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with ¥y +¥ky; =85 (j, k€{1,2,3,4}). Then (C*(Cn, Sn), H3, D) is
a spectral triple.
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A geometry for the space of quantum spaces

The Questions
@ How do we formalize convergence of spectral triples?

@ Can we construct new spectral triples as limits?
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A geometry for the space of quantum spaces

[ The Questions
@ How do we formalize convergence of spectral triples?

@ Can we construct new spectral triples as limits?

A proposed solution

Can we use ideas of Noncommutative metric geometry to build a
Gromov-Hausdorff-like distance on the set of meftric spectral
triples?

A spectral triple (2, 72, D) induces three structures relevant to our
goal:
@ Connes metric on the state space of 2,
@ An2(-C C*-correspondence 57,
© An action of [0,00) on JZ by unitaries, given by
t € [0,00) — exp(itDD).
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@ Connes metric

© Convergence of Metrical C*-correspondences

© The Spectral Propinquity

©Q Examples and Applications




Spectral Triples

Spectral triples have emerged as the preferred method to encode
geometric information about quantum spaces.

Definition (Connes, 85)

A| spectral triple | (1, 72, D) is given by:

o a Hilbert space 7,

o aself-adjoint operator 1D defined on a sense subspace
dom (D) of 77, with compact resolvent,

@ aunital C*-algebra %, *-represented on .77,
such that

Ap ={aeA: adom (D) <€ dom (D) and [D, a] is bounded}

is a dense *-subalgebra of 2.
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Connes’ distance

Let (2,77, D) be a spectral triple. For any a € g, we set
L(a) = Il[D, allll .

We then set, for any ¢, w € .7 (1),

mke (@, ¥) = sup{|p(a) —y(a)|: aesa@),L(a) <1}.
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Connes’ distance

Let (2,77, D) be a spectral triple. For any a € g, we set
L(a) = Il[D, allll .

We then set, for any ¢,y € . (),

mke (@, ¥) = sup{|p(a) —y(a)|: aesa@),L(a) <1}.

mky is the noncommutative analogue of the Monge-Kantorovich
metric, called the Connes metric of (2, 77, D).
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Connes’ distance

Let (2,77, D) be a spectral triple. For any a € g, we set
L(a) = Il[D, allll .

We then set, for any ¢,y € . (),

mke (@, ¥) = sup{|p(a) —y(a)|: aesa@),L(a) <1}.

mky is the noncommutative analogue of the Monge-Kantorovich
metric, called the Connes metric of (2, 77, D).

Definition

A spectral triple (A, 7€, D) is metric when its Connes’ metric in-
duces the weak* topology on the state space .7 () of 2.
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Compact Quantum Metric Spaces

Definition (Connes, 89; Rieffel, 98; L., 13)
&, L) is a quantum compact metric space when:

@ 2is a unital C*-algebra,
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Compact Quantum Metric Spaces

( Definition (Connes, 89; Rieffel, 98; L., 13)
&, L) is a quantum compact metric space when:
@ 2lisa unital C*-algebra,

@ L isa seminorm defined on a (dense) Jordan-Lie subalgebra
dom (L) of sa(@) ={ae:a* = a},

Q {acsa®):L(a)=0}=R1gy,

@ The weak* topology on .7 () is metrized by the
Monge-Kantorovich metric mk|, defined Vo, v € . (2) by:

mk (@, ¥) = sup{lp(a@) —y(a)|: acsa@),L(a) <1}

© L(25) v (2:) < F(lalloL () + L@ blla) + KL(@L (b);
O {aedom(l):L(a)<1}isclosedin 2.

We call L an L-seminorm.
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A characterization of compact quantum metric spaces

[ Theorem (Rieffel, 98)

Let 2 be a unital C*-algebra and let L be a seminorm defined on
a dense subspace of sa () with kerL = R1y. Define, for all ¢,y €
(),

mky (@, ¥) = sup{lp(a) —w(a)|: acsa@),L(a) <1}.

The metric mk_ induces the weak* topology on .7 (2)
if, and only if there exists a state p € () such that
{aesa@):L(a) <1,u(a) =0} is totally bounded.

The Gromov-Hausdorff distance in noncommutative geometry/ Connes’ metric Frédéric Latrémoliere



Digression: Locally Compact quantum metrics

[ Theorem (L., 05)

Let 2 be a separable C*-algebra, L a seminorm defined on a dense
subspace of sa () with ker L = {0} (if 2 has no unit) or kerL = R1g.
Define, for all ¢, ¥ € .7 (20),

bLi (¢, w) =sup{lp(a) —y(a)l:acsa@),L(a) <1,llally <1}.

The metric bl induces the weak* topology on () if,
and only if there exists a strictly positive & € 2 such that
{hahesa(®R):L(a) <1,llally < 1} is totally bounded.
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Digression: Locally Compact quantum metrics

[ Theorem (L., 05)

Let 2 be a separable C*-algebra, L a seminorm defined on a dense
subspace of sa () with ker L = {0} (if 2 has no unit) or kerL = R1g.
Define, for all ¢, ¥ € .7 (20),

bLi (¢, w) =sup{lp(a) —y(a)l:acsa@),L(a) <1,llally <1}.

The metric bl induces the weak* topology on () if,
and only if there exists a strictly positive & € 2 such that
{hahesa(®R):L(a) <1,llally < 1} is totally bounded.

What about the Monge-Kantorovich metric? It does not usually
metrize the weak* topology on the state space, but it does on some
special subsets, via Dobrushin (70). A noncommutative version of
Dobrushin’s work is found in L., 13.
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Quantum Isometries
A Lipschitz morphism g : (2, Ly) — (4B, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).
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Quantum Isometries
A Lipschitz morphism m : (U, Ly) — (28, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).

Definition (Rieffel (99), L. (13) )

A quantum isometrym : (U, Ly) — (2B, Lys) is a *-epimorphism such
that 7(dom (Lg)) € dom (Ly) and

Vb e dom (L) [ Les (b) = inf{lLy(a) : m(a) = b}.

A full quantum isometry m is a *-isomorphism such that
s(dom (Lg)) = dom (Lyg) and Lg o = Ly.
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Quantum Isometries
A Lipschitz morphism m : (U, Ly) — (28, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).

[ Definition (Rieffel (99), L. (13))

A quantum isometrym : (U, Ly) — (2B, Lys) is a *-epimorphism such
that 7(dom (Lg)) € dom (Ly) and

Vb e dom (L) [ Les (b) = inf{lLy(a) : m(a) = b}.

A full quantum isometry m is a *-isomorphism such that
s(dom (Lg)) = dom (Lyg) and Lg o = Ly.

Theorem (Rieffel, 99)

If 7 : A Ly) — (2B,Ly) is a quantum isometry, then 7* : ¢ €
S (B) — pom € (R is an isometry from (' (B), mk|,,) into
(7 (), mkLy).
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Quantum Isometries

A Lipschitz morphism g : (2, Ly) — (4B, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).

[ Definition (Rieffel (99), L. (13))

A quantum isometrym : (U, Ly) — (2B, Lys) is a *-epimorphism such
that 7(dom (Lgy)) € dom (Lg) and

Vb e dom (Lyg) Les (b) = inf{lLy(a) : m(a) = b}.

A full quantum isometry m is a *-isomorphism such that
s(dom (Lg)) = dom (Lyg) and Lg o = Ly.

Theorem (L., 18)

If Ly, 741, 1) and (A3, 7%, D,) are two unitarily equivalent metric
spectral triples, then (2;,Lp,) and (A, Lp,) are fully quantum iso-
metric.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Definition (The extent of a tunnel, L. 13,14)
The extent y (r) of a tunnel T = (9, Ly, g, w3) is:

maX{HausmkLD (L @), 75 (L A)),
Hausmk, (7(®), 757 (B))},

where
ny €S RA)— pomg €. (D)

and similarly for 7.

.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Definition (The Dual Propinquity, L. 13, 14)
The extent y (7) of a tunnel T = (9, Ly, g, w3) is:

maX{HausmkLD (L @), 75 (L A)),
Hausmk,, (D), 153(7(B) }.

The dual propinquity A* ((2, Ly), (B, L)) is given by:

inf{y (7) : 7 any tunnel from (2, Ly) to (B, Ly)}. ]
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Theorem (L., 13)
The dual propinquity A*, defined for any two quantum compact
metric spaces (2, Lg) by (B, L)) by:

inf{y (7) : 7 any tunnel from (2, Ly) to (B, L)}

is a complete metric up to full quantum isometry:
A (A, Ly, (B,Ly)) = 0 iff there exists a *-isomorphism 7 : 2 — B
such that Loz o = Lg.

\
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Theorem (L., 13)
The dual propinquity A*, defined for any two quantum compact
metric spaces (2, Lg) by (B, L)) by:

inf{y (1) : 7 any tunnel from (2, Ly) to (B, L)}

is a complete metricup to full quantum isometry. Moreover A* in-
duces the topology of the Gromov-Hausdor{f distance on compact

metric spaces.
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@ Convergence of Metrical C*-correspondences
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Metrical C*-correspondences
If (A, 77, D) is a metric spectral triple, then

| avb @, A, ) := (A, D,%,Lp,C,0)

where D = ||-|| s + || D- || s, is an example of the following structure.

[ Definition (L. (16,18,19))
A metrical C*-correspondence Q = (#,D,2A, Ly, B, L) is given by:
@ two quantum compact metric spaces (2, Ly) and (B, L),
@ an 2-B C*-correspondence ., with 5-valued inner
product ¢-,-)_z,
© Disa normon adense subspace of . such that:

O D=l-llLzs:=v&da

@ {we . :D(w) <1}iscompactin (A, |-l 4),

@ Vnwe.# maxilygRw,n) 4) LeSw,n 4} <
HD(w)D(1),

@ Vne# VYaesa(®) D(an <G(laly +Ly()Dm).
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Tunnels between Metrical C*-correspondeces

®,Lp)

(2, L) Ay, L)

Atunnel: L;(a) =inflLg (0171({61})).
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Tunnels between Metrical C*-correspondeces

®,Lp)
|
|

(/ T

7N

Ay, L) = = > (A,D (///Z,Dz) ——(le,Lz)

acts on

¥ isa®-module, D ;(w) =inf T(T;" (fw}), T D-norm
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Tunnels between Metrical C*-correspondeces

®,Lp)
|

Y
7,

61 02
Hl V HZ
@,Q
(A, L1) et (///1_» D™ 1 (///2_, D) B e Az, Lo)
; v
(B1,51) (*B2,S2)

J isa®-¢-C*-corr; (€, Q, 71, 72) tunnel.
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ExtentofMetrical J%tn«e\lg’\ 'r \ w/")"';h\ ,‘\,,h ’\M\("’\
'\ /9 Lo) D (w\?

)
£

| / ‘b N
I,
(%nﬁﬁﬁnm W%%%H%Q)
(Q%,Sl) (%2,52)

¥ (@) =max{y (D,Lp,01,02), x (€, Q,m1,72))}.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.

A nontrivial example of convergence of modules for our metric is
given by Heisenberg modules over quantum tori, where the D-norm
arises from Connes’ connection.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.

When applied to spectral triples, the metrical propinquity provides
metric information, but, maybe most importantly, it encodes the
convergence of the domains of the Dirac operators.
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GPS

© T1he Spectral Propinquity
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Phase

The phase of a Dirac operator

What do we need to add to our construction of our metric on
spectral triples so that distance 0 means equivalence by
conjugation?

y/ The Spectral Propinquity Frédéric Latrémoliere
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Phase

The phase of a Dirac operator

What do we need to add to our construction of our metric on
spectral triples so that distance 0 means equivalence by
conjugation?

If (A, 77, D) is a spectral triple then:

[ teR— U;=exp(itD) ]

is a strongly continuous action of R on .7 such that:

VteR,§e DU =I1Ullw + 1DUL = D(S).
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Phase

The phase of a Dirac operator

What do we need to add to our construction of our metric on
spectral triples so that distance 0 means equivalence by
conjugation?

If , 77, D) is a spectral triple then:

[ teR— U;=exp(itD) ]

is a strongly continuous action of R on .7 such that:

VteR,§e DU =I1Ullw + 1DUL = D(S).

Next step
How do we incorporate convergence of group actions?

y/ The Spectral Propinquity Frédéric Latrémoliere

The Gromov-Hausdor(f di: in ive g



Covariant Reach of a Tunnel

Definition (L., 18)

Let 7 = ((/,T,...),(Hl,...),(Hg,...)) be a metrical tunnel from
&y, 74, ID1) to (y, 75, D). Let € > 0. The reach p™ (tle) of T is

orbital
uniform
sup inf sup’ sup (U TT;() —(U,én,l'[k(w))jf
Ee neHy ost<l we 7 k
D;©<1Dxm<1  Tw)st
L

I—I
Hausdorff distance
V3




Covariant Reach of a Tunnel

Definition (L., 18)

Let 7 = ((/,T,...),(Hl,...),(Hg,...)) be a metrical tunnel from
&y, 74, ID1) to (y, 75, D). Let € > 0. The reach p™ (tle) of T is

orbital
uniform
sup inf “sup’ sup (U}, @), —(U,zn,l'lk(wD%p
Eesti neHy ost<l we 7 k
D;©<1Dxm<1 * Tw)=<1
L

I—I
Hausdorff distance
V3

The e-magnitude u™ (te) of T is max{y (1), o™ (rle)}.
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Covariant Reach of a Tunnel

Definition (L., 18)

Let 7 = ((/,T,...),(Hl,...),(Hg,...)) be a metrical tunnel from
&y, 74, ID1) to (y, 75, D). Let € > 0. The reach p™ (tle) of T is

orbital
uniform
sup inf ‘sup sup (U;.f,l'[j(w))%—(U,zn,l'lk(w))jﬁc
gest; NMEM  ggp<l we g i
D;(©)<1Pklm=1 * Tw)<1
L

I — |
Hausdorff distance
V3

The e-magnitude u™ (te) of T is max{y (1), o™ (rle)}.

This construction is a special case for our notion of convergence of

actions of monoids over compact quantum metric spaces and their
modules (which usually involves means to also approximate proper
monoids).
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The Spectral Propinquity

( Definition (L., 18)

The spectral propinquity ASPe¢((Ay, .74, D1), Ry, 76, Dy)) between
two metric spectral triples (2(;, 771, D1) and (2,, 743, D) is

2
inf{%,g > 0 : 37 tunnel from (R, 74, D7)

to (A, .74, D) such that u (t]e) < e}.
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The Spectral Propinquity

( Definition (L., 18)
The spectral propinquity ASPe¢((Ay, .74, D1), Ry, 76, Dy)) between
two metric spectral triples (2(;, 771, D1) and (2,, 743, D) is

2
inf{g,e > 0 : 37 tunnel from (R, 74, D7)

to (A, .74, D) such that u (t]e) < e}.

\

[ Theorem (L., 18)

The spectral propinquity ASP*¢ is a metric on the
class of spectral triples, up to unitary equivalence, i.e.
ASPEC((Uy, 74, ID1), (y, 775, 1D2)) = 0 if, and only if there exists
a unitary U : 74 — ¢ such that Udom (ID,) = dom (DD,),

UD,U" = D, and Ady *-isomorphism from 2; to 2.
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GPS

@ Examples and Applications

7
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Matrix Models: Clock and Shift, Fuzzy Tori

1 0-ooennnnn 0 01 0:------ 0
0 r :
Cn: n andsn: O ,
) r?—l [ 0 1
U 0 1y 1 0cevveennnn. 0

with r,, = exp (2Z). Note that C*(Cp, S) = B(C™).
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Matrix Models: Clock and Shift, Fuzzy Tori

1 0-cvvvvene 0 0.1 0-------
C,= n L |ands, =]

r?—l [\ 0

Looeneey 0 1 0ceeeinnnnnn.

with r,, = exp (2Z

defined on .77, = B(C") ® C* be defined by:

Dy

n
2

|

2

Sp+ S

[0

®')/1+

S,— Sk

. )

Cp+Cyp

,‘] ®Y3 +

.]mz

5o

). Note that C*(Cy, Sp) = B(C™). Let ID,, be

®Y4)r

with ¥y +¥ky; =85 (j, k€{1,2,3,4}). Then (C*(Cn, Sn), H3, D) is
a spectral triple.
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Convergence of Fuzzy tori

Theorem (L., 21)
The sequence (C*(Cy, Sy), B(C™") ® C*, Dy) o Where

n

: Sn+S;,
S 2n

2

Sp—S8
2i
Cp+Cp

)

0

] o

®')’1+

. "

®Y4)r

®Y3 +

converges, for the spectral propinquity, to the spectral triple
(C(T?), [2(T?) ® C*, D2), where C(T?) = {(e'?, e'¥) : 0,y € (0,271},
and on a dense subspace of L (T?) ® C*, we set

D2 = cos(y)0g ®y1 +sin(y)dg ® y2 +c0s(0)0y ® Y3 +sin(0)0y ®y4.
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Convergence of Fuzzy tori

Theorem (L., 21)
The sequence (C*(Cy, Sy), B(C™") ® C*, Dy) o Where

n

: Sn+S;,
S 2n

2

Sp—S8
2i
Cp+Cp

)

0

] o

®'}’1+

. "

®Y4)r

®Y3 +

converges, for the spectral propinquity, to the spectral triple
(C(T?), [2(T?) ® C*, D2), where C(T?) = {(e'?, e'¥) : 0,y € (0,271},
and on a dense subspace of L (T?) ® C*, we set

D2 = cos(y)0g ®y1 +sin(y)dg ® y2 +c0s(0)0y ® Y3 +sin(0)0y ®y4.

This result is extended to more general fuzzy/quantum tori (L., 21).
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Piecewise C' Fractals Curves

The Sierpinsky gasket

Let| /' =@}, 69:;111;2([_1’1]) and | 8¢) = (anlrl'j)neN,jE{l,...,?)”}

For ne IN\ {0}, let C; 1,...,Cy 3» be affine functions from [0, 1], which
parametrize every edge of the level 7 triangles in .#%,,.

7
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Piecewise C' Fractals Curves

The Sierpinsky gasket

Let| /' =@}, 69:;111;2([_1’1]) and | 8¢) = (Znélnvf)nem,je{l,...,e,"}

For ne IN\ {0}, let C; 1,...,Cy 3» be affine functions from [0, 1], which
parametrize every edge of the level 7 triangles in .#%,,. For
[ € C(FGoo), weset| fEn,ji=foCn,jll-Nén, |

(C(#%9w), 7,d) is aspectral triple, constructed by Lapidus et al.

7
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Convergence of certain fractals

For each n € IN, let @,, be the restriction of @ to
IN = 632]:1 @?Zl L*([-1,1]), and let C(#¥9y) acts on _Zy.

Theorem (Landry,Lapidus,L., 20)

Let (C(¥% ), / ,@) be the spectral triple over the Sierpinski gas-
ket #%, and foreach n € IN, let (#%,, #,,d,) beits “restriction”

to the finite graph .#%,,. Then

lim AP(C(FYoo), D), (C(FG ), F,B1)) =0.

try/ E: ples and Applications Frédéric Latrémoliere
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Convergence of the Spectrum

Theorem (L., 21)

If (A, 76, Dy) e is a sequence of metric spectral triples converg-
ing to (Rleo, #00, Do) for the spectral propinquity, then:

Sp(zpoo)z{AeR:len 34, € Sp (Dy) A:r}i_{glo/ln}.

Moreover, under reasonable assumptions, the multiplicity of the
eigenvalues converge as well.

The Gromov-Hausdorff distance in noncommutative geometry/ Examples and Applications Frédéric Latrémoliere



Convergence of multiplicities

Theorem (L., 21)

If (2,75, D) e is a sequence of metric spectral triples con-
verging, for the spectral propinquity, to a metric spectral triple
Rloo, 40, Do), and if A € Sp (D), such that:

@ there exists 6 >0 and N € IN such that, forallne N, n > N,
the intersection Sp (D) N (A — 6, A + 8) is a singleton {1},

@ if (multiplicity(A,|D,)) e converges,
then

[ ,}im multiplicity(A,|D,) = multiplicity(A| D).
—00
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Convergence of bounded functional calculus

[ Theorem (L., 21)

If U, 747, D) he is @ sequence of metric spectral triples converg-
ingto 2leo, 7%, Do) for the spectral propinquity, if

Tn= [(jn,Tn,---)y(Hn;---)’ (Gn,-)]

is a metrical tunnel from A, 7, D,) to Rlso, #, Do), let
(€n) new with lim,,_., €, = 0 and such that u (t,|e,) < €5, and if
f € Cp(R), then,

lim sup inf
n=00 fe sy NEHoo
D;(w)<1 DoM<l

sup [(FDWE M) = {f (Doc), On(@)) 4 | =0,

and similarly with 7, and 7%, switched.
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