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Part 1

Spectacular behavior at strong disorder

An exactly solvable system

Numerical simulations

Experimental signature of such phenomena
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Anderson Localization-Delocalization transition in 1D chiral model

The model defined:

Data:

Ergodic dynamical system
(
τ : Z→ Homeo(Ω

)
,dP
)

Two functions t : Ω→ R and m : Ω→ R.

From this data, we assemble a disordered Hamiltonian on C2 ⊗ `2(Z):

Hω =
∑
x∈Z

{
1

2
tx

[(
0 1
0 0

)
⊗ |x〉〈x + 1|+

(
0 0
1 0

)
⊗ |x + 1〉〈x |

]
+ mx

(
0 −ı
ı 0

)
⊗ |x〉〈x |.

}

with
tx = t(τxω), mx = m(τxω)

Key symmetry: (
1 0
0 −1

)
Hω

(
1 0
0 −1

)
= −Hω .

Task: We are going to solve Hψ = Eψ at E = 0.
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Lyapunov/Anderson localization length

The Schroedinger equation at E = 0 reduces to (α = ±1 indexes the top/bottom of ψ)

txψ
α
x−α + iαmxψ

α
x = 0 ⇒ ψαx =

x∏
j=1

(
tx

mx

)
ψα0 .

The Lyapunov exponent (= inverse of Anderson localization length) comes to be

Λ−1 = max
α=±

[
− lim

x→∞
1
x

log |ψαx |
]

=

∣∣∣∣∣ lim
x→∞

1
x

x∑
n=1

(
ln |t(τxω)| − ln |m(τxω)|

∣∣∣∣∣
Fromm Birkhoff’s theorem

Λ−1 =

∣∣∣∣ln
∫
dP(ω) |t(ω)|∫
dP(ω) |m(ω)|

∣∣∣∣

[Mondragon et al, Phys. Rev. Lett. (2014)]
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A typical example

White noise disorder:

ω = [− 1
2
, 1

2
]Z, dP(ω) = dω, t({ωx}) = 1 + W1 ω0, m({ωx}) = m + W2 ω0

Spectacular phenomenon:

The emergence of a manifold of zero Lyapunov exponent at very high levels of disorder.

It implies a sudden insulator/metal phase transition in dynamics of quasi 1-dimensional chain.
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Experimental Observation
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Computing Pairings with Cyclic Cocycles at Strong Disorder

The generic models on CN ⊗ `2(Zd ):

Hω =
∑
q∈Zd

Sq
∑
x∈Zd

wq(τxω)⊗ |x〉〈x |

come from C(Ω) oτ Zd via the GNS rep corresponding to the state Tω(
∑

q wquq) = wq(ω).

This algebra comes with:

A standard differential calculus

T (
∑

q wquq) =
∫
dP(ω)w0(ω), ∂i = ı

∑
q qi wquq , i = 1, . . . , d .

A standard finite-volume approximation (which carries the differential calculus!)

Z 7→ ZN , Ω 7→ ΩN , τ
◦N
x (ω) = ω ∀ x ∈ Zd and ω ∈ ΩN

There is an epi-morphism of C∗-algebras:

pN : C(ω) oτ Zd → C(ΩN) oτ Zd
N , p

(∑
q

wquq
)

=
∑
q

wq |ΩN
u

(N)
q modN
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Computing Pairings with Cyclic Cocycles at Strong Disorder

Theorem [E. P. 2013, 2016] (some of the assumptions are not shown here)

Let h be a smooth element from ∈ C(Ω) oτ Zd and ĥ = pN(h) etc. Then

lim
N→∞

Nm
∣∣∣T (∂α1G1(h) . . . ∂αnGn(h)

)
− T̂

(
∂̂α1G1(ĥ) . . . ∂̂αnGn(ĥ)

)∣∣∣ ≤ ∞, ∀ m > 1.

The estimates also hold if h is taken from appropriate Sobolev spaces.

Example: For models with chiral symmetry in odd dimension:

sign(h) =

(
0 u∗

u 0

)
and we can compute the pairing of u and an odd cyclic-cocycle

νd (u) = Λd

∑
σ

(−1)σT
( d∏

j=1

u−1∂σj u
)
.
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Numerical Results for the 1-Dimensional Model [Mondragon, Phys. Rev. Lett. 2014]

The amazing fact is that, since 0 ∈ Spec(h), u /∈ C(Ω) oτ Zd .
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Further Numerical Results for the 1-Dimensional Models [Song et al, Phys. Rev. B 2014]
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Numerical Results for a 2-Dimensional Model (honeycomb lattice) [E.P., J. Phys. A (2011)]

Hω =
∑
〈x,y〉
|x〉〈y |+0.6ı

∑
〈〈x,y〉〉

(
|x〉〈y |−|y〉〈x |

)
+W

∑
x

ωx |x〉〈x |, (〈, 〉/〈〈, 〉〉 = first/second neighbors)

A manifold of critical extended states develops again.
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Computation of Even Pairings

Chd (pE ) = Λd

∑
σ

(−1)σT
(
pE

N∏
j=1

∂σj pE

)
, pE = χ(−∞,E ](h).
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Integer Quantum Hall Effect [Song et al, Euro. Phys. Lett. 2014]

h ∈ C∗(C(Ω), u1, u2), u1u2 = e2πıΦu2u1, fuj = uj (f ◦ τj ).

h = u1 + u∗1 + u2 + u∗2 + W f , f ({ωx,y}) = ω0,0.
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An Amorphous System under Magentic Field [Bourne et al, J. Phys. A (2018)]

H : `2(L)→ `2(L), H =
∑

x,x′∈L eıθ x∧x′e−3|x−x′||x〉〈x ′|

H can be generated from a grupoid algebra canonically associated to L.
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3-Dimensional Model with Chiral Symmetry [Song et al, Phys. Rev. B (2014)]

C(Ω) o Z3 3 h = 1
2ı

∑3
j=1 Γj ⊗ (uj − u∗j ) + Γ4 ⊗

[
M + 1

2

∑
j=1(uj + u∗j ) + tıΓ1Γ3 + W f

]
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Kane-Mele Model [E.P, J. Phys. A (2011)]

System from AII class (time-reversal symmetric) in d = 2
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Bi2Se3 Model [Leung et al, Phys. Rev. B (2012)]

A system from AII class (time-reversal symmetry) in d = 3

Emil Prodan (Yeshiva University) TIs at Strong Disorder March 2021 17 / 29



The Conjectured Topological Classification Table

j TRS PHS CHS CAZ 0, 8 1 2 3 4 5 6 7

0 0 0 0 A Z Z Z Z
1 0 0 1 AIII Z Z Z Z
0 +1 0 0 AI Z 2Z Z2 Z2

1 +1 +1 1 BDI Z2 Z 2Z Z2

2 0 +1 0 D Z2 Z2 Z 2Z
3 −1 +1 1 DIII Z2 Z2 Z 2Z
4 −1 0 0 AII 2Z Z2 Z2 Z
5 −1 −1 1 CII 2Z Z2 Z2 Z
6 0 −1 0 C 2Z Z2 Z2 Z
7 +1 −1 1 CI 2Z Z2 Z2 Z

A. P. Schnyder, S. Ryu, A. Furusaki, A. W. W. Ludwig, Classification of topological insulators and superconductors in
three spatial dimensions, Phys. Rev. B 78, 195125 (2008).

A. Kitaev, Periodic table for topological insulators and superconductors, (Advances in Theoretical Physics: Landau
Memorial Conference) AIP Conference Proceedings 1134, 22-30 (2009).

S. Ryu, A. P. Schnyder, A. Furusaki, A. W. W. Ludwig, Topological insulators and superconductors: tenfold way and
dimensional hierarchy, New J. Phys. 12, 065010 (2010).
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Part 2

Index Theorems for the cyclic cocycles to explain

The quantization of the pairings in the extreme disorder regime

The emergence of the critical manifolds of extended states

[Following here E.P, Leung, Bellissard, J. Phys. A (2013)]
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The Setting (d = even)

The C∗-algebra and its differential calculus

(Ω, τ,Zd ,dP) ergodic dynamical system

A = C(Ω) o Zd , d = even
(
A 3 a =

∑
q∈Zd aquq , aq ∈ C(Ω)

)
πω(a) =

∑
q

(∑
x aq(τxω) |x〉〈x |

)
Sq (P-almost sure faithful representations on `2(Z2))

∂ja = ı
∑

q qi aquq , T (a) =
∫
dP(ω) a0(ω)

Initial data (a gentle start):

h ∈ A∞, h = h∗

G ⊂ R \ Spec(h) 6= ∅ (spectral gap condition)

pE = χ(−∞,E ](h), E ∈ G (spectral projection) [In general, E is fixed by the electron density]
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The object of interest

ξ(a0, a1, . . . , ad ) = Λd

∑
σ∈Sd

T
(
a0

d∏
j=1

∂σj aj

)

Key properties (following directly from T (∂ja) = 0):

It is (even) cyclic
ξ(a1, . . . , ad , a0) = ξ(a1, . . . , ad , a0)

It is closed b ξ = 0 against the Hochschild coboundary map

(bξ)(a0, a1, . . . , ad , ad+1) =
d∑

j=0

(−1)jξ(a0, . . . , ajaj+1, . . . , ad+1)− ξ(ad+1a0, . . . , ad )

As a result (Connes 1985):

There exists a pairing with the K0-classes landing in a countable subgroup of the real axis:〈
[ξ], [p]0〉 := ξ(p, . . . , p)
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Physical Content

When applied to the spectral projection pE (φij = magnetic flux through the (ij)-facet):

If d = 2 (Bellissard et al 1994):

ξ(pE , pE , pE ) = σH (the Hall conductance at zero temperature)

If d ≥ 4 (E. P. and Schulz-Baldes 2016):

ξ(pE , . . . , pE ) = ∂φi1,i2
. . . ∂φid−1,id

σH (non-linear transport coefficient)
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Time to Examine the Domain of the Co-Cycle

In the standard approach

D(ξ) = A∞ (defined by the semi-norms ‖∂αa‖).

However, Hölder inequality gives:

|ξ(a0, a1, . . . , ad )| ≤ ‖a0‖∞
∏d

j=1

(∑d
k=1 ‖∂kaj‖d

)
, ‖a‖p =

[
T (|a|p)]

1
p

|ξ(a0, a1, . . . , ad )− ξ(a′0, a
′
1, . . . , a

′
d )| ≤ Factor×

∑d
j=0

(∑d
k=1 ‖∂k (aj − a′j )‖d

)
Important conclusion:

The natural domain for ξ is the Sobolev space W1,d (A, T ) defined by the norm

‖a‖S = ‖a‖∞ +
d∑

k=1

[
T
(
|∂kaj |p

)] 1
p

Furthermore, pE ∈ W1,d (A, T ) in the experimental harsh setting.
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Quantized Calculus

The tuple
(
ηω : A → B(H), D̂x0 =

Dx0
|Dx0
| , Γ0

)
is an even Fredholm module, where

H = C2d ⊗ `2(Zd ), ηω = 1⊗ πω

Γi = Clifford matrices and Γ0 = −inΓ1 · · · Γd

Dx0 =
∑d

i=1 Γi ⊗ (Xi − x0)

If the module is (d ,∞)− summable, then Connes-Chern character comes into play:

Trs
(

Γ0

[
D̂x0 , ηω(pE )

]d)
= Ind

(
η−ω (pE ) D̂x0 η

+
ω (pE )

)
Note, however, that we need to push into the Sobolev setting.
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P-Almost Sure Summability

For a ∈ W1,d (A, T ), the following identity holds P-almost surely (Γ(x̂) = Γ− x̂ (x̂ · Γ)):

TrDix

((
ı[D̂x0 , ηω(a)]

)d)
= 1

d

∫
Sd−1

dx̂ trΓ ⊗ T
((

Γ(x̂) · ∇(a)
)d)

Corollary: P-almost surely, the module(
ηω : L∞(A)→ B(H), D̂x0 =

Dx0

|Dx0 |
, Γ0

)
is (d ,∞)-summable over W1,d (A, T ). As a result, P-almost surely,

Trs
(

Γ0

[
D̂x0 , ηω(pE )

]d)
= Ind

(
η−ω (pE ) D̂x0 η

+
ω (pE )

)
∈ Z.

Using quantized calculus, we produced a family Z-valued cyclic co-cycles over W1,d (A, T ).
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Local Formula for the Connes-Chern Character

Connes-Moscovici local-index formula:

(see C. Bourne’s PhD thesis)

However, in our particular context, we can use some remarkable identities

In d = 2, the identity is due to Alain Connes (1985)

∑
q

(
1−

x(x + x1)

|q(q + x1)|

)(
1−

(x + x1)(x + x2)

|(x + x1)(q + x2)|

)(
1−

(x + x2)q

|(x + x2)x |

)
= 2πı x1 ∧ x2

The generalization to d > 2 looks like this (xd+1 = 0)

∫
Rd

dx tr
{

Γ0

d∏
i=1

( Γ · (xi + x)

|Γ · (xi + x)|
−

Γ · (xi+1 + x)

|Γ · (xi+1 + x)|

)}
= (2ıπ)d/2

(d/2)!

∑
ρ∈Sd

(−1)ρ
d∏

i=1

xi,ρi
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Sketch of Proof of the Geometric Identity

Left side generates terms like tr
{

Γ0
∏d

i=1 Γ · yαi

}
= (2ı)d/2d! Vol[0, yα1 , . . . , yαd ]

∫
dx
∑
{α1,...,αd} Vol

[
0, yα1 , . . . , xαd

]
= Vol(unit ball)×Vol

(
0, x1, . . . , xd

)
The volume on the right is expressed as a determinant.
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The Index Theorem for Even Dimension

Theorem: For any p ∈ W1,d (A, T ), P-almost surely

η−ω (p)D̂x0η
+
ω (p) is a Fredholm operator.

Ind
(
η−ω (p)D̂x0η

+
ω (p)

)
= ξ(p, . . . , p)

If p(t) ∈ W1,d (A, T ) varies continuously w.r.t. the norm
∑d

k=1 ‖∂k (·)‖d , then

ξ
(
p(t), . . . , p(t)

)
= constant ∈ Z.

Proof:

η−ω (p)D̂x0η
+
ω (p)− η−τxω(p)D̂x0η

+
τxω

(p) = compact operator

η−ω (p)D̂x0η
+
ω (p)− η−ω (p)D̂x′0

η+
ω (p) = compact operator

Ind
(
η−ω (pE ) D̂x0 η

+
ω (pE )

)
=
∫
dP(ω)

∫
dx0 Trs

(
Γ0

[
D̂x0 , ηω(pE )

]d)
Evaluate the right side using the geometric identity.
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The Index Theorem for Odd Dimensions [E.P, Schulz-Baldes J. Func. Anal. (2016)]

Theorem: For any u ∈ W1,d (A, T ), P-almost surely

Ex0ηω(u)Ex0 (Ex0 = χ(−∞,0](Dx0 )) is a Fredholm operator.

Ind
(
Ex0ηω(u)Ex0

)
= ξ(u−1, u, . . . , u)

If u(t) ∈ W1,d (A, T ) varies continuously w.r.t. the norm
∑d

k=1 ‖∂k (·)‖d , then

ξ
(
u(t)−1, . . . , u(t)

)
= constant ∈ Z.
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