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Elements of Quantum Riemannian Geometry(QRG)

We work with an algebra A, typically a x-algebra over C.

Differential structure d: A — Q1 d(ab) = adb + (da)b, where Q! =span{a db|a, b € A}

d: Qn — Qntl dw A= ([dw)An+ (=D*wAdn, d?> =0
where w, N € Q= @50 Q" with Q° = A

Connection V: Q! — Q! ® , Q1, V(a.w) = a.Vw+da ® 4 w, where w € Q1!

omap: ' ®, 0 - Ot ®, O, V(w.a) = (Vw).a+ o (w ®,4 da)

Connection V: ' @, 0 - 01 ®, ' ®, 0 Viw®,nN)=Vw @, N+ (0 Q4 id)(w R, VN)
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Elements of Quantum Riemannian Geometry(QRG)

Metric g € Q! ®4 Q!, which is invertible in the sense of a bimodule map ( , ): Q! ®, Q'— Aobeying

((w’ ) ®A Id)g =W= (Id ®A ( ) w))g

gquantum symmetry condition: A(g)=0

Quantum Levi-Civita connection(QLC): Vg=0and AV -d=0

Riemann curvature Ry : Q' - Q% ®, Q! Ry =(d®,id-id A V)V

Ricci tensor : Ricci = ((,) ®,id)(id ® i ® id)(id @ Ry )g, where i: Q2 - Q! ® , O
Ricci scalar S: S=(, )Ricci A

Reality condition: gT =g and Vox=gotoV
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Recall QRG on algebra A= M,(C)

In terms of a self-adjoint basis s' (where s™* = s7), the exterior algebra is

513\31:323\32:1‘&}1, stas?=52ast=0

Using Pauli matrices and 1 = id as a basis of M5(C), the differentials are
then

dot = a%s%,  do? = -5t do’ = a?st—ols?, ds'=-c'Vol, Vol=—sias!
The quantum metric of interest is
gz—sl ®@s' +52@s°

A natural 1-parameter QLC has braiding (where 1 =2 and 2 = 1),

Ty '® s’ if i
J(S‘@H)={S—S if i %7

s @s - pstest ifi=j
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Recall QRG on algebra A= M,(C)

The connection is then

N @ . o
Vs'=—o'(s' ®@s' +5°®5°) + §Eg‘jﬂ'j(82 ®s —s' ®s°)-po's'®@s'.

Choosing the canonical symmetric lift
: L o1 1, 2_ 2
i(Vol) = — (s ®s +5°®57)
21
Riemann curvature and Ricci tensor are

_ , : 1
Rys' = —-1(1+ p?)Vol ® s*, RiCCi=—§(1+p2)(Sl®51+52®52), S=0.
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QRG on algebraA=C*(M)Q M, (C)

Follow a quantum Kaluza-Klein formulation, we solve for the quantum Riemannian geometry on A =
C*(M)® M, (C),

We take the graded tensor product exterior algebra Q(A) = Q(ﬂ,f)@g(ﬂ,fz([[j))

Proposition: For the reason that quantum metric g has to be central, the most general
metric has the form

9= gu(z, t)dz" @ dz” + A;, (, t)(s' ® det + da* @ ') + hi;(x, t)s' @ s’

where g, are symmetric, hyy + hoo = 0 and A;, = A,;, and all coefficients are
functions on spacetime M.

‘:LH Queen Mary

University of London



QRG on algebraA=C*(M)Q M, (C)

From now on, we assume for simplicity that if o exists, it obeys
(i) o(dz" ® s*) is the flip;
(ii) The result of o(s* ® s7) doesn’t have any terms with da*.

Proposition: If V is a torsion free bimodule connection then it has the form

vdat = -T") zdz® ® dz” + BY (dz® ® s + 5' @ dz®) + C".“.si ® s’

Vst = Sd.:r @ dz’ + EF (dz® @ s' + s @da‘”)+f} s'® s
where Fgﬁ? Di‘iﬁ are symmetric for the subscripts, F;ﬁ‘v B . C:;? ops Ein € C* (M),

H,f;j- e C* (M) ® M5(C) but does not have an o® component, and

i oo k k _ _k
Cii+C5 =0, 711 +79p =10".
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QRG on algebra A = C*(M)® M,(C)
Proposition: The only metrics that admit a QLC are of the form
9= guv(z, t)da" @ da¥’ + hyj(z,t)s' ® s’

and the QLC has the form in last proposition with the further restrictions
D =B =0,TIis the usual LC for g,,, v is the usual QLC for h;; in the sense

hj iﬁ};fnﬂ + Qﬁhpj Tﬁinqﬁi + h’ﬂj F}ifni = 0
and C, F obey

e e B nitl
Cti==9""hm; E;

T

a(]: hij + hyp, i E o+ him Y A

Y gy - []7
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QRG on algebraA=C*(M)Q M, (C)

The inverse of the metric (,) has the form
(dzt,dz”) = ¢"”, (s'.s')=h", (dz*.s')=0, (s'.dz")=0

where ¢g"¥ h% are the inverse of Guw» i
The Laplacian on f = f,(x,t)o® is

Af=0,)Vvdf=Arpf+An, f- g“ahmJEm(aﬂfa)ﬁahij
where App is the usual GR Laplacian on each component f, and

&M’g f= flij(fiﬂj - Ekcbfcgbﬁfifj)

is the Laplacian on M, (C) at each z, 1.
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QRG on algebraA=C*(M)Q M, (C)

If hijs' ® s = h(x,t)(-s' ® s' + 5° ® %), then

Af(x,t)=(Arpfa(x,t))o” + (—fl(:x:, t)c:rl + fo(x, *b‘)uz:.f“2 - g"" (O h(x,1)0, fu(z, t)){:rﬂ).

h(x,t)

Especially, if h(z,t) is constant in spacetime and we let A~ (x.,t) = §,, then the
KG equation operator reduces to

(A + mg)f = (Arpfa)o® + m? fo + (:-"ﬂ_.2 —0m ) f1(x, t)ffl + (m2 + 5Trl)f2(:n71f)r:r2 +m? fa0”,

This implies the field f usually regarded as one component field in classical
spacetime now can be regarded as quadruplet of fields having different masses.
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QRG on algebraA=C*(M)Q M, (C)

Proposition:

. . 2 o(x,t)
If the h;js'® s’ = h(x,t)(-s' ® s' + 5 ® s°) and we let h(x,t) = e V33

then

1
S = —§5M +(VHo)(V,0) + > VEV L

2
\/ 3 — 3p

where ¢(x,t) is real scalar field and p is an imaginary parameter.

From here we can see that this result has the scalar field which also appears
in KK theory.
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Thank you
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