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M. Cetinkaya-Rundel and J. Handrin, „Introduction to Modern Statistics” 

 



Modern statistics 

08/01, 15/01, 22/01 2025 

2 

 Scientists seek to answer questions using 

rigorous methods and careful observations 

 These observations – collected from the likes of 

field notes, surveys, and experiments – form the 

blackbone of statistical investigations and are 

called data. 

 Statistics is the study of how best collect, 

analyze and draw conclusions from data.  
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Introduction  
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 Observations, variables and data matrice  



Data basics 
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 Type of variables 
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 Population and sample 



Experiments 
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 Read  

Principle of experimental design 



Experiments 
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 Blocking 



Experiments 
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 Reducing bias in human experiments 

Read more …. about placebo effect, blind study, double-blind setup  
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Study design 
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 Sampling principles and strategies 



Case study: Olympic 1500m 
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?? 



Case study: Olympic 1500m 
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 Simson’s paradox 
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 Simson’s paradox 
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Exploratory data  

analysis 

 

 we skip it here, as covered it in the first lecture;  

for interesting examples read chapters in the book 
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Regression modeling 

• We skip most of  it here, as covered during lectures in October; for more 

examples read chapters in the book 

• Here included only what I found explained differently or not covered 

during lectures in October 



Linear regression with single predictor 
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Residuals 
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Residuals 
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 Unclear if 

the  slope 

different 

from zero Pattern 

 in residuals 



Describing linear relationship with correlations 
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Categorical predictors with two levels 
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Coefficient of determination: R-squared 
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Outliers 
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Linear regression with multiple predictors 
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Linear regression with multiple predictors 
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 Indicator and categorical predictors 



Linear regression with multiple predictors 
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 Indicator and categorical predictors 
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Linear regression with multiple predictors 
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Software = R package 



Many predictors in the model 
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Many predictors in the model 
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Adjusted R-squared 
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Logistic regression 

08/01, 15/01, 22/01 2025 

54 



Logistic regression: discrimination of hiring case 
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Logistic regression 
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Logistic regression 
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Modeling the probability of an event 
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Foundation for statistical 

inference 



Statistical inference 
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 The key concept in statistics is making conclusions about 
the population using information in a sample; the process 
is called statistical inference.  

 By using computational methods as well as well 
develloped mathematical theory we can understand how 
one dataset differs from a different  dataset –even if two 
dataset were collected under identical settings.  

 Statistical inference is primarily concerned with 
qunatifying and understanding the uncertainty of 
parameter estimates. While the equations and details 
changes depending on the setting, the foundations for 
inference are the same through all the statistics.  



Idea of randomization test 

08/01, 15/01, 22/01 2025 

65 

 Lets start with small case study:  

 gender discrimination  

 

 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

66 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

67 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

68 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

69 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

70 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

71 



Statistical inference: case study 

08/01, 15/01, 22/01 2025 

72 



Statistical inference: case study 
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Statistical inference: case study 
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0.30 

Result of promotion 

p-value = 0.05 
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Statistical inference: case study 
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Foundation for inference  
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Hypothesis 
testing with 

randomisation 

 
 

Inference with 
mathematical 

models 

 

 

Confidence 
intervals with 
bootstrapping 
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Hypothesis testing with 

randomisation 



Hypotheses test 
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 Hypotheses test, is a formal technique for 

evaluating two competing possibilities.  

 Null hypothesis represents either skeptical scenario 

or perspective with no difference.  

 Alternative hypotheses represents a new perspective 

such as possibility of relationship between variables 

or a treatement effect in an experiment. 

 The alternative hypotheses is usually the reason the 

scientists set out to do research in the first place   



Randomization testing procedure 
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Hypotheses test 
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 p-value and statistical discernibility 



Hypotheses test 
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 p-value and statistical discernibility 
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Confidence intervals with 

bootstrapping 
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 We expand on idea of using a sample proportion to 

estimate a population proportion. That is we create 

what is called confidence interval, which is a range 

of plausible values where we may find the true 

population value. 

 The process for creating confidence interval is based 

on understainding how a statistics (here sample 

proportion) varies around the parameter (here the 

population proportion) when many diferent statistics 

are calculated from many different samples. 



Confidence intervals with bootstrapping 
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Randomization vs Bootstrapping 
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 Randomization is a suitable technique for evaluating 
whether a difference in sample proportions is due to a 
chance.  



Randomization vs Bootstrapping 
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 We are now interested in a diferent approach to 

understanding  population parameter. 



Bootstrapping 
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Bootstrapping: case study 
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 Variability of the statistics 
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 Variability of the statistics 
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Bootstrapping: case study 
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 Convidence intervals 



Bootstrapping: case study 
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 Convidence intervals 



Boostrap process and confidence interval 
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Inference with 

mathematical models 



Inference with mathematial models 

08/01, 15/01, 22/01 2025 

104 

 So far questions about population parameters 
were addressed using computational techniques.  

 With randomization tests, the data were permuted 
assuming the null hypothesis.   

 With bootstrapping, the data were resampled in 
order to measure variability.  

 In many cases (indeed with sample proportions), 
the variability of the statistics can be described 
by the computational method or by a 
mathematical fomulas.  
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Law of Large Numbers 
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30 

300 



Disjoint (mutually exclusive) 
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Probability distributions  
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Mathematical models 
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Sampling distribution 
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Sampling distribution 
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Central Limit Theorem  
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Required sample size 
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Hypothesis testing framework 

08/01, 15/01, 22/01 2025 

169 

 



Example 

08/01, 15/01, 22/01 2025 

170 

 



Example 

08/01, 15/01, 22/01 2025 

171 

 



Example 

08/01, 15/01, 22/01 2025 

172 

 



Example 

08/01, 15/01, 22/01 2025 

173 

 



Inference for other estimators 

08/01, 15/01, 22/01 2025 

174 

 



Inference for other estimators 

08/01, 15/01, 22/01 2025 

175 

 



Inference for other estimators 

08/01, 15/01, 22/01 2025 

176 

 



Process of using normal model 
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Significance vs confidence level 
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Statistical inference  



Inference for numerical variables 

08/01, 15/01, 22/01 2025 

191 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

192 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

193 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

194 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

195 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

196 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

197 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

198 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

199 

 



Hypothesis testing for paired data 

08/01, 15/01, 22/01 2025 

200 

 



Bootstrapping 

08/01, 15/01, 22/01 2025 

201 

 



Bootstrapping 

08/01, 15/01, 22/01 2025 

202 

 



Bootstrapping 

08/01, 15/01, 22/01 2025 

203 

 



Bootstrapping 

08/01, 15/01, 22/01 2025 

204 

 



Bootstrapping 

08/01, 15/01, 22/01 2025 

205 

 



Bootstrapping 

08/01, 15/01, 22/01 2025 

206 

 



Bootstrapping limitations 
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ANOVA 
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INFERENTIAL MODELING 



Inferential modeling 
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Inference for 
linear regression 

with a single 
predictor 

 

 

Inference for 
linear regression 
with a multiple 

predictor 

 

 

Inference for 
logistic 

regression 
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Inference  

for linear regresion with a 

a single predictor  



Case study: sandwitch store 
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 Consider o hypothetical population of all the sandwitch 

stores of a particular chain.  

Population model: 

 

True population model: 
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 Variability of the statistics Least square regression fit: 
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 Variability of the statistics Least square regression fit: 

 



Case study: sandwitch store 

08/01, 15/01, 22/01 2025 

268 



Randomization test for the slope 

08/01, 15/01, 22/01 2025 

269 



Randomization test for the slope 

08/01, 15/01, 22/01 2025 

270 
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Slope in original data: +0.35 
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 Variability of statistics 



Randomization test for the slope 
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 Observed statistics vs null statistics 

Natural variability of the slopes would produce estimated between – 0.15 and +0.15. 

We reject the null  hypothesis. We believe that the slope observed in the original data 

is not due to natural variability and indeed there is a linear relationship.  

slope in  

original data 

 +0.35 



Bootstrap confidence interval for slope 
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 Observed data: 
Observed slope 

 +0.036 
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 Variability of the statistics 
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 Variability of the statistics 



Bootstrap confidence interval for slope 
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 Confidence level (95%): (-0.01, 0.081) 



Bootstrap confidence interval for slope 
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 Confidence level (95%): (-0.01, 0.081) 



Mathematical model for testing the slope 
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 Observed data 

 



Mathematical model for testing the slope 

08/01, 15/01, 22/01 2025 

281 

 Observed data 

 

Regression line 
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Mathematical model for testing the slope 
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Mathematical model for testing the slope 
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Mathematical model for testing the slope 
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Mathematical model for testing the slope 
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 Observed statistics vs null statistics 
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Mathematical model for testing the slope 
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 Technical conditions for mathematical model 
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 Technical conditions for mathematical model 
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Inference  

for a linear regression with 

multiple predictor  
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Hypothesis tests 
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Inference  

for logistic regression 
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 For logistic regression: 
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Email dataset 
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Quality of the model 
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Quality of the model 
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The larger model 
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Cross-validation 
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