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Ĵ (1)2 |j1, m1〉 = j1(j1 + 1) |j1, m1〉 , Ĵ (2)2 |j2, m2〉 = j2(j2 + 1) |j2, m2〉 ,
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3 |j2, m2〉 = m2 |j2, m2〉 , KJL>MN
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F/&4: '+-%=&+09(;4@*+ D(-9C ): J (1)
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4
J
(2)
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-%*,9,12> E+;43&*+ 9:=(& /&4(.(<4: 8%0&3&:F6;S<+37 0-.(/<4-6' 0,*+ K��N <( 09(< 4;%3&+<%'+ |j1, m1〉 |j2, m2〉
I

(

Ĵ
(1)
+ Ĵ

(1)
− + Ĵ

(1)
− Ĵ

(1)
+

)

|j1, m1〉 |j2, m2〉 = (j1(j1 + 1)−m1(m1 − 1)) |j1, m1〉 |j2, m2〉

+ (j1(j1 + 1)−m1(m1 + 1)) |j1, m1〉 |j2, m2〉

= 2
(

j1(j1 + 1)−m2
1

)

|j1, m1〉 |j2, m2〉 KJL>�N
4 (<(;%F43&<4:
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Ĵ
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+ Ĵ
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− + Ĵ

(2)
− Ĵ

(2)
+
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|j1, m1〉 |j2, m2〉 = 2
(

j2(j2 + 1)−m2
2

)

|j1, m1〉 |j2, m2〉 . KJL>�N
T -%;:4
Ĵ
(1)
+ Ĵ

(2)
− |j1, m1〉 |j2, m2〉

=
√

j1(j1 + 1)−m1(m1 + 1)
√

j2(j2 + 1)−m2(m2 − 1) |j1, m1 + 1〉 |j2, m2 − 1〉 , KJL>�N
Ĵ
(1)
− Ĵ

(2)
+ |j1, m1〉 |j2, m2〉

=
√

j1(j1 + 1)−m1(m1 − 1)
√

j2(j2 + 1)−m2(m2 + 1) |j1, m1 − 1〉 |j2, m2 + 1〉 KJL>aN
4 '=:0&34:
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Ĵ
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3 + Ĵ

(2)
3
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|j1, m1〉 |j2, m2〉 =
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m2
1 + 2m1m2 +m2

2

)

|j1, m1〉 |j2, m2〉 . KJL>MLN
T(9:* ' 0,*4: %9=&+*,1:*+

Ĵ2 |j1, m1〉 |j2, m2〉 KJL>MMN
= (j1(j1 + 1) + j2(j2 + 1) + 2m1m2) |j1, m1〉 |j2, m2〉

+
√

j1(j1 + 1)−m1(m1 + 1)
√

j2(j2 + 1)−m2(m2 − 1) |j1, m1 + 1〉 |j2, m2 − 1〉

+
√

j1(j1 + 1)−m1(m1 − 1)
√

j2(j2 + 1)−m2(m2 + 1) |j1, m1 − 1〉 |j2, m2 + 1〉 .
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|j1, m1〉 |j2, m2〉

/%09(1:*+ <%': 09(<+C *4(<%'434: |j1, m1 + 1〉 |j2, m2 − 1〉
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|j2, m2 + 1〉
> E(=9% &(,'()+BC ): '0&+09-4: 9: 09(<+ %/8%'4(/(12 9:1 0(*:1 '(=9%@34
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∑
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4
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∑
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∣
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, KJL>M^N

T(,'()*+C ): 09(<+ KJL>MJN 3&+ KJL>M^N 02 9(-): 09(<(*4 '.(0<+*4
J (1,2)2 4 3&(0(*4 02

%&<(3&(<: 1(-%
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∣
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∣
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&(09%0,1:*+ 0+09:*(9+3&<2 8=%3:/,=5 1('<:1 -%<09=,-314 09(<6'
'.(0<+37 %8:=(9%=( Ĵ2 > T(,'()*+ <(184:='C ): 409<4:12 /'( 09(<+ 4;%3&+<%':C -96=: 02
09(<(*4 '.(0<+*4

Ĵ2 C *4(<%'434: 09(<+ % <(1'+)0&+37 4 <(1<4)0&+37 *%);4'+37 =&,9(37
-=59, m1,2 = ±j1,2

> $&:3&+'4@34: /;( 9+37 /', '(=9%@34 %9=&+*,1:*+
Ĵ2 |j1,±j1〉 |j2,±j2〉 = (j1(j1 + 1) + j2(j2 + 1) + 2j1j2) |j1,±j1〉 |j2,±j2〉

= (j1 + j2)(j1 + j2 + 1) |j1,±j1〉 |j2,±j2〉 . KJL>M�N
E4/&4*+ &(9:*C ): 9: /'( 09(<+ 02 09(<(*4 '.(0<+*4 %8:=(9%=( Ĵ2 /% '(=9%@34 '.(0<:1
j = j1 + j2

%=(& %8:=(9%=( Ĵ3

/% '(=9%@34 '.(0<:1
m = ±(j1 + j2)

> R%&%09(1: &(9:* 1:S/+<4: ,09(;4B '086.3&+<<4- 8=%8%=31%<(;<%@34 8%*45/&+ 09(<:*
|j = j1 + j2, m = j1 + j2〉( 09(<:*

|j1, j1〉 |j2, j2〉
> T: '&F;5/, <( '(=,<:- ,<%=*%'(<4( '086.3&+<<4- 9:< *%):8=&+1*%'(B 1:/+<4: 8%09(B D(&+ eiϕ

> �=(/+3+1<4: D(&5 95 8=&+1*,1: 045 1(-% &:=%C 3&+;4
|j = j1 + j2, m = j1 + j2〉 = |j1, j1〉 |j2, j2〉 . KJL>M�N
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∣

∣

∣
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j = j1 + j2
m = j1 + j2

)

= 1. KJL>M�N
E086.3&+<<4- 8=%8%=31%<(;<%@34 /;( 09(<, %m = −j1−j2

'+1/&4: <(* ' 08%06A <(9,=(;<+
& -%<09=,-314 09(<6' '.(0<+37 %8:=(9%=( Ĵ2 > E&6= KJL>M�N 1:09 84:='0&2 & 9&'> -%<':<314
�%</%<(SH7%=9;:+(>

�(123 09(< |j, j〉
*%):*+ 0-%<09=,%'(B '0&+09-4: 09(<+ '.(0<: %8:=(9%=( Ĵ2 /% '(=S9%@34 '.(0<:1 j = j1 + j2

8%8=&:& '4:;%-=%9<: /&4(.(<4: %8:=(9%=:* Ĵ−

> 
&4(.(123 1:/<%S-=%9<4: %9=&+*,1:*+
Ĵ− |j, j〉 =

√

2j |j, j − 1〉 ,
(

Ĵ
(1)
− + Ĵ

(2)
−

)

|j1, j1〉 |j2, j2〉 =
√

2j1 |j1, j1 − 1〉 |j2, j2〉+
√

2j2 |j1, j1〉 |j2, j2 − 1〉 , KJL>MaN
F/&4: j = j1 + j2

> R%<4:'() %A( 09(<+ ': '&%=&: KJL>MaN 02 0%A4: =6'<:C %9=&+*,1:*+C ):

|j, j − 1〉 =

√

j1
j
|j1, j1 − 1〉 |j2, j2〉+

√

j2
j
|j1, j1〉 |j2, j2 − 1〉 . KJL>JLN

�(9'% 045 ,8:'<4BC ): 9(- &/:�<4%'(<+ 09(< |j, j − 1〉
1:09 8%8=('<4: ,<%=*%'(<+> E&6=

KJL>JLN 9.,*(3&+ 045 <( '(=9%@34 %'4:/<437 '086.3&+<4-6' �;:A037(S�%=/(<(I
(

j1 j2
j1 − 1 j2

∣

∣

∣

∣

j1 + j2
j1 + j2 − 1

)

=

√

j1
j1 + j2

,

(

j1 j2
j1 j2 − 1

∣

∣

∣

∣

j1 + j2
j1 + j2 − 1

)

=

√

j2
j1 + j2

. KJL>JMN

�(123 /% /+08%&+314 /'( 09(<+ % 3(.-%'49+* m = j1 + j2 − 1
I

|j1, j1 − 1〉 |j2, j2〉 , |j1, j1〉 |j2, j2 − 1〉 KJL>JJN
*%):*+ 0-%<09=,%'(B /=,F2 -%*A4<(315 ;4<4%'2C -96=( A5/&4: %=9%F%<(;<( /% KJL>JLN>�%*A4<(31( 9( A5/&4: 09(<:* '.(0<+* %8:=(9%=( Ĵ3

/% 9:1 0(*:1 '(=9%@34 '.(0<:1
m =

j−1
> R%<4:'() 09(<+ |j,m〉

<4: 02 &/:F:<:=%'(<:C *,04 %<( %/8%'4(/(B 09(<%'4 % 4<<+*
j
> G:/+<+* *%);4'+* 09(<:* 1:09 9, 09(< |j − 1, j − 1〉

> ` &(9:*
|j − 1, j − 1〉 = α |j1, j1 − 1〉 |j2, j2〉+ β |j1, j1〉 |j2, j2 − 1〉 , KJL>JQN

F/&4: �Y]XYZ\U��] K9% -%;:1<( -%<':<31(N '086.3&+<<4-4 α 4
β '+;43&+*+ & '(=,<-, %=9%SF%<(;<%@34

〈j − 1, j − 1 |j, j − 1〉 = α

√

j1
j
+ β

√

j2
j

= 0 KJL>J^N
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4 ,<%=*%'(<4(
〈j − 1, j − 1 |j − 1, j − 1〉 = α2 + β2 = 1. KJL>J�NG(- .(9'% 045 8=&:-%<(B =%&'42&(<4: =6'<(� KJL>J^N 4 KJL>J�N <4: 1:09 1:/<%&<(3&<:

α = ±

√

j2
j
, β = ∓

√

j1
j
. KJL>J�N

�,04*+ &(9:* 8=&+12B -%;:1<2 -%<':<315C -96=( 1:/<%&<(3&<4: %-=:@;4 '+A6= &<(-, '=6'<(<4, KJL>J�N> `A+ 95 -%<':<315 '+F%/<4: '+8%'4:/&4:BC &(,'()*+ ):

α =

(

j1 j2
j1 − 1 j2

∣

∣

∣

∣

j1 + j2 − 1
j1 + j2 − 1

)

, β =

(

j1 j2
j1 j2 − 1

∣

∣

∣

∣

j1 + j2 − 1
j1 + j2 − 1

)

. KJL>J�N
R=&+1*4:*+C ): '086.3&+<<4- β > 0 C 3% %F6;<4: *%):*+ &(840(B 1(-%

(

j1 j2
j1 j2 − n

∣

∣

∣

∣

j1 + j2 − n
j1 + j2 − n

)

> 0, KJL>J�N
F/&4: 0 6 n 6 2j2

> �%<':<31( 9( 8%&'(;( <(* '+&<(3&+B 1,) 1:/<%&<(3&<4: '0&+09-4:
'086.3&+<<4-4 �;:A037(S�%=/(<(> H92/ *(*+

|j − 1, j − 1〉 = −

√

j1
j
|j1, j1 − 1〉 |j2, j2〉+

√

j2
j
|j1, j1〉 |j2, j2 − 1〉 , KJL>JaN

3&+;4
(

j1 j2
j1 − 1 j2

∣

∣

∣

∣

j1 + j2
j1 + j2 − 1

)

= −

√

j1
j1 + j2

,

(

j1 j2
j1 j2 − 1

∣

∣

∣

∣

j1 + j2
j1 + j2 − 1

)

=

√

j2
j1 + j2

. KJL>QLN


(;0&( 8=%3:/,=( 1:09 1,) %3&+'409(I /&4(.(*+ <( 09(<+ KJL>JLN 4 KJL>JaN %8:=(9%=:*
Ĵ−

4 /%09(1:*+ /'4: -%*A4<(31: ;4<4%': 09(<6'
|j1, j1 − 2〉 |j2, j2〉 , |j1, j1 − 1〉 |j2, j2 − 1〉 , |j1, j1〉 |j2, j2 − 2〉 KJL>QMN

%/8%'4(/(123: 09(<%*
|j, j − 2〉 , |j − 1, j − 2〉 ,F/&4: j = j1+j2

> �%=&+09(123 & '(=,<-, %=9%F%<(;<%@34C ,<%=*%'(<4( 4 -%<':<314 KJL>J�N-%<09=,,1:*+ 9=&:342 -%*A4<3(15 ;4<4%'2 %/8%'4(/(1232 09(<%'4
|j − 2, j − 2〉 .
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T(,'()*+C ): ' &:=%'+* -=%-, /+08%<%'(;4@*+ 1:/<+* 09(<:* 4;%3&+<%'+* |j1, j1〉
|j2, j2〉

C ' 84:='0&+* /'%*( 09(<(*4 KJL>JJNC ( ' /=,F4* 9=&:*( 09(<(*4 KJL>QMN> E
n−

9+* -=%-, 8%'4<<4@*+ *4:B /% /+08%&+314 n+ 1
09(<6'I

|j1, j1〉 |j2, j2〉

|j1, j1〉 |j2, j2 − 1〉 , |j1, j1 − 1〉 |j2, j2〉

|j1, j1〉 |j2, j2 − 2〉 , |j1, j1 − 1〉 |j2, j2 − 1〉 , |j1, j1 − 2〉 |j2, j2〉

. . . KJL>QJN
|j1, j1〉 |j2, j2 − n〉 , |j1, j1 − 1〉 |j2, j2 − n+ 1〉 , . . . |j1, j1 − n〉 |j2, j2〉4 9(- /(;:1 > G:):;4 1:/<(- n = 2j1

;,A n = 2j2
9% '6'3&(0 ' <(0958<+* Kn + 1O'0&+*N

-=%-, <4: 8%1('4( 045 1:/:< K;,A /'( 1:@;4 j1 = j2
N & /', 0-=(1<+37 09(<6' ': '&%=&:

KJL>QJNC 3% %&<(3&(C ): ;43&A( 09(<6' 1:09 9(-( 0(*( K;,A % 1:/:< *<4:10&(N 1(- ' -=%-,8%8=&:/<4*> ` 9% & -%;:4 %&<(3&(C ): <4: *,04*+ -%<09=,%'(B <%':1 -%*A4<(314 ;4<4%':1 C
-96=( %/8%'4(/(.(A+ 09(<%'4

|j − n− 1, j − n− 1〉
> P/ 9:F% *%*:<9, 8=&:09(1: 8%1(S'4(B 045 -%<4:3&<%@B -%<09=,%'(<4( 09(<6' % <%'+* j

> �&+;4C ): *4<4*(;<:
jmin = j1−j2F/+ j1 > j2

C ;,A jmin = j2−j1
C F/+ j2 > j1

> P/ 9:1 8%=+ ;43&A( 09(<6' %9=&+*+'(<( ' -%S;:1<+37 -=%-(37 A5/&4: 045 &*<4:10&(BC () %042F<4:*+ %09(9<4C 8%1:/+<3&+ 09(< 4;%3&+<%'+
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Ĵ3
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