Spin(h) and Spin(—h) are isomorphic,
one writes Spin,, instead of Spin,, ¢ = Sping ,,. Since vol%n‘o = volgﬂn
one can also write volz, instead of voly, ¢ or volg 2n.

2.2. Notation concerning smooth manifolds and bundles

All manifolds, maps and bundles are assumed to be smooth; manifolds
are paracompact and bundles are locally trivial. f » : £ — M and o :
F — N are two bundles , then the pair (f, f') of maps f : M — N and
f' 1 E — F is a morphism of bundles if o o f' = f ow. A bundle is trivial
if it is isomorphic to a Cartesian product of its base by the typical fiber. A
map s : M — FE is a section of = if m 0 8 = id py. For every manifold M,
there is the tangent bundle TM — M. If f : M — N is a map of manifolds,
then Tf : TM — TN is the derived map of their tangent bundles and
(f,Tf) is a morphism of bundles. For z € M, there is the linear map
T.f : T, M — Tf(z)N of the fiber T, M of the bundle TM - M into the
corresponding fiber of the other bundle. Given a bundle o : F — N and a
map f: M — N, one defines the bundle = : E — M induced by f from
o as follows: F = {(z,9) ¢ M x F : 0(q) = f(z)} and w(z,q) = =. There
is then also a canonical map, f' : E — F, given by f'(z,q) = ¢ and the
pair (f, f') is a morphism of bundles. A Riemannian space is a connected
manifold M with a metric tensor field g which need not be definite; if it
is, then one refers to M as a proper Riemannian space. For every ¢ € M,
the metric tensor defines a symmetric isomorphism g, : To M — To*M. If
M is a Riemannian space, then there is a quadratic space (V, h) such that,

! This definition of the pin group follows [5, 8, 11] and can be traced to Cartan,
see Sections 12, 97 and 127 in {12]. An equivalent definition, using the notion
of spinor norm, and based on the (semi-)simplicity of the Clifford algebras, is
in [13, 14).
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for every z € M, there is a linear isometry p : V — T, M, i.e. a linear
isomorphism such that 'po g, o p = h. One says that (V,h) is local model
of the Riemannian space and that p is an orthonormal frame at z. If (e, )
is an orthonormal frame in V', then p can be identified with the collection
of vectors (p, ), where p, = p(e,), p=1,...,m =dimV = dim M.

I w is a differential form on a manifold, then dw is its exterior derivative.
Wedge denotes the exterior product of forms. If X is a vector field on M and
wisa (p+1)-form, then X ;w is the p-form such that (X tw)(X1,...,Xp) =
w(X, Xy,..., Xp) for every collection (X1, ..., X,) of vector fields on M. In
particular, if f : M — R and X is a vector field, then X ,df = (X,df) =
X (f)is the derivative of the function f in the direction of the vector field X.

By a group is meant here a Lie group; a subgroup is a closed Lie sub-

group. An exact sequence of group homomorphisms 1 — K el H -1
s : . 1
is said to define G as an eztension of H by K. Two extensions, K et H

and K 5 g' & H, of the group H by the group K, are equivalent if there
is an isomorphism of groups f: G — G’ such that fok =k'and l'o f = L.
Given a representation v : G — GL(S) of the group G in a vector space §
and a homomorphism ¢ : ¢ — G' of groups, one says that a representation
7'+ G' — GL(S) extends v (relative to ¢) if Yot = 7.

A principal bundle with structure group G (‘principal G-bundle’) and
projection 7 of its total space P to the base manifold M is sometimes
represented, symbolically, by the sequence G — P 5> M. The group G is
assumed to act on P to the right: there is a map é : P X G — P such
that, if §(a)(p) = é(p,a), then 7o d(a) = =, é&(a) o §(b) = 8(ba) and
4(1g) = idp, where p € P, a.b € G and 1g is the unit of G. One writes
pa instead of §(p,a). A principal bundle admitting a section f is trivial,
t.e. isomorphic (in the category of principal bundles) to the product bundle
M x G — M; a trivializing map (isomorphism of principal bundles) is given
by (z,a) — f(z)a, where 2 ¢ M and a € G. Let there be given a left
action of the group G on the manifold S, 1.e. amapv: G x § — § such
that, if y(a)(¢) = 7(a,¢), then y(a) o y(b) = y(ab) and y(1g) = ids for
every a,b € G and ¢ € 5. OUune then defines the bundle =g : E — M,
associated with P by ~. Its typical fiber is § and its total space E, often
denoted by P x §, is the set of all equivalence classes of the form [(p, )],
where (p,¢) € P x § and (¢, ¢')] = [(p,¥)] if, and only if, there exists
a € G such that p' = pa and ¢ = vy(a)¢'. The projection is given by
T5([(p, ¢)]) = 7(p). If § is a vector space, then the associated bundle is a
vector bundle. A homomorphism ¢ : G — G' of groups defines a left action
of G on G', viz. (a,b) — t(a)b, where a € G and b € G'; the corresponding
bundle P x, G' — M, associated with P — M, is a principal G'-bundle.
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3. Representations of the pin groups

3.1. The vector representations

For every invertible v € V, the map v — —uvu~! is a reflection in

the hyperplane orthogonal to the vector u; this observation leads to the
definition of the twisted adjoint vector representation p of the group Pin(h)
in V: for every a € Pin(h) the map p(a):V — V, given by

p(a)v = a(a)va™ (2)

is orthogonal,
*p(a)o hopla) = h, (3)

and there is the exact sequence of group homomorphisms
1 — {1,-1} — Pin(h) 5 O(h) — 1.

Replacing in (2) the vector v by the uth vector e, of an orthonormal frame
in V, one obtains

evp” , (a) = ala)ea™t. (4)
In this equation, and elsewhere in this paper, there is tacitly assumed a sum-
mation (the Einstein convention) over the range of tensor indices appearing

in contragredient pairs.
The adjoint vector representation Ad is defined by

Ad(a)v=ava™?

and leads to the exact sequences of group homomorphisms

{1, -1} . Ad | O(h) for m even,
1- {{1,-1,v01(h),—vol(h)}} — Pin(h) — {so(h)} -1 {for m odd.

The homomorphisms p and Ad coincide when restricted to Spin(h). For
every quadratic space (V,h), irrespective of the parity of m, there is the
exact sequence

1 — Zy — Spin(h) & SO(h) — 1, (5)

where Z; = {1, -1}.

For every even-dimensional quadratic space (V,h), one can consider
four central extensions of O(h) by Zz, associated with the groups Pin(+h),
namely

p and Ad:Pin(h) — O(h), and p and Ad:Pin(-h) — O(h),
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but, in each case, only two among the four are inequivalent. Indeed, if m is
even, then

p=Adoj (6)

as may be seen by checking that both sides of (6) coincide on the generating
subset V. More precisely:

(i) if vol(h)? = 1, then the extensions

Zy — Pin(+h) 2% O(h)

are equivalent to the corresponding extensions
Z; — Pin(xh) 5 O(h);

(ii) if vol(h)? = —1, then the extensions
Zy — Pin(+h) 2% O(h)
are equivalent to the corresponding extensions
Zy — Pin(+h) & O(h).

To summarize, we have
Proposition 1. For every real quadratic space (V,h), there are two in-
equivalent central extensions of O(h) by Z;, given by

Zy — Pin(h) 5 O(h) and Z, — Pin(—h) 5 O(h), (7)

where p is as in (2). By restriction to Spin(h) each of these extensions
reduces to the one given by (5).

Note that for k£ = [ (neutral signature) the groups Pin(h) and Pin(—h)
are isomorphic, but the extensions (7) are not. There are also extensions
of O(h) by Z; that do not come from the Clifford construction {15]. The
(untwisted) adjoint representation seems to be the first to have attracted
attention. It has been much used by physicists in the theory of the Dirac
equation of the electron; see, e.g., [6,16]. The twisted representation is im-
plicit in E. Cartan’s approach to spinors, see §58 and §97 in [12]. Explicitly,
it has been defined by Atiyah et al. in [17]. It follows from the preceding
remarks that, for even-dimensional spaces, one can use either of the two
representations, but in the case of odd dimensions, only p provides a cover
of the full orthogonal group. For this reason and for uniformity, from now
on, only p is used in the definition of pin structures.
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3.2. The spinor representations

In this paper, by a spinor representation of a group Pin(h) or Spin(h) is
understood a representation obtained by restriction, to the group, of a rep-
resentation of the algebra Cl(%) in a finite-dimensional complez vector space
S, the space of spinors. If v : Cl(h) — EndS is any representation of the
algebra, then the group representation, obtained by restriction to Pin(h),
is denoted by the same letter v; similar abuses of notation and terminology
are made throughout the paper. Given an orthonormal frame (e,) in V,
one defines the ‘Dirac matrices’ (automorphisms of §) by v, = v(e,). The
following Proposition summarizes well known facts about complex repre-
sentations of real Clifford algebras {5, 8, 10, 17].

Proposition 2. Let (V,h) be a quadratic space of dimension m and let v
denote a positive integer.

(i) If m is even, m = 2v, then the algebra Cl(h) is central simple and,
as such, has only one, up to equivalence, faithful and irreducible Dirac
representation vy in a vector space S, which turns out to be of complex
dimension 2”. The restriction of ¥ to C1°(h) decomposes into the direct
sum 4+ @ y— of two complex-inequivalent Weyl representations. In a
notation adapted to the decomposition § = §, @ S_ of the space of
Dirac spinors into the direct sum of the spaces Sy and S_ of Weyl
spinors, the Dirac matrices are of the form

(0 v
7“*(7;’“’ 0>'

(ii) If m is odd, m = 2v — 1, then the algebra C1°(h) is central simple and
has a faithful and irreducible Pauli representation in a space of complex
dimension 2. This representation extends to two representations,
o and o o a, of the full algebra Cl(R) in the same space, by putting
ag(vol(h)) = i(h)id. These representation, also referred to as Pauli
representations of Cl(h), are complex-inequivalent and irreducible, but
faithful only when i(h) = i. A faithful, but reducible, Cartan represen-
tation ¥ of Cl(h) is defined asy = o ® (g o). Therefore, ifo, = o(e,),

then
_f{ou 0
= ( 0 “‘7#) '

The commutant of the Cartan representation v is generated by y(vol(h)).
The elements of the carrier spaces of the representations ¥ and o are
now called Cartan and Pauli spinors, respectively.






