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Elements of Quantum Riemannian Geometry(QRG)

Quantum Riemannian Geometry on 𝑴𝟐(𝑪)

Kaluza-Klein model and scalar fields on 𝑪∞(𝑴)⊗ 𝑴𝟐(𝑪)
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Elements of Quantum Riemannian Geometry(QRG)

We work with an algebra A, typically a ∗-algebra over C.

Differential structure  d: A → Ω1 d(ab) = adb + (da)b,  where Ω1 = span{a db | a, b ∈ A} 

d: Ω𝑛 → Ω𝑛+1 d(ω ∧ η)= (dω) ∧ η+ (−1)𝑛 ω ∧ dη, 𝑑2 = 0

where ω, η ∈ Ω= ⊕n≥0 Ω𝑛 with Ω0 = A 

Connection ∇ : Ω1 → Ω1 ⊗𝐴 Ω1,                     ∇(a.ω) = a.∇ω+da ⊗𝐴 ω,            where ω ∈ Ω1

σ map: Ω1 ⊗𝐴 Ω1 → Ω1 ⊗𝐴 Ω1,                                     ∇(ω.a) = (∇ω).a+ σ (ω ⊗𝐴 da )

Connection ∇: Ω1 ⊗𝐴 Ω1 → Ω1 ⊗𝐴 Ω1 ⊗𝐴 Ω1 ∇(ω ⊗𝐴 η) = ∇ω ⊗𝐴 η + (σ ⊗𝐴 id)(ω ⊗𝐴 ∇η)
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Metric g ∈ Ω1 ⊗𝐴 Ω1, which is invertible in the sense of a bimodule map  (  ,   ): Ω1 ⊗𝐴 Ω1→ A obeying 

((ω, ) ⊗𝐴 id)g = ω = (id ⊗𝐴 ( , ω))g  

quantum symmetry condition:                                                ∧(g)=0

Quantum Levi-Civita connection(QLC):                                 ∇g = 0 and  ∧∇ − d=0

Riemann curvature 𝑅∇ : Ω1 → Ω2 ⊗𝐴 Ω1 𝑅∇ = (d ⊗𝐴 id − id ∧ ∇)∇

Ricci tensor :                   Ricci = (( , ) ⊗𝐴 id)(id ⊗ i ⊗ id)(id ⊗ 𝑅∇ )g,             where i: Ω2 → Ω1 ⊗𝐴 Ω1

Ricci scalar S:                                                                       S= ( , )Ricci ∈ A

Reality condition:                                                                   𝑔† = 𝑔 and      ∇ ○ ∗ = σ ○ † ○ ∇

Elements of Quantum Riemannian Geometry(QRG)
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Recall QRG on algebra A = 𝑴𝟐(𝑪)
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Recall QRG on algebra A = 𝑴𝟐(𝑪)
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QRG on algebra A = 𝑪∞(𝑴)⊗ 𝑴𝟐(𝑪)

Follow a quantum Kaluza-Klein formulation, we solve for the quantum Riemannian geometry on A = 

𝑪∞(𝑴)⊗ 𝑴𝟐(𝑪) ,

We take the graded tensor product exterior algebra

Proposition: For the reason that quantum metric g has to be central, the most general 

metric has the form   
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QRG on algebra A = 𝑪∞(𝑴)⊗ 𝑴𝟐(𝑪)

Proposition:
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QRG on algebra A = 𝑪∞(𝑴)⊗ 𝑴𝟐(𝑪)

Proposition:
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QRG on algebra A = 𝑪∞(𝑴)⊗ 𝑴𝟐(𝑪)

Proposition:
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