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Abstract

We propose the measurement of the angular decay distribution of leptons
from W-production at high-¢r in pp collisions. The polar and azimuthal
angles in the W rest frame can be reconstructed modulo a sign ambiguity
in cos § enabling the measurement of six out of nine helicity cross sections
0 describing the most general decay distribution. We review the LO
results of the nine helicity cross sections and present the results of a com-
plete O(a?) next-to-leading (NLO) calculation of four parity conserving
structure functions. We show that large deviations from the well-known
(1 + cos 8)? distribution valid at low-gr are expected already. at moderate
transverse W-momentum (gr > 20 GeV). We present detailed analytical
formulas for all parton level cross sections and discuss the size of the NLO
corrections for W™ production at the Tevatron collider. It is shown that
the measurement of o* (originating from the p.v. part of the hadron
tensor) provide clear constraints on the gluon structure function since it
receives sizable contributions only from the ¢@ initiated process.



1 Introduction

The physics of high transverse momentum qr gauge boson production at hadron
colliders is a rich source of information on many aspects of the physics of the standard
model. From the fact that the gauge boson is produced at high-¢r one can define
an event plane spanned by the beam and the gauge boson’s momentum direction
which provides a reference plane for a detailed study of lepton-hadron correlation
effects using the decay leptons from the decay of the gauge bosons. In fact, these
correlations are described by a set of nine hadronic structure functions which can be
calculated within the context of the parton model using perturbative QCD. In this
way one can test the standard model in a much more detailed way as can be done by
rate measurements alone.

In this paper we concentrate on the production and decay of W-bosons. Charged
W’s have the advantage that they are produced more copiously than Z-bosons (ap-
proximately 6 : 1 at Tevatron conditions).

In refs. [1,2] the complete next-to-leading order O(a?) corrections to the produc-
tion rate of high ¢r gauge bosons at hadron colliders have been calculated. In this
paper, we extend the calculation of [1,2] to the polarization of the produced high-¢;
gauge boson to O(a?).

The polarization of the gauge boson determines the shape of the spectra of the
decay leptons or jets in the laboratory frame which has important implications for
the study of the production of the top quark.

Also the polarization state of the W determines the angular distribution of the
decay leptons or jets in the W rest frame. The general structure of the angular
distribution is given by nine helicity cross sections corresponding to nine density
matrix elements of the gauge boson. Since the NLO corrections to the rate are sizable
it is important to have available the complete NLO corrections to the polarization of
high g7 gauge bosons produced in hadronic collisions.

Concerning the lepton decay modes the W’s have the disadvantage that the de-
cay kinematics cannot be completely reconstructed due to the unobservability of the
neutrino. The transverse components of the neutrino’s momentum can be approxi-
mated from transverse momentum balancing in calorimetric experiments. However,
the longitudinal momentum of the neutrino can only be obtained up to a twofold am-
biguity. Choosing the Collins-Soper frame [3] we show that the polar and azimuthal
angles of the leptons § and ¢ in the W rest frame can be reconstructed modulo a sign
ambiguity in cos # enabling the measurement of six out of nine helicity cross sections.

We review the LO results for six dispersive [8] (time-reversal-(T)-even, O(a,))
and three absorptive [6] (T-odd, O(a?)) helicity cross sections and show that large
deviations from the well-known (1 + cos 8)? distribution valid at low g are expected
already at moderate transverse-W-momenta. We calculate the O(a?) corrections to
the four parity conserving (T-even) helicity cross sections and show that there are
sizable corrections to the born results at high gr. It is clear that the NLO results are
more reliable than the O(ea,) results as they depend less on the renormalization and
factorization scales. Once the asymmetries are established for standard W, we can
use the method to determine the couplings of possible heavier weak bosons.



On the other hand, measurements of the angular decay distribution of leptons
(quarks) provide additional constraints on the parton distribution functions, besides
the parton distribution function determintation from deep inelastic scattering exper-
iments. It is shown that the angular coefficient A3 coming from the parity violating
part of the hadron tensor receives sizable contributions only from the ¢gG partonic
subprocess. We will also show relative contributions for different O(a?) parton pro-
cesses to various helicity cross sections at v/§ = 1.8 TeV. We find that the O(a?)
contribution of the ¢G' process is even more important than the O(a,) ¢§ contribu-
tions for moderate values of gr at these energies. However, the GG contribution is
still neglegible at Tevatron energies. First numerical results for the dominant O(a?)
contributions are given in [4,5).

The paper is organized as follows:

In sec. 2, we discuss the general form of the angular decay distribution of leptons
(quarks) in the gauge boson rest frame and discuss the advantage of the Collins-Soper
frame for the reconstruction of the decay angles. In sec. 3, we review the LO results
and present explicit tree level expressions for all six T-even helicity cross sections and
LO (O(a?)) results for the three T-odd helicity cross sections. In sec. 4 we present
the O(a?) tree plus one-loop corrections to four parity conserving helicity cross sec-
tions. In sec. 5, we give numerical predictions for the O(a?) helicity cross sections
and discuss the size of the NLO corrections. Sec. 5 deals with some details of the
mass factorization for the different helicity cross sections. All technical details and
detailed analytical formulas for all parton level cross sections at NLO are relegated
to the appendices.

2 Angular decay distribution

We consider the angular decay distribution of leptons from gauge bosons produced
in high energy proton-antiproton collisions. For definiteness we take '

P(P)+8(P) » WHQ)+ X - 1F(h) +u(l) + X (1)

We denote the transverse momentum of the W boson in the laboratory frame by g¢r,
its rapidity by v, and the squared cms energy by § = (P, + P;)°. At low gr the
angular distribution of the decay lepton in (1) is given by the well-know formula

do

Todeod = valence quarks ® (1 + cos 6)* + sea quarks ® (1 + cos 6%) (2)
v d cos .

where @ is the polar angle of the electron (positron) in the gauge boson rest frame
with respect to the proton (antiproton) direction.

In this paper we are interested in the case of high-gr W production. In the parton
model the hadronic cross section is obtained by folding the hard parton level cross
section with the respective parton densities. One has

dohih
dg dy dQ2*

sdoa

= %f dzqdey f2 (21, M?) f’(”z,Mz)m

($1P1 y22. P, a.(uz))
(3)



where one sums over a,b = ¢,3,G. f'(z, M?)is the probability density to find parton
a with momentum fraction « in hadron h if it is probed at scale M?. The parton
cross section for the process

a(p) + b(pz) - W(Q)+ X (4)

is denoted by dd,;,. We define the Mandelstam variables to the hadron and parton

level as follows: ‘ )
s = (p +p2) = zz,S

t = (m-9° = «(T-Q)+@ ()
u = (-q) = 2(U-Q)+@
The rapidity y is defined by

1 Q*-U
= —l —_—
Note that the transverse momentum squared

2 _ 2 __
q% — (Q U‘)SEQ T) . Q‘Z (7)

‘is invariant under boosts along the beam direction.

The angles 8 and ¢ in dQ* = dcos 8 d¢ are the polar and azimuthal decay angles
of the leptons in the gauge boson rest frame with respect to a coordinate system
described below. The angular dependence in (3) can be extracted by introducing nine
helicity cross sections corresponding to the nine polarization density matrix elements
defined in (81). The general form of the angular distribution of the (charged) decay
lepton at the parton level is derived in appendix C. At the hadronic level, the angular
distribution in the W rest frame is then given by the following nine hadronic helicity
cross sections do®

- do 3 do”
g gy = o e(88) = —— = {U+L,L,T,1, P, A,7,8,
g dyar ~ 2 %O o M :={U+L,L,T,I,P,4,7,8,9} (8)

where the coefficients g,(8, ¢) are defined by:

gusr(6,9) = 14cos?d 94(8,¢) = 4/2sinf cos¢

9.(8,¢) = 1-3 c052 6 | g:(0,¢) = 2s5in?0 sin2¢

gr(6,¢) = 2sin’6 cos2¢ 0s(0,¢) = 2v2sin20sing  (9)
9:1(8,9) = 24/25in 26 cos ¢ 9(0,¢) = 4v2sinf sing

gr(0,¢) = 2cosf

For a = U+ L, do® denotes the production cross section (i.e. the cross section for
unpolarized bosons), whereas for all other values of @ € M do® denotes the different
contributions to the cross section for polarized gauge bosons. These helicity cross
sections do” give the angular distribution for one of the leptons. Hereafter we take
the charged lepton.



The helicity cross sections OU+L,L,T,19 receive contributions from the parity con-
serving (p.c.) part of the hadron tensors H,,. The remaining four gp 475 are pro-
portional fo the parity violating (p.v.) part of H,,,, i.e. they change sign under parity
(P) transformation. Since the angular coefficients gp 4 ¢ change sign too, angular dis-
tributions involving oy 41,1.7,1,p,4 are parity conserving. Distributions such as charge
asymmetry in W-boson events can thus not discriminate between V — A and V + A
couplings. The relevant coupling coefficients are:

CULLLTI R (v} + a,z)(vg + ag) - (10)

TPA = VGIU,G, (11)

Here vy(vi) and a,(a;) denotes the vector and axial vector coupling of the gauge
boson to the quark (lepton) respectively. On the other hand, o744 are proportional
to the parity (P)-odd coupling of the W-boson to the lepton current times the P-even
coupling to the quark current or vice versa: :

og =2 v;a;('u: + ag) org ~ (vi + a})v,a, (12)

Switching from V — A theory to V + A theory is hence equivalent to reversing sign of
these terms in (8). These angular distributions of the lepton momentum with respect
to the W-boson production plane are not only P-odd but also T-odd [6].

The helicity cross sections do* in (8) are obtained by convoluting the partonic
cross section of partons with momenta p; = 2, P, and p; = z, P; with the respective
parton distributions

d _ hy 2 2 8d0‘ 2
iEdy Ef derdes f3* (21, M) f3? (22, M )dtd (Pnpz,aa(ﬂ )) (13)

The choice of the mass factorization scale M and the renormalization scale p in
(13) will be discussed below.
Introducing standard angular coefficients [3,8],

Ao = 3;;1, Ay = 2fufgl 4= jjﬂa Ay = 4fUiZA (14)
Mmiin  Aeggm AT =i
the angular distribution of eq. (8) is conveniently written as:
do 3 doUtt [
dgtdydcosfdg 16w dgi dy
(1 + cos? 8)

+. %Ao (1 — 3cos? )
+ A4, sin28cos¢ ‘ (15)
+ —;-Az sin? 0 cos 2¢
+ A3 sinfcosg



Ay cos8
As sin’@sin2¢
Ag sin20sing

+ A7 sinfsing

+ + +

Note that the total (angle integrated) rate o¥*L is factored out from the r.h.s. of eq.
(15). Integrating the angular distribution in eq. (15) over the azimuthal angle ¢ we
get:

do 2
W —C(I—I—al COSB'{'C!gCOS 0) (16)
where
3 dO'U+L Ao 2A4 2 — 3A0
[ ——] o = a; = (17)
~ 8 dgt dy 2 2+ 4o 2+ A

And integration over & gives

do - d"'U+L(1+ﬂ b+ Brcos2¢ + By sin g + fysin24)  (18)
dq%» dy d(ﬁ 271_ qud 1 COS 2 COS 3sm 4811'1

where
(19)

At this point it is necessary to discusss the choice of the z-axis in the rest frame
of the lepton pair. In general it will not be possible to reconstruct the boost to the
W rest frame from the measured three-momentum of the charged lepton and the
missing transverse momentum approximating the neutrino pr. However, there is a
frame where one can obtain # and ¢ in (8) uniquely modulo a sign ambiguity in
cos § unaffected by the unknown longitudinal momentum of the neutrino. This is the
Collins-Soper (CS) frame [3] where the initial PP-pair lies in the zz-plane and the
z-axis bisects the angle between the proton and negative antiproton momenta P, and
—P,.

CS: 131 = FE (Sin 'yc,,O,COS‘)fcs) 20
P, = E; (sin s, 0, — cosyc,) (20)

with:
-7 1

sin ¥, = Wopn COS Yoo = g (21)
where r = qr/Mw,E, = (V5/2)V1+7r%" and E, = (VS/2)V1 + r2et?. The

z direction of the lab frame is defined by the proton momentum, whereas the z-
direction is fixed by the transverse momentum of the gauge boson. We briefly show
how 8 and ¢ can be obtained from measured quantities. Denote the lepton’s (electron
or muon) four-momentum in the lab frame by p; = (Ey, pi., 1y, P1.) where p;, and p;,
are the lepton’s momentum components parallel and perpendicular to the proton
in the event plane, i.e. the plane spanned by the proton and the W boson with
gr > 0. The lepton’s four momentum in the CS frame, pf®, can be obtained by



Lorentz-boosting p; from the lab frame to the CS frame. One obtains

1 Mw
CS
Piz = m—r—=——— (2P~ qr)
2/ My + ¢}
pﬁ;s = Dy (22)
2 2
tz 2 M2, /4

where we have imposed the W-mass constraint on the lepton-neutrino system. The
+ correspond to the two solutions for the longitudinal component of the neutrino.
The transverse component pC> is seen to be uniquely determined by the measurable

lab frame quantities p;, and ¢r = +/p¥ + pZy. The CS frame is thus unique in the
sence that in this frame the lepton’s transverse momentum is independent of the
unmeasured longitudinal momentum of the neutrino. On the other hand note that
the longitudinal component pS° is determined only up to a sign. From the charged
lepton momentum in (22) the angles are built up via ¢ = arctan (p,c;s/pﬁs) and

6 = arctan \/ (PE5)2 + (pE5)?/pf.°. The twofold ambiguity in the reconstruction of
the lepton’s momenta in the CS frame translates in an ambiguity § « 7 — @ in the
polar angle while ¢ is determined. This implies that only the helicity cross sections
U+L,L,T,A,7 and 9 in (8) can be determined in a W production experiment.

3 LO results_

In leading order the following parton subprocesses

g+q—-W+tyg
g+g9—-W+g (23)
contribute to large qr W production. The corresponding diagrams for the gauge

boson production are shown in fig. 1. The partonic cross sections contain the delta
function 8(s 4+t + u — Q*) and the helicity cross sections do* in eq. (8) are given by:

do™ 1 dﬂ!]_

do® = 12 dy =% X, {wgé(ml,ﬁ)qu +wi¥(21,2:) Ty + w*%(21,22) Tys
+ w21, 2) T + w21, %) TG, + w21, 5,) Tge} (24)
where |
_ —Q2 -z (T - Qz) -U 2
_ Be—e——"" X, =, S+U— 25
TS+ U - QP S+T—Q° 1=aS+U-Q (25

o = T3(Q% t,u) = TS(qr,y, 1) are the partonic matrix elements squared for the
partonic subprocesses in (23). All information about the electroweak coupling and
the parton distributions is contained in the functions w;(z;,22). For the particular
case of W* production they are given in appendix A.



At O(a,) only doUHDLTLPA Loieives contributions from the tree level parton
subprocesses in eq. (23). The corresponding O(a,) tree level functions T have been
first calculated in [7] for the production of a virtual photon and in [8] for the case of
Z-production. To make the paper self-contained, we reproduce all LO functions T
valid in the Collins Soper frame. The results may be expressed in terms of g>,y and

2y by noting that

t = Q@ - (Q+q})5 zie™
v = Q" —/(Q"+¢})S ze

8 = 21525
so that e.g.
(Qz_t)£Q2—_u)=q%+Q2 and also ujt=qg‘
One has:
TU+L  _ (Q* —u)’ + (@ —ty
97 - ut
_ 1@ @t
Te = E(Qz—t+Q2—u)
o 1@(@2-—1:._@24)
9 T Vo \Q -t Q' —u
01
TF: _ J st (Q2__u)2+(Q2_t)2
“ = @@ D ui |
TA B 1\/(Q2_u)(Q2__t)(Q2_u_Q2._._t)
| e ¥ T
TUHL  _ (@ =)+ (@ 1)
G st
Lo_ (@ 48+ (Q -ty
he = T @ @ )
T — 11/Q2H(Q2—U)2—2(Q2—”2
€ T 2V 2t (@-u)(Q-1)
Th = %T,{a

TP _ _ Qs Q* +u? —20Q%
¥ (@ - u) (@ —1) st

(26)

(27)



Ty = 1\/ B Q4w 2
2(Q" —u)(Q* 1) 8

qG_E

The T-odd distributions T7%° are still zero at O(a,). The reason is that they
obtain contributions from the absorptive part of the the one-loop amplitudes for
the annihilation and the compton processes. As a result, the O(a?) terms of T-odd
observables are the lowest order contributions. They have been first calculated for
the W-production in [6]'. We reproduce the explicit O(a?) results for the T-odd
functions in Appendix B.

All other subprocess cross sections are obtained from the above as follows:

Ty = T if ae My I, = -T; else
Tg, = Tluet) f aeM,; Tg, = —T;o(uet) else

w = T f a€eM,; e = T else
Te; = qu‘ if aeM, T6; = —Tg, else

where M, ={U + L,L,T,I,9} and M, ={U + L,L,T, A,8}.

As mentioned before only the angular coefficients Ao, 4;, A3, A5 and A; can be
determined in a W production experiment.

We will now present some numerical results for the y integrated angular coeffi-
cients Ao, A2 and A3 at O(a,) in the Collins-Soper frame. '

To be specific we shall evaluate the ¢gr distribution for the angular coefficients
Ao, Az and A; for W* production at v'§ = 1.8TeV for the contributing parton
subprocesses in eq. (23). We use the parton density parametrization set 2 of DFLM
[9] with Agep = 175 MeV for five flavours. We identify the scales used in the coupling
constant and in the parton distribution function and set them equal to u? = (m¥, +
qr)/2.

Figs. 9a,b show the gr distribution of Ay, A; and Aj at O(e,) for the ¢ and ¢G
initiatel states separately. Ay, and A, are increasing functions of gr reaching about
0.9 at high ¢r. As has been emphasized by Tung et. al. [10] these coefficients are
simply related by Ao = .A; at the Born level. The result Ag = A, at O{a,) is valid for
any choice of axis in the lepton-pair rest frame, as long the z-axis lies in the hadronic
event plane. We will show in the next section that this relation is no longer true at
O(c?). The relation Ag = A, has been used in W decays by UA1 [11] to determine
the spin of the gluon. In a scalar gluon theory one finds 4y # A; {12] even at the
born level.

As it is shown in fig. 9b the angular coefficient Aj receives sizable contributions
only from the ¢G initiated process. The reason is that the ¢g-contribution to Aj is
antisymmetric for the interchange of 2; and z,, which is seen from T;é using eq. (26)
and (14) 2. Therefore AY is expected to be very small in PP, which is explicitly

1Note that there is a misprint in eq. (8) of Ref. [6]
?Note that the rapidity range is symmetric for equal proton and antiproton momenta. It is given

by: lyl <In [(1/(S = Q%) =4S g3 + 5+ Q*)/(24/(Q* + &})9)].




shown in fig. 9a. AY vanishes exactly for collisions where the product of parton
distributions is symmetric in z; and z;. The measurement of A, provide therefore
clear constraints on the gluon distribution function. _

Fig. 10 shows the gr distribution of Ay, A, and A; at O(a,) for all O(e,) contri-
butions. One observes that the coefficient 4; reaches about 0.2 at gr = 100 GeV.

We plot the coeflicients a,, 81 and B, defined in egs. (17,19) in fig. 11a,b. Again
there are large deviations from the (1 4 cos 8)® (i.e. a; = 1) distribution valid at low
gr even at O(a,). Note that in the limit gr — 0 all coefficients A; vanish, implying
that the polar angle distribution reduce to the prediction of the Drell Yan mechanism.

We do not show numerical results for A; — 4; in this section, as they should be
normalized to the NLO order rate do¥*%, which is calculated in the next section.
Results for A5 and A are presented in fig. 15.
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4 NLO analytical results

At O(a?) we have the following partonic tree (a(p;) + b(p2) — V(q) + e(ky) + d(k))
and loop (a(p1) + b(p2) — V(g) + (k1)) processes that contribute to high ¢r gauge
boson production:

tree contributions: ¢+§ —- V+G+G
¢g+q — V+g+4g
g+G - V4q¢4G (28)
¢g+9 — V+gtg
G+G - V4g+4

loop-contributions: ¢+¢§ — V4G

29
¢g+G@ —» V+4gq (29)

The diagrams giving the O(a?) tree and loop corrections in (28,29) are shown in figs.
2-8. Note that there are two ¢q initiated tree contributions in O{a?). The second-
order contribution of (29) comes from the interference of the corresponding one-loop
diagrams of figs. 7 and 8 with the leading-order diagrams in fig. 1. The Ultraviolet-
(UV)-divergencies are removed by UV renormalization using the MS-scheme which in-
troduces a renormalization scale dependence into the strong coupling constant a,(p?).

We found it convenient to calculate certain covariant projection cross sections
do? (B € {U + L,Ly, Ly, Ly5}) defined in eq. (38) ff. and appendix C. They are
conveniently written as (do = da/dgkdy):

do? = dol, + dolip + dof + dol, (30)

The covariant projection cross sections do® are related to the hadronic helicity cross-

dd;d for @« € {U 4 L,L,T,I} defined in eq. (8) in the CS frame by a
qr 4y _

transformation matrix (M CS)

sections

af

do™ cs do?
dgt dy ~ (M )as dgt dy

(31)

where (M©5),4 is given in eq. (90) of appendix C. Similar transformation matrices
lead to the corresponding helicity cross sections in other gauge boson rest frames like
the Gottfried-Jackson frame or the Helicity frame.

Before specifying the different hadronic projection cross sections do® in more
detail, we briefly discuss some technical details of the NLO calculation. For the
O{c?) tree contributions in eq. (28) we introduce the variable

sa=(ki+k)Yl=pP+p—-9¢’=s+t+u—-Q° (32)

in addition to s,t,u defined in eq. (5). s, is the invariant mass of the system recoiling
against the Boson.

11



To obtain the gr distribution of the W, the O(a?) tree diagrams have to be
integrated over the phase space of the two final state partons with the gauge boson
is held fixed at a given gr. The integration over the recoiling partons is most easily
performed in the (kik;) CM system over the solid angle dfY ;.. dQ%, x, is defined
in eq. (110) ®. The correponding phase space and the necessary set of integrals are
listed in Appendix D. Since all partons are massles, collinear divergencies appear
after integrating over d{dx,. Soft gluon singularities show up as poles in the variable
82. We extract the divergent part of the s; — 0 singularity by using the identity (s;¢
is a phase space factor) [13]:

(T;_l‘r; = —%6(32) [1 —elnd + %zﬁ:zln2 A]
2
1 In dg 2 (33)
—€ + O0(&*)

A is the upper limit of the s, integration and is given in eq. (37). The distributions
denoted by the subscript A+ in eq. (33) are defined as

A fls2) _ rAds
[ dazm—[o =2 [f(s2) - £(0)) (34)

392

and

jOA dsy (ln 82)A+ f(s2) = jOA %? [f(s2) — £(0)] In s, (35)

82

Infrared and collinear divergencies associated with final partons cancel among loop
and tree diagrams in accordance to the Kinoshita-Lee-Nauenberg theorem. The re-
maining collinear initial state divergencies are absorbed into the parton densities
- introducing a factorization scale dependence into the. parton densities f(z, M?).
The explicit mass factorization terms and a brief discussion of different factoriza-
tion schemes for the different projection cross-sections is given in sec. 6.

It is useful to make a change of the integration variables to deal with the singular
82 — 0 behaviour of the partonic cross sections. Following [13] we use the following

transformation:
1 1dp, r4
./0 dmldm@(sg) = -/; TX_"I—./; d&g (36)

where X, and B are defined in (25) and
A=U+a(S+T-Q% (37)

After integration over dfl;,;, the hadronic projection cross sections up to O(a?) can
be written as

doP dz sdé?
dq% dy = Zf -X—:dsgfa(zl,Mz)fb(wg,M2) dtd:, (zIPl,mng,a,(y2)) (38)
ab

3Note that the phase space integration commutes with the projectors defined in appendix C and
used to obtain the projection cross sections. ‘

12



with ) ( ,
53 — Q@ — (T - Q°)
Ty = 39
2 X, (39)

d&fb‘ are the partonic projection cross sections from which initial state collinear sin-
gularities in the O(a?) tree graph contributions have been factorized out at a scale
M? '
We introduce the following notation to present the partonic cross sections (see ap-
pendix C):

O(a,)-Born contributions:

s ds? sdoﬁ(l) KX
Tt = did = s %Sttt @) TiB) (40)

O(a?)-virtual corrections:

s d5? ad&fb"’” Kab a? )
dtdu  dtdu s 5("+‘+“—Q)V(E) %) (41)

O(a?)-treegraph corrections:

2 d5?®
o Kb %y 7o) (42)

a

T(ﬂ(B,V,T) are the covariant projections of the hadron tensor for the born, virtual and
tree contributions. They are defined in eq. (85). The superscripts (1)(2) indicates
the order in a, at which the tree contributions appear. The constant K} and V(e)
are given in egs. (70) and (76).

We next specify the different hadronic projection cross sections defined in eq. (30)
and (38). The hadronic cross sections are obtained by folding the parton level cross
sections given in eqs. (40,41,42) with respective parton densities. We will use eq.
(33) to split the O(a?)-treegraph contributions into a soft and hard part.

Tay(T) = Top(S) + Top(H) (43)

We denote the terms proportional to 6(s;) as the soft part. Note that this decompo-
sition is not an exact splitting of soft and hard contributions since T,,(H) contains
also some finite soft terms due to the A+-distribution occuring in eq. (33).

4.1 q@-Annihilation and Scattering

These processes receive contributions from the diagrams of figs. (1, 7,2,4). and can
be written as:

dol. = dob (B) + doP (V) + dob(S) + do(H) (44)

13



According to eqs. (38,40,41,42) the hadronic cross sections can be written as

d:ﬂl

dog(B) = e, Ylwiﬁﬁq(mhiz)Tfa(B) (45)
al dzy  ove _

dogg(V.S) = 31 V(e) f fw?“*“q(ml,mz)T;;(v,S) (46)

doh () = % [BB, S~ T8 (H (47

o(H) = o] X, % ;w; (z1,22) T, (H;) (47)

Z; is defined in eq. (25). The fuctions w? are given in appendix A.
TS(B) = Ny AL
TS(V) = NpBE,
To{S) = Np(Clu+ Diud)
Th(H:) = Ns(CL,+ D5+ D8 + D5,
Tii(H2) = Ng(Dj,+ D)
Ty(Hs) = Np(Df + Dpy)
TA(H,) = NzD~
Tfa(HS) = Ny ng

The normalization factors Ny are defined in eq. (86). The partonic matrix elements

squared qu, Bfﬁ ) C'fﬁ and D? are given in appendix E.1, G.1, H.1 and H.2 re-
spectively. The contributions of the ¢§ — Vqg (fig. 4) tree graph processes have
to be further subdivided into the subclasses D,, according to their Wgqg@ coupling
structure. The index doublet (zy) in D., with z,y € {a,b,¢c,d} takes the values
a € {1,2},b € {3,4},c € {5,6},d € {7,8}. The correspondence of the various D,,

terms with their graphical counterparts can be readily read from fig. 4.

4.2 The Compton process

This process receives contributions from the diagrams of figs. (1, 8 3) and can be
written as:

dois = dote(B) + dol(V) + dofe(S) + do’s(H) (48)
The hadronic cross sections are given by

dz

d“fG(B) = a, f'){_llqu(mth)TfG(B)
ol dz .
dogo(V:S) = 52V(e) [ 7w (o1, %) Tip(V.S)
2

d

da’fG(H) = ‘2_17% ﬂd.aag w"G(ml,mg)TfG(H)
1
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Tyo(B) = NpAlg
TS(V) = NzBY;
TfG(S) = Nﬂcqu
Tye(Hi) = NpClye

The partonic matrix elements squared’ AqG, Ag BqG, BGq CqG, ng are given in
appendix ( E.2, E.3, G.2, G.3, H.4, H.5 ) respectively. The cross sections for the
closely related (¢ initiated process is obtained from the above formulas by replacing

9G — Gq.
4.3 qq + gg-scattering.

These processes receive contributions from the diagrams of figs. (5) and can be
written as:

daqq+qq ddqq+qq(H) (49)
dz -
dafa+ﬁ§(H) = ﬁ “‘;[;l“d-sz Zw?ﬁqq(mhzz)Tﬁzw&(H-‘)
=1
Tri+qé(H1) = Nz(ES + EB)
Toaa(H2) = Np(Bf + E)
Th+aa(Hs) = NpES,
Tyai(Hi) = Ns B
Th 5(Hs) = Na(BS+EL)

The partonic matrix elements squared E® are given in appendix H.3. The results for
E? are divided into subclasses Efy. The index doublet (zy) with 2,y € {e,b,¢,d}
takes the values @ € {1,2},d € {8,4},c € {5,6},d € {7,8}. The correspondence
of the various E,, terms with their graphical counterparts can be readily read from
fig. 5.

4.4 GG-Fusion

This process receives contributions from the diagrams of figs. (6) and can be written
as:

dagc = dagG(H) (50)
dﬁ}'l
d‘TGG (H) = by / ——dsy w® (-"’1,"’2)TGG(H)

Toe(H) = N3Cig

The partonic matrix elements squared C’gG are given in appendix H.6.
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5 NLO numerical results

In this section we will show numerical results for the angular coefficients Ao, Ay, As
and A7 at O(a?) in the Collins Soper frame.

To be specific we shall evaluate the g; distribution for W* production at v/§ =
1.8 TeV for all contributing parton subprocesses in eq. (28,29). We use the parton
density parametrization set 2 of DFLM [9] with Agcp = 175MeV for five flavours.
We work in the DIS factorization scheme, where one substracts the non-pole terms
found in the parton structure functions in DIS (see eq. 58 and the discussion in sec.
6). We identify the scales used in the coupling constant and in the parton distribution
function and set them equal to p® = (m¥, + ¢2)/2.

Turning first to the NLO corrections to Ay and A; we find that 4q = 4, is violated
at O(a?). For the ¢g initial state (fig. 12a), the dominant corrections affect A, and
are positive, whereas the O(a?) contributions for the ¢@ initial state (fig. 12b) leads
mainly to negative corrections to A,. In fig. 13 we show the ¢gr dependence of 4, and

4, up to O(a}) including all partonic subprocesses in (28) and (29). It appears that
the NLO corrections to the angular coefficients 4y and 4, are not large when they are
normalized to the NLO rate V*%. However, the NLO corrections to the individual
helicity cross sections are much larger. It turns out that most of the corrections
cancel in the ratios A4;. .

To give a feeling for the numerical contributions of different processes, we show
their relative contribution to de¥*% and do” in the CS frame at v/S = 1.8 TeV in fig.
14a,b. One observes that the GG contribution (curve G) is neglegible at Tevatron
energies. However, the ¢G' contribution (curve D) to the helicity cross sections is
large. For the logitudinal cross section o”, the second order contribution of the qG
process (curve D in fig. 14b) is even larger than the O(e,) contribution of the g7
process (curve A) at 20 < gr < 50 GeV. .

Turning now to the O(a?) contributions to the T-odd angular asymmetries Aj
and A; shown in fig. 15, one observes that the contributions are relativly small
even at large gr. The largest asymmetry is expected for 45 where the magnitude of
the asymmetry exceeds -0.017 at Q7=100 GeV. As mentioned before, these angular
distributions reverse the sign, when switching from V — 4 to V + A theory.

In fig. 16a,b we plot the angular coefficients as,8;,8; and B, defined in (17) and
(19) at O(a?).

We have checked, that the theoretical uncertainties due to the choice of the fac-
torization and renormalization scales are very small for the cross section ratios A4;.
Also, most of the uncertainties of the structure functions and of the choice of the
factorization scheme cancels in the ratio. This is different for the curves in fig. 14a,b.
Switching for example from the DIS factorization scheme to the MS factorization
scheme (see sec. 6), we find up to 20% deviations from the curves presented in fig 14
in kinematical regions, where the initial state singularities becomes important.
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6 Mass factorization

As has been mentioned in the previous section the renormalized virtual plus soft and

" hard cross sections still contain initial state collinear divergencies. These divergencies

have to be removed using a factorization prescription. The following discussion is an
extension of the factorization description proposed e.g. in [13] to different helicity
and projection cross sections do®.

In this section we will demonstrate how the mass singularities cancel among sim-
ilar contributions in the bare parton densities. In order to be explicit we rewrite the
parton model formula (38):

o _ 5 [ doidea 2@ £(e) (51)
dq%- dy - T14T2 a 1}Jp\%2)
A(1) ~B(2)
sdao,, d
[ = b(s+t+u— Q%)+ % (pr = 1Py, p; = 22 P;)

' d&fb(l) and d&fb(z) are the O(a,)and O(a?)contributions for the partonic cross sections

given in the form of eqs. (40) and (42). The superscripts (1)(2) indicates the order
A(2)

in &, at which the terms appear. In contrast to da(b) in eq. (42) d&’,
the collinear initial state singularities. fo(:r,l) and f{(z;) are the bare parton den-

still contains

sities. Besides the subleading terms in dafb there are O(a?) contributions due to
the evolution of the structure functions up to O(e,). The relationship between the
renormalized and the bare structure functions is given by [13]):

[efe-bezanGa)so o

z

filz, M?)

ldz z o\ .0
= f( ) + ‘2;./1. 7Rl‘—J (;‘1M) fj(z)
The function R contain the mass singularities and has the form

Raci(2, M) = =1 Pcy(alp i (V) + Gt (53)

1 . . . .
The coeflicients of the —-poles are the Altarelli-Parisi-fuctions:
£

i) = 0 [ 1 3]

Poo(z) = COr %12—)2

Poglz) = 2Neo [u—_lz)'; + - 2)- 2] (54)
+ (151 No — g TR) 5(1 = 2)

(2 +(1 - 2)%)

b=

Pyc(z) =
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where the "*Plus”’-distribution in 54 is defined as:

./dz(l—z)+ fdf(z — f(1) (55)

1-=2

Using eq. (52) in (51), the partonic mass factorized cross section is given at O(a?)
. by:

s d5h s dg5") 2 8dét®
ddu © gt Setttu-Q)+
a, 1 2\ 3 d"f (1)
T s io gF e (31, 247) 5 (¥1P1:p2) (56)
a, 1 2\ sdoo M
st u_OF Ri; (yz,M ) 3 (P1,Y2p2)
where: ;
= . 57
v s+1t—Q? vz s+u—Q? (57)
In eq. (56) we cancel the collinear initial state pole terms appearing in d&gﬁ) and

the subtraction terms. One then has to replace the bare parton distributions by the
renormalized, scale dependent parton distributions as has been done in eq. (38).

The functions C;_; in R;._; do not contain collinear singularities. The choice of
these functions determines the factorization scheme: We use:

¢ MS-factorization scheme:
The function R;.; contains only the pole term. (Ci.; = 0):

o DIS-factorization scheme:
One substract the none pole terms found in the parton structure functions in
deep inelastic lepton quark scattering by choosing: (see e.g [14][15]):

Coq(2) = O l(l + z%) (%)*- - g(l _lz)+ - ll—tz: Inz
+3+ 22 — (g + %‘ﬂ'z) 5(1 — z)]
Coc = % [(z2 +.(1 ~2)?)In (1 : "‘) + 62(1 - z)] (58)
Ce—y(z) = —Cqeygl2)
Coc(z) = —4Tp Cip(2)

. In our analytical calculations presented in the appendices, we used the MS-scheme.
- A different factorization scheme may be used by adding the correction terms deter-
mined by the last equation.

In the following we list the explicit subtractions for the different partonic pro-
cesses.
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6.1 Factorization terms in the gg-Annihilation
and Scattering

The diagrams of fig. 2 have collinear singularities that arise from the radiation of
a gluon with momentum y;p; (y2p2) from the initial quark (antiquark). The quark
(antiquark) lose a fraction 1 — 3, (1 — y2) of its momentum. The factorization terms
are then given by:

Qs 1 sde2(®)
_ﬂa+t—Q2 Rq«-q (‘.Ul,MQ) d;q (ylpl,Pz) ( )
59
a, 1 8 d&ﬂ (1)
C2mstu-Q? Rag (yz, Mz) (p1,¥2p2)
with: :
Ry = Ry (60)

Collinear singularities arise from gluon radiation in the diagrams |Fy + Fg|* and | F; +
F;|? shown in fig. 4 This gluon then scatters with another parton. The factorization

terms are
B(1)

- % .-.a—i—u—l—-Qz Rg g (yz,M2) Sd;t (1, y2p2) oL
a, 1 2\ 8 d&ﬂ(l) (61)
“WmITi O Rowq (31, M?) (y171,P2)
with
Rg—q = Raeq (62)

6.2 Factorization terms in the Compton-Prozess
We have the following factorization subtractions in fig. 3.

1) The initial quark in the diagrams |I) + I5|® can radiate a collinear gluon and
loses a fractions 1 — ¥, of its momentum. The factorization terms are:

A(1)

a, 1 3 da‘

Cr st Q2 (y1P1,p2) (63)

Ry ‘(ylv Mz)

2) The gluon in the diagrams |I; + I,|? can decay into a ¢§ pair and the antiquark
with fraction y;p; can annihilate with the initial state quark. The factorization
terms are:

_a, 1 9 ad&'a—(l)
T 2matu-— Q2 Ry (yg,M )

(P1,¥2p2) (64)

3) The gluon in the diagrams |I, + I5|* can radiate a collinear gluon and scatters
with the reduced momentum y,p; with the initial state quark. The factorization
substractions are:

o, 1 sd"a(l)

_ﬁa+u~—Q2

Rec (32, M?) (P1: y2pe) (65)
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6.3 Factorization terms in the Gluon-Gluon-Process

There are four factorization contributions to the diagrams shown in fig. 6. One of

the gluons decays to a gg-pair and the quark or antiquark then scatters from the

other gluon. The factorization subtractions arising in the diagrams |J; + J»[%, |J; +
Jal?, | s + Ts|?, |4 + Jo|? are:

;1:- s+ tl Q Ri ¢ (%,Mz) ’ d:fél)(ylphpz) (66)
B g? ;++_QE Rqc (y3, M?) : djtg'sl) (p1,v2p2) (67)
B % s—_ful__'&f Riq (yz, M?') 3dz:i(1)(101, Y2p2) (68)
N 2% T-F-:T'QE B (yl’Mz) : dz:(l)(ylpl,pz) (69)
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A Couplings

In this appendix we list the couplings and combinations of parton distribution func-

tions as they are needed for W+ production in pj collisions.

wtlﬁ(:ﬂhmz)

wi¥(21,22)
w‘{‘”‘i"(ml,xz)
wgﬂﬁq(ml,mg)
g§+ﬁQ(

w z1,22)

wgtﬂﬁq(

3«‘1,3’2)

wgﬁ'*'(fq(ml’ 2!2)

w“G(;cl,:cg)

w¥%(z,, z,)
wcq(zl ,Z2)
wG‘i(zl,mz)
‘qu+qG(31 , 32)
qu+G&(ml,m2)

t{ﬁ:ﬁ(

w z1,L2)

wgq+§q'(m1,z2)

gfﬁﬁé (

w T1,23)

wgﬁtﬁ(ml , 3’-’2)

%K:: [‘Ur(ml)ti(mz) + 6(21)3(32)] cos? 6,

+ [u(e1)a(ze) + oz1)d(zs)] sin® 6.}
wi(z1 e 2)

wi(21,22) + wf(21,2,) |
2R3 {u(or)afen) + cle)e(ea) + dlo1)d(e) + 5(e)a(e)]}
wi¥(zz,2;)

2K {[ulm) + @) [alm2) + (o) + 3(22) + o(22)]

+ (d(1) + 5(=1)] [u(wz) +d(z2) + s(z2) + c(="==)] }
wi¥(zq,2:1)

% W (1) + e(21)] g(z2)

1

: ;K;g [J(:n) + 5(-”31)] g(z2)

qu($2,$1)
'U)qG(:Cg, 231)
qu(ml,:cz) + w‘iG(:cl ,T2)

w%(zy, zy) + wG'i(:ul,:cg)

%Kg { [u(zl) + c(:cl)] [’U.(:L‘z) + d(z2) + 8(z2) +c(32)]~

+ [ +5(20)] [iea) + d(z2) + 3(22) + (=)}

wtlm+tiri(22, 31)

K {[ule)d(e2) + eler)sle) + Ao )alae) + 5(z1)e2s)] cos?
[u(z1)s(22) + e(z1)d(w2) + d(21)E(22) + 3(21)i(22)] sin? 8, }

wgﬁﬁ(z?, 21)
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1

wgq+¢iﬁ(xl,$2) _ _2_3KW { u(z Ju(e,) + c(zl)c(zz) + (f(:nl) _(:Bz) + 5(2‘-1)5(232)}
wee(z1,22) = %Kgc g(z1)g(z2)

u(z;), d(z:), 8(x:), c(:), @(=:), d(z:), 3(z;), &(x:), g(x;) are the parton distributions in
the Proton (¢ = 1) and Antiproton (i = 2). The functions K:;’, K¢, K" and KJg
contains all the electroweak couplings, phase space factors, spin average factors and
the gauge boson propagator for the corresponding Oa )contnbutmns for W-boson

production. They are given by (D = (Q* — M2 + 'iM'wI‘w)_l):

167 a2Q? Cr (1—¢) [4ny? sQ*\*
w = 2
Ka = 3 Togron’ Ow Noc T(1—¢) \ Q7 -] 1Dwl (70)

KW

Kt = ——2 1
© = 30, (1—e) (71)
KW
w — aq
Kée = 4CE(1 —¢)?

The factors (1 — €)® in K/; and (1 —¢) in K, o occur because we use the convention
that the average over initial gluon spins in n = 4 — 2¢ dimensions gives a factor
1/(n —2). The group structure of QCD is handled generally with N the dimension

of a single fermion representaion and the Casimir Cr defined by Z T,T,= Cp. For
QCD, these are

4
Ne =3, - O = 3 (72)

B O(a?) T-odd distributions in the Collins-Soper

Frame
In this appendix, we present the three T-odd functions T7,T% T° in eq. (24) for
N
completeness. The Color factor C, stands for Cp — —-2£

o &J Q%s {_GF (02—t+Q2-u)
T aN2AQ - u)(Q - 1) 2 \@~-uv Q' -t

+ C; [-—-ta—"t (1 — %log (Q:_ u)) + Qzu_u (1 — glog (Q:_ t))] }

s O Qz.s Q-1 ‘Qz—u
S b G

Q? — log( ZS_u) _ Qzu“ulog (st— t)] }
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= o Q_%{CF (1_ ut )(Qz_t_Qz—u)
[} 'u,t . 2(Q2__.t)(Q2_u) Qz-—u Qz_t
Q2 Q2 3 Q2-—u 8 Qz_t

olg- gt (5) s ()]

1 { 8+2Q2
- UF

4 ‘/Z(QZ ~1)(Q* —u)Q%s QT —1)

0 [g s+ & ((Q’ ~u(¢" 1)

—-u 8 ul
S (-t (5
_a,Qzu 1 {—CF (Qz—u_ 2Q2—t)
22 V(@7 - (@ — ujut =t AP -1

u Q2 —a Q2 U (Q2 _ u)(Q2 _ t)
NI MO )
u { _ o, Qtts +240%)
V@?sut 2(Q% — i)

2 2Q23 _ Q2 _ U (
CIQ I:(Q2__u)2 Qz—-t Qz—u

- (4]

_a’

Q —u log ((Q2 —uiin — t))
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C Angular distributions and
Projection Cross Sections
In this section we will derive the general structure of the angular distribution of the

lepton pair in the cross section given in eq. (3). Using the results for the phase space
given in eq. (101) and (111) the partonic cross sections may be written as:

sdsl) _ K¥ (1) s 2
dtdudQ?d s @, Cop’ L Hyy' (B) 6(s +t +u — Q7) (73)
3da.mr.‘. K

_KY¥ o? () f  pw -Q’
 Bdwdotdr = s 2m V() Ca LuHE (V) S(s+t+u—Q%)  (74)
sdés 2 “a V fcgf,) L. HY(T) dQ,x, (75)

dt du sz o~ s
L, is the well-known lepton tensor and H*” is the hadron tensor at the partonic
level for parton a,b in the initial state. K} is given in eq. (70).

_ I(1—¢) {4mp®\°
Vie) = = (2 (76)
m_ 1
C. = B = ¢) (77)
R 2 e
(2) _ Ci Q‘ut . l 7
Cas 16(1 — ¢) (ag(ut — stz)) 27 (78)
CE is the O(a?)-color factor divided by the corresponding O(a,)-color factor.
For notational convenience we introduce the following definition:
clY ¥ (B) in O(e,)
aw = { C{ HE(V) in O(a?) (79)
[ & mu (1) df, in O(a?)

It is understood that A%’ stands for one of the three possibilities (born,virtual,tree)
depending on the case under consideration. The angular dependence in eqs. (73-75)
can be extracted by introducing nine helicity cross sections® H®

1 " o
7 L HY =Y g.0,6)H M:={U+L,L,T,I,P,4,7,8,9}  (g0)
a€EM

The 8 and ¢ dependent factors g, are defined in eq. (9). HZ are linearly combinations
of density matrix elements

% = (o) Hiy e (o) - (81)

*Equivalently we can decompose the hadron tensor H** into nine invariant structure functions F;
[21].
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ﬁhere 1
eu(E) = 7 (0; £1,—1,0)
€.(0) =(0;0,0,1)

are the polarization vectors for the gauge boson defined with respect to some coor-
dinate axis in its rest frame (see below):

(82)

HU+L — g% L gttt L H-- = Hy + Hyy + Haz
HE = H® = H3;
HT 1 H+— -+ 1
= :?-( + H™T) = —(H22—H11)
1
I _ Lo 0+ _ -0 _ pyo- —
H = 7 (H*+ B — H™ - H*") 2\/_(H31 + Hia)
HY = H**_-H-- = —i(Hyz — Hzn)
1 (83)
HA = Z(H+O+H0++H_O+HO“) = \/—(Hza Hi)
H z—%(H*" — H™) = ——(H21+H12)
i
HB —_ _Z (H+0 H(H' + H’-—ﬂ _ HO—) = \/_(Hga -+ Haz)
9 1 +0 0+ _ g0 0- - —
H == (H -H H"+H ) 2\/§(H31 Hy3)

To calculate H?* it is convenient (and for later integration requisite) to project out
the Cartesian components of the hardon tensor (right hand side of eq. (83)) with the
help of covariant projection operators. The following projection operators P(E) are
useful for the calculation of the parity conserving® helicity cross sections HYtHLT;

PUH = _g
PL.: = ﬁluﬁlu
. o (84)
P pu2 = PP
Pl = prbo + Prbu
We have introduced the hatted tensors
. 9y
G = S = Q7
. p-q
Py = Pu— 'Q"z‘%-
We define the following covariant projections on the hadonic matrixelements:
T4(B,V,T) = N P{,H;;(B,V,T) BeM :={U+L,L,L,Li;} (85)
5A complete set of projection operators is obtained by adding;

Prubzv — Prwvbau (isy vy 4, P1), €(1y ¥, 4, P2), Pru€ (¥, P1y P2, 9) + (B & ¥), P2ue(v, 1, P2, ) + (1 & V)
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where the normalization factor Ng is defined by:

NU+L =1 NLI == NL: = NLu = E E (86)

. ~+0
Using eqs. (73-75) the partonic projection cross sections i

(B € M') are written
i

with the help of these projections. They are given in egs. (40-42). In the following,

(a € {U+L,L,T,I}) are obtained

from these covariant projection cross sections in the Collins-Soper frame. Using the

parametrization of the partonic momenta in the Collins-Soper frame defined in eq.
(20) one has (E; = z,E;):

we will show how the helicity cross sections

i = E‘l(l y BN Yeq, 0, €OS 7,4

X ] 87
ph = E2(1,sin v, 0, — cos v,,) (87)

the covariant projections T, are written in the CS-frame as:
TU*Y = Hy + Hy + Hys (88)

TH = [Sin2 Yos Hiy + cos® yos Has + sinyes cos yos (Hys + Ha )
7L — [sin? vos Hiqp + cos? 705,; ﬂaa — sinyes cos yeos (His + Ha )]
T = [2sin’ yo5 By — 2cos? vos Has)
The Cartesian components of H* may be expressed in terms of the projections T#

by inverting eqs. (88). The helicity cross sections doVt1 0T are therefore linearly
related to these projection cross sections. One has in the Collins Soper frame:

sdo® sdo?
dtdu ( )“‘3 dt du (89)
with
f 1 0 - 0 () \
' 0 1 1 —1
4 cos? v, 4 cos?y,, 4 cos? v,,
(MFCS)mﬂ =1 (14cos’y.,) (1 + cos?v,) (1 — 3cos?y,,)
2 8 sin? “Yes COS2 Yoy 8 sin? Yes €O82 Y.y 8 sin? Yes €082 Yy
0 L —! 0
\ 4+4/2 sin Yes CO5Yes  44/2 sin Yes €O8 Vs )
(90)
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D Phase space integrals

In this appendix we will present the phase space integrals for the O(a,) and O(a?)
tree contributions to high gr gauge boson production. We will work in n = 4 — 2¢
dimensions. The invariants are defined in eqs. (5) and (32). We introduce the
following abbreviation:

) _ dn—lp
)= GryizE, o
D.1 The O{a,)-phase space
The phase space integral for the DY process
a(p)+b(p) —V{(g+e(h) (92)
—}11+12+C (k]) (93)
is defined by
dPS©) = (27)" 8°(py + p2 — by — b — o) du(kn) du(l) () (94)
Using
1= [a PG gmig— 1y — 1) (95)
= 2F, g—h—b
we write dPS® as a product of two 2-particle-phase-spaces:
dn—l
dPS® = [dQ* {du(k)) ST (P +p2— k1 — ) X (9%)
2E,
{dﬂ(ll) du(ly) (2m)" 6"(q — 1 — 12)}
= [d@" {4}{B) (97)
A, is then given by:
Ay = ("‘t)_c L dtdub(stt+u—@?) (98)
' 7T 16n%s \dws/ T(1-—¢) “

Since we are interested in the angular distributions of the leptons in its restframe,
we parametrize the momenta as follows:

{2
L = f (1,cos 8,sin 8 cos ¢,sinfsin ¢,...)

\/@

I, = 5 (1,—cos8,—sinfcos p,—sinfsing,...)

Since the integration over the lepton angles is not divergent, we take the limit ¢ — 0
for the calculation of B.

dcosﬂdgb:' 1 dQ” (99)

B " 3272

e=0 - 327[-2
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The 3-particle phase space is then given by

dPS® = / dQ? { A, (100)

1 ut \7¢ 1 , .
= _ d )
( ) r(1_5)5(3+*+.u Q%) dQ? dt du dQ

2974 5 \4ms

D.2 The O(a?)-phase space
The 4-particle phase space integral is defined by:

dPS™) = (27)" 6"(p1 + py — by — ky — Iy — L) dpa(ky) dpe(l) dpa(ly) ds(le)  (101)
Using eq. (95) dPS™ can be written as: '

n—1

d
dPS) = '[le2 {du(kl) du(k:) —— 6" (p1 + P2 — by — oy — q)} (102)
g

{d,u([l) du(ly) (27)" 8™(q — I — Iz)}

= [d@*{4,}{B} (103)
A, is most easily written in the CMS of k; and k,. We use the parametrization:
ky = ? (1,cos 8,,5in 8, cos 8,,sin 6, sinkﬂg, )= \/_ (1 k) (104)
k;, = % (1,—cos b;,—sin 8; cos 83, — sin @, sin B,,. .. ) = —‘/21—2 (1,—k) (105)
82
_ 1
32 t "
= 1 ES
P2 2\/5 (1,c0s9,0,...) 2\/5 1, p.) (107)
with 9
cosd =1— e (108)

- (83 —u)(sy — t)
After integration over irrelevant angles in (104) and (105) one abtains for A,:

(411')2"' 3 x x
297r sT(1 - 2¢) fdtdu Ut—ng2 /; ./(: dQ, x, (109)

dQ% x, = d8; sin~%* 9, db, sinl_r‘;‘ 8, (110)

Taking again the limit ¢ — 0 for the leptonic part of the phase space one obtains:

dPS® = [ dQ® {4,}{B}

where

(111)

e=0

1 16m?s
di z A%, 1, A2
(411')7 sT(1 ./ du dQ (.92 ut — 3,Q° ) ./ -[ Fika

where 2" charactenzes the angles of the leptons in its restframe (see eq. (99)).
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D.3 Angular Integrals

The angular integration of the two final state partons dQ, x, has to be done analyt-
ically as the integrals are singular. The necessary set of integrals are listed in this
Appendix. Note that the reduction to this basic set of integrals is achieved only after
very involved partial fractioning of the tree graph matrix elements.

Many of the necessary integrals can be found in [18]. Integrals of class Il are
done following methods introduced in [19]. A new class of integrals not available in
the literature arise from the momentum projected integrands. They can be reduced
to the known integrals with the recursion relations (113) and (114).

Class I
We use the Notation:

Integrand — _(_}is) i Tdﬂk k, Integrand
g 27r 0 0 1K32

1 — 1
lﬁ . (1 =2¢)
1+kp, 2e
k{’nA — lcos‘.19
1+ kp, 2¢
(k $,)? . 1 ) cos? J
1+ k p,; 2(1 —¢) £
1 (1 —2¢)
= —_ -
(1+kp,) 2(1+¢)
k?, — — (1~ 2) cosd
(1+kp ) 2¢(1 +¢)
I o \2
(k {)’) — ——!—+ cos” &
(1+kp,)? 2¢  2e(1+¢)
Eﬁl — 0
(kp)y — 5=
Pr 32
k 5k p.) L cosd
' —_
( D Pa 3_9 co
—1l—e
= 1 T —_— —--(-:*[-—-——-2—6)( ﬁ) 2F1( €,—€,1 —g;cos —)
(1+%p5.)(1+kp.) 2 2
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_ _£1_—.22_€) (si;z g) o (% + eLip (cosz 1;) t 0(52))

it 4
- 1 — —_— _..(..1___..26_) coszg 2F1(--E,—E,1—5;5in2£)
(1+kp)(1 - kp,) 2 2 2

(o) 5520 (o) o0

Li, is the dilogarithm function defined in eq. (117). The cosine of the polar angle
¥ is given by: '

2388,
=1- 112
cos? =1 (02 =) — 1) (112)
Class II
The general structure of the integrals of this class is:

I:(:-'h’) - (i;_z—_fz_e)‘/‘" fﬂ df%yk, (1 — cos8;) ¥ (A + Bcos8; 4 Csin 8, cos8,)™
T Jo Jo

2
) (-2) [ 1 (4 + B)
ATy e B Il vy s

o2 (A-VB +C? 1, 2 A+\/B2+Cﬂ)
— ——In
A+B 2 A- B+ (C?
) B+ +B?+ C* . {B—+B*4+(C? 2
+2L12(_A-\/W)_2L12( o) )] + O(e*)

— 1— 2¢) 1 (A + B)? 2(B*+ C* + AB)
) (1-2%) [ 1
s = 2(A+B)2{ ln(Az—Bz-cz T B _co

alnz(A_m)—llnz(AJ”/B—z'm)

A+ B 2 A—+/B?4C?
2(A+}_’>’)\/BZ+CZ1 A+ /B2 +(C? ol (A+ B)?

e -p-ct \4-JBrC? A? — B C?
. { B++B*¥C? . (B—VB*{C? )

+2L12 (_A_\/BZ.}.C?) —2L12( A+B )l +O(€ )

o) (1-2¢) [B*+ AB +C? —-l+1n (A + BY?
T 24+ By (A+ By AZ —Br_ (2
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202
——~——-———(A+B)2 ——1+O(£)}

i — e { [ i [ ()
- (Agf ;)2 + Ai(f 2;2_ £ 22 -1+ 0(6)}

Class III
The general structure of the integrals is given by:

25)[ f - (—cos 6y)
" (A+ Bcos8 + Csin8; cosby)

Although these integrals are finite some of them are needed up to to O(e). This is
due to the "plus” prescription defined in eq. (33) which brings in 1/ poles that
generate finite pieces after mutiplication with the O(¢) terms.

7o) (1 — 2€) I (A +VB? + C‘z)
" 2B+ C? | \A-VB>{(C?
] lLi ( —2v/B?* 4 C* ) L ( 2v/B? + C? )”
‘\4- VB +C? ‘\A+VBE 1 C?
769 A-2) |1, A (AfvE+C
n A? — B2 — (? VBT + (7 —VBZ+C?

Further integrals belonging to class III I{¥) and I(*%) with j = 1,2, 3,4 are calculated
with the help of recursion relations:

0 - (B2+02 [2{(A B) + (—1Y(A + B)} (113)

+ (25 — 1)AB I0-1) — (j — 1)(A? — CF) (U—*)l

m [%{1 +(—1} + (25 — 1)B (1059 — AW‘-’)

—(j - 1) (241072 — (42 - €7) I35 (114)
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E Born-cross sections

In this section we list the O(a,) contributions corresponding to the diagrams in fig.
1.

E.1 Diagram: |L; + Ly|* for (g7 + gq) = VG

Aot @h) = (-9 (F+7) + L2 20

i u ut
8
Aﬁcil(‘g’tsu’Qz) = 3
AL (s, t,u,Q%) = 2
gg \Zr by Uy 5
Al (s, t,u,Q%) = ‘s
QG y Uy Uy -

L3 + L4/ for ¢G — Vgq

E.2 Diagram:

A (0, t,u,Q%) = —ATH(u,t,5,Q7)
K/
Agcl?("’taua QQ) = )
u
Af&(sit’u! Qz) = _(1 _ E)
Lz, _
Aqu(s’Lu!Qg) - (1 _ 5)

E.3 Diagram: |L; 4 Ls? for Gg — Vg

AT (8,84, Q%) = AVEE(s,u,t, Q)

Ly 2 - _ t
AGq(sit’u)Q ) = (1 _ E)

Lo 2 t
Adi(s, 4,4, Q%) = ~3
Al (s,t,u,Q?) = t

Gq | I | y (1 —E)

32



F Notation

In this appendix we list analytical formulae for the various functions T »(B,V,S,H)
defined in eq. (85) with 8 € {U + L, Ly, Lz, L13}. As corresponding formulae on the
spin-averaged case § = U + L have already been published in [1])[2] there is no need
to list them here. We have independently recalculated the spin-averaged case and
are in complete agreement with [1][2]. All of the following functions are functions
of 8,t,u,Q* and s, = s + t + u — Q. For reason of compactness we introduce the
following abbreviations:

L dy = L y ot = ! -

? H U T
8y — - 82— U s+1— a3, S+ u— 8

dt:

(115)

1 ' 1
dy= ————  dfy=——=, A= 24 2
s+ Q? — s, d tu — 8,0)? A \/(u—f—t) 24

Similar we introduce a short hand notation for some transcendental functions:

\ 8 Y —In -
~ N
P =l (Q”) e = (Qz)’f““l (QZ)

fou =In ((32 - :;(2322 = u)) o =ln ((ﬂzti It-)(ﬂ‘f’z?-Q—2 “))

Fa =1n([32(;g(1)__t);2ﬂ2) » Fre =1“([sa(2s§:(-fzt)_ = gzulz) (116)

st? B su? _ s+ Q% —s4+ A
fu=1n (Q2(32 Y ) Jou = (Q?(sg—u)'z) » fr=ln (a+Q2—sz—A)
2 2 2 —_
fu = Liy (Q?—t) + %ln2 (Q?—t) Y fu =Li, (Q ) +%f,2 + filn (ﬁi)

2 2 2\ -
.flu = Li, (QTQ__;‘") + "1 : (Q2Q ) ’ fzu = Li, (9.9—) + %ff + f’ In (3—_%)

where the dilogarithm is defined by: :

Lig(z) = -—-/:) d In(1 - 2) Z m_z lz] <1 (117)

z

A further class of integrals is defined by (k = 1,2):

(—cos 8,)
(A + Bicosby + Cisinb, cos 8,)

.. 1 1
HE = L / f sin 6,46, b, (118)
27 Jo Jo
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where

(1,0) 1 A+ \/ BE + CE :
H, = In (119)
2y/B}+C \A— /Bl +C}
1
A? - B} - C}

HE (120)

The other integrals H,Ei‘j) (7 = 1,2,3,4) can be reduced to the above two via the
recursion relations:

i) _ 1 [3 3 e
B = i(B: + C}) 51(4 = Bi) +(-1Y(A + Bi)} (121)
+ (25 — 1)AB HEV™) — (5 - 1)(4* - C2) B ™)
> = _;1_ [l -1y | — (i'j“l) _ (2.3—1)

-G -1) (24 B — (47 - cb) B (122)

The constants 4, By and Cy (k =1,2) are given by

2Q% —u —t
A =
] 2
Bl =§(az-—t+(sz——u)cos19)
. 1
C, = -2-(32 — ) sind (123)
B, =%(32—-u+(32—t)c0519)
1

C, = 5(.92 —u)sind

mit
cos? =1 — 2s8,d,d, (124)
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G O(o?)-virtual corrections

The one-loop contributions of fig. 7 and 8 can be obtained from the corresponding
e’ e -annihilation one-loop expressions given in [16,17] through crossing. As some of
the arguments of the log and dilog functions turn negative after crossing there will
be additional contributions proprtional to . However, since we are only interested
in the real parts of the crossed one-loop contributions all terms linear in i7 can be

safely dropped.

The ultraviolet divergences appearing in the virtual dlagrams were absorbed into
the bare QCD coupling constant according to the MS scheme. Thus we have added

the counter terms:
sdoSt _ K2 o? P(l —€)
didu s 2m I(1 - 2)

(4m)° Aan(s,t,u, Qz)

2 11 1
><6(3+t+u—Q2)( Tr _FNC) -

G.1 Diagrams |Z L; + Z Vi|* for (¢3+ dq) - VG

i=1 i=1

—2Cfr — N¢ 1[

BitE(s,tu,QY) = A%J“L(a,t,u,Qz){ = -~ |3¢r —2Cr f,

11

6
P2 = (ot £+ No (et fud + (5 No = 3 Tn ) fus)

a 8 s+ s+u)
+CF(a+t+a+u U + i

432+23t+4su+ut+ Ng i )

+ft(GF (s + u)? st

c——

+fu (CF (3+t)2 + 8+t

32 s 2 2
+(2C‘p-Nc)l2f, (( +t)2+u2+t)—gt (u +t)

s+(

437 + 28u + 48t + ut N n )

1 )2
+s +(s u)

(o Fa 2 o= )

—2Cfr — N¢ _l[
6

€2

Bé‘&‘ (s,t,2, QZ) = Aglﬁl (3,5, Qz) {

2 2
+NC(fa_fu_.ft)_§TR] -9CF + N¢ +%(4CF — N¢)

35

(125)

(126)

2
+—N¢ + Nc(fi — fuffz)—gTR]—CF(3+f.2)+%(4CF-Nc)

11
- 3Cy —2Cr fs+ —+ Nc¢



- Cp (f —2f)) + ~——(f2 (fr + £)°) + Ne (fue + fiu)

+(2Cr — N¢) [f, (t:u + (tiuu)z) +t:u] + (11 Ne - gTR)f
—(2CF - NC) [f2u_flu _i'(fﬂ _f“)] }
Bg‘;(a,t,u,Qz) = B,f:% (3ru,t: Qz)

1
Bhi(s,t,u,Q?) = EA;-'gz(s,t,-u,Q?)

-9 _
{ Cr NC—3CF—NC
€ 2
NC 71’2 11 2
- - )__=N z
(CF 2) g Yo +3Tr

+Cr (2(3:-1‘) * 2(311;)) * (CF - "]\;i) ( +t) f

+ Cr [ft (2(31:?“)2 - siu) + fu (2( + )2 _-!+t)]
b G ()

- (0r = 32) (G a2+ 2 (fuu - £u) }

4 11
- G.2  Diagrams | L;+ Y. W;[* for ¢qG — Vgq
. i=3 i=1

-2 — 1
Bé.{i-i-L("st’u,Qz) = A%+L(-9gt,u1Q2){ CFsz Ne —E [301? —2CF f.,

' 2
+5 Vo + Nolhu=fo= 10— 2Ta] - Cr(8+ £2) - Z(Cr - No)

1 11 -2

+3No(fl= 2= 1)+ No (fu— )+ (g Ne = 572 1)
u 1 u+t s+u

_{Cp(t+u+s+u+ 8 + t )

| du? 4+ 2ut + 4su + st i
C N
+ft( F (8+u)2 + 03+u)

4u? + 2su + 4ut + st s )

+.fs(CF ('M-l—t)z + w4+t
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11,2 2u Q2 32+t2
+(2Cr — Nc)[zfu ((a+t)2 +,+¢) —;t_( s+t)

u? + (u + t)?

at ‘

L2 2
L + (s + u)
st

w?
(flt'*'flu_ftfu'*'"é“) + (flu_f2u)]}

: -2 -
B (s,t,u,Q%) = Aﬁ;(s,t,u,Qz){ sz No —%[wp—gopf.,
11 2 7
+?NC + NC(fu_.fa—'ft)_“éTR] —9CFr + Ng —?(C’F — N¢)
+ 20k = No) = + S2f2 — f2 = f2) = Cr(f2 - 2£)
3+t 2 u s t F\Ju ]
: s su 11 2
+(2Cr — N¢)f. (s+t+ (s+t)2) + (-6—Nc —'3‘TR) fuz

2

—(2CF — Ng) [fz,, ~ fu-2 (f:.fu — 5 - fu- fu.)] ~ No(fae — fia) }

| —2Cr — N¢ 1
Brf_:;(‘!,t,qu2) - Af;(-’;t,u)Qz){ 22 c _E[3CF_2CFfu
11 9 2
+FNC+N0(fﬂ'_fu_ft)—§TR]_SCF +%Nc

~ Cp(f2 = 202) = Ne fut S2(f2 = £2 = £) = No (fu— fu)

t s 11 2
+ Cr (2(u+t) + 2(as +'u.)) + (FNC B §TR) fuz

CF st 23 CF st 2t
+ 2 e ((s+u)2+a—l—u)+ 2 L ((u+t)2+'u.+t)

N¢ t . 8
"9 (fls+u+f’u+t)

- (CF' — %) [fefu = fie + fou — 2f1u) }

—2Cr — N 1
B‘f:“;z(s,t,u,Qz) = Ag‘;z(s,t,u,Qz){—Zf__C__EFCF —2Cr f.
11 2 2 5
+% No + No(fu=f,= £)= 3 Te| ~8Cr - 2(Cr — < No)
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G.3

t

8

t—s

- Crfl+ Cp (

2(u + 1) + 2(s +u)

)‘(20“" ~Ne) Ty

.
+ G B A1) = B (= fu) = 32 (foms + A1)

35+t

-4 u+1

+(2CF - Nc)f..(

6 3

”(t_"))+(5Nc —ETR)fm

25 +1)  2(s + )2

Cr st 2s Cr st 2
+ 2 f ((3+u)2+3+u+2)+ 2 1. ((u+t)2+u+t_2)

N, U - ar? U
- (CF‘ - —2—0') [—'; (fuft 5 i — flu) + 2+ (fou — fm)] }

t

4 11
Diagrams |} L;+ Y W;|* for Gg — Vq
i=3 '

i—]

Bg:L("’ t,u, Qz)
Bé;(a,t,u,Q2)
Bé?;(sv t,u, Qz)
B(I}f (s,t,u,Q%)
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H O(a?)-treegraph contributions

In this subsection we list the results of the integrated O(a?) tree graph contributions
listed in eqs. (28). The initial state singularities have been factored out according to
the MS-factorization scheme as described in sec. 6.

8
H.1 Diagrams |} G;|* for (¢7+dq) — VGG
i=1

We split our results into contributions Cf' q7 Proportioal to §(s;) and remaining terms
8
Ci’.tﬁ :
Note that the IR /M singularities in C'f! o7 cancel against corresponding singularities
in the virtual contributions given in section G.1. The factorization terms are given
in sec. 6.1.

2C N 1
Cﬁaﬁ(s?t!uin) = qu(-’:f,ﬂ,Qz){%+—g[3Cp —2CFf,
11 67 11
+€NC + Nc(f.wfu—ft)] + N¢ [1—8—?f,4+fj] + Cr(2f;

+2f, —4fa—3) s + (CF-—%NC) [% +2fa+ fu— fu —fu)’l}

.aﬂlq‘gli are the O(a,)-results given in sec. E.1.

C'g;qla(s,t,u,Q2) = <% (E + _t_ n 2Q23) {(f_’".) (8CF _2NC)
A+

t “ut 89

+ _1 [——1-1 Nc + No(fiu = 2fou) +4CF (foru — fM’)]}

(82)a+ 6
2Q%(u — 1 1
A [sdf+zd¢—3—+d,.. (32+M)—2dtqz (———)]
tu t -l i t
11 s d?s? (33, ) 2ds Q@
+ Mo [Tru'* (%) e

+(2Cr - No) [%(Qz ) (d = 3) (o + Foo = fu)

+ %(fatu + flz)] + ftu [CF dtu (%(Q2 - t)z
+2Q +0)—m) + Cr L2 %]

+ Cr (fue = fun) [dh. (4(u - Q") - s - %(u - Q2)2)
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+ (@ - - 5@ -0 -3+ L+ 2T 4y

82

Cﬁ;q(sst!u!Qz) = %{(&) (SCF—ch)
A+

(821)A+ [_}(Tl Nc + No (fiu = 2fau) +4Cr (faruw — fM,)]

+ No 51; [d,(g(u. — 1) — 8) + d2at — % (% _ 7)]

+2 (CF — -;—Nc) [3dtdu (fru — fotu — far) — i(fatu‘*‘faz)]

_ | 0
— Cr(fme — fu) [% v dy +td¢2]

ora(5%en (a3

C%:Z(i(s’t’ua Qz) = C%:;q(s,u, t, Q2)

Ot w@) = ofCr o (L -%-2) ]

ut i u° a

5 32
+ sdid, (6 T 12ut

u+i
dut

— (Cp —~ % NC) i ((23 +u+t)(f + f,m))

+ N¢

(T + 7t — 43,))]

+Cp ;i—t [2.5622 —(u+t)(28p —u—t)+ 83] ftu}
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8
H.2 Diagrams |Y Fj|* for (¢f+ aq) — Vqg
=1

The contributions of the gg + gg-initiated tree graph processes have to be further
subdivided into the subclasses D, according to their V¢3 coupling structure. The
index doublet (zy) in D,, with z,y € {a,b,c,d} takes the values a € {1,2},b €
{3,4},c € {5,6},d € {7,8}. The correspondence of the various D,, terms with their
graphical counterparts can be readily read-off from fig. 4 .

Note that there are factorization contributions only for the terms D, and Dyy. Note
also that the contributions from the ¢g- and gg-initiated processes are identical to
one another after integration.

H.2.1 Diagrams |F, + F,|? for (¢ + §q) — Vg7

We split our results into contributions Df‘m proportioal to §(s;) and the remaining
. terms D,ﬁ,"m. Note that the IR/M singularities in D?__ cancel against corresponding

1l,aa
singularities in the virtual contributions given in G.1.

DYL(s,t,u,QY) =

1,aa

1 5
Tr ( E +fA ""5) A%+L(3:t7an2)

W

2 1 2+Q°) @ _@
U+L 2 _ 4 U_+L 2 _ _
D2,aa (3)tiu’Q ) - 3 TR ((82)A+ Aqq (s,t, u,Q ) + i 12 "
Iy 2 2 1 i) AL[ 2
Dluaa(a’t’u’Q ) = 5 TR _E + fA - § 97 (S,tsu)Q )
2 1 (32 — 2u)
L 2y _ 4 L 2
! 'D2,Clﬂ(8’t,‘u’1Q ) - 3 TR ((32)A+ Aqq (81t)u)Q ) + u2 )

Df'j‘a(s,t,u,Qz) = D{J.La("!uat,Qﬂ
Diﬁa(sstauer) = D:{,"La(s,u,t,Qz)

2 -1

Dii(stu,Q°) = 3 To— A (s,1,4,Q)
: 2 82
D%::xza("’t,u’Qz) = _g TRE

H.2.2 Diagrams 2(F + F))(Fy + F}) for (qf + qq) — Vg3

Because of the occurrence of two separate fermion loops the contributions of diagrams
2(F\+ Fy)*(F3+ F,) differ for the vector-vector (VV) and axialvector-axialvector (A4)
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coupling cases. In fact the VV-coupling contribution can be seen to vanish due to
Furry’s theorem.

H.2.3 Diagrams 2(F + F{V(Ff + F})

These interferences only contributes to Z production. The analytical results can be

found in [20].

H.2.4 Diagrams 2(F, + F,)"(F; + F;) for (¢7+dg9) — Vqi

N 1
Di+L(3$t&an2) = (CF - TC) a

2 52
« { 9y s? -I-qu 32.9 d2 (s +u)? + —td,
83

(u +'u.t+.st)(2Q2—t+ (.;—Q))

+ (u + t)d, [ (1 + 12—93) (ut — 52Q°) +

(82 —u)?  4s%?
82 82A2

2
.Y lu2(32 + Q%) — 2us,Q? + %(Su + 17t)

+ 3stu + —(11. + t) (u(u2 _ t2) _ 3(312 _ 232Qz))

:A4(u+t ]f [2uQ2 u? + 2s(s + )] f“}

82

D% (s,t,u,Q%) = (oF _ i"zf_) %
x <31—2 {Hgo'l) [(u 4 b= 287)(28 +1— 82)% + 2ta(ds + ¢ — 32)]
—H 28y — 1) [(u+t — 285)(25 + £ — 83) + st]
+HD (85— t)%(u+t — 28,) — 2(4s + 1)t + 4323’,,}

s
+4 (3 +t- —:?Z —(2t - 332)32d,2)>

Ny -1
Lq 2y vy _-
D 2(s,t,u,Q°) = (C 5 ) 5t
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1, .
X <: { (B ~ B ) 2(48) ~ 2t~ u)(a; — t)s
2

;L [432(232 — 1) — (82 — 2)*(28, — t — 'u.)]

+ Hgl-z) (u+1t _ 232)(32 — t)2 — 2t(2s — t) — 4st fu }

4 12
+ fu(3t — 2.«2)7"i +2(85 + 85) — :32 — 4 >

Ncy\ -1
Dhz(s,t,u,Q%) = ( — —~) —
ac (3, 7'u" Q ) CF 2 S'Urt

X ( % { - H{ [23 (4ut? — 10usy(t — 8,) + u*(3t — Ts,)
+34(¢* — 3tsy + 2)) + 48%(2u + 3t)(t - 2,)

+ (w(2u+t — 35,) + 12 — 52)) (u + £ — 25,)(t — 32)]

+ H{ 2(s; — 1) [(u(u + 1 — 282) + 1t — 82)) (u + £ — 22)
s(u + 3t — 655)(u + 1)) — HE™ (85 — t)2(u + t)(u +t — 255)

+ 2ut(28 + 2u + t) + 8st® 4 287 — 4tsf,, } + fu(28 — u)ds
— (4u + 31)4s — 2u(4t — 332 + 2u) + 432(2 + s0d;) — 2t(2L — s,) >
H.2.5 Diagrams 2(F, + F,)*(F; + F3) for (¢ + dq) — Vqq
DEJ+L(3’t’u,Q2) = Df:jc-l-L(s)u:t,Qz)
Dai(s,t,4,Q%) = Dg2(s,u,1,Q%)
Duln:}z("at’anz) = chw(-”u’t, Qz)
Dzi(s,%,Q") = Dgi(s%,1,Q%)

H.2.6 Diagrams |F; + Fy|* for (g3+ dq) — Vqq

st = ()49
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1 3u u
— |ud, { - 22— _ - 9 —
+ 32 [ud ( 2s + 2% (t—u)+4u 2t) + 23(23 + 285 + ¢ — u)

3u?(u —t) 3+82]

+—T[(2s—uwt)d,— -

fa 20 5 3 1(§ _ag)

LY Gl PR ) R VTR
2 42

+é uld, 3u—t—-u—+i——-2s

Al s 8

+ i (232t - ut — 2.9% + dusy — 3u? + 233, — 'u.s)]
3

3u2Q2

8

+ {% [3(1.-.2 ~ )u?d, (s — Q%) + (v —t)u+1t- 2sz)l } +{ 0}

IN (32 —u
bel(satiquz) = (5) (4232 ){H(llm d,

X [433 + 232(311, —~ 28 + 1)+ 23(82 —u)(sy — 2u) — (82 — u)a]
! .

_ng,o) 5(23 +u—38;) [(u — 3 )? +2s(s +u — 32)]

—H{" 2s(s + 1 — 8,) — H{" (s, ~ )4,

+ H' 25y ~ u)d, [257 + a(3u — 38y +t) + (8 — uy’]

83 —u)d
_ (Lz_)_ + HEY (25° — 20(a, = u)? + (s — u)?)

- ng,z) s(s; —u)(8s — 2(sp —u)) + ng.s) (82 —u)*(28 +u — 82) }
bez(sit!anz) = bel(*”u:t:Qz)

1N -1
Dittoton @) = (3) 7
x { H 2d, [- 45%(u — 25 ) + 25 (357 (3u — 285 + £) — 2u(u + 1))

+ 8(8y —u) (u(u — B3y + 4t) + 23, (33, — 2t) + tz) — (82 —t)(s2 — 'u.)a]

—HP [25(s +u—s2) + (s, — u)?] (2882 — (35 — t)(s2 — u)]
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+ H 2(s; —u) [8(28 + Tu — 63, +1) + 2(u — 5 ]

— H{" 2(s; — u)’d, [45% + 2s(5u —'532 +2t) — (s2 —u)(3u — 45, +1)]
—H®Y (55 —u) [433 +25%(3u — 63, +1) — 4s(32 — u)(u — 385 +1)

+ (82 —u)(u—4s; +30)] + HP 2(s, —u)'d,

+ HEZ.Z) (82 — u)? [632 + 28(4u — 632 + 1) — 3(s2 — u)(u — 28, + t)]

—H® (s; —u)’(4s +3u — dsy +1) + HP (5 —u)' 4 4s(u — s, )}

H.2.7 Diagrams 2(F; + Fy)"(Fs + F;) for (¢ + gg) — Vqa

DUt (s, t,u,Q?) = (cp—ﬁ)

2
4835,Q*
8 { X

fz (—d [Q2(32 —u) + 3s(t — 202)2]

(ut —_ 82Q2)d +

+$ (82(-92 + Q") + TsQ*(s + Q%) — 5° - Qs) + %(Q'l + 83 — 2851)

2
+2t—53—8Q2)+——(u+2t+232+Q2—

st

+ ((32 +t)2 '"‘4Q2(3 +t)) ds) ( +Q2)2 32d f“

_f). -—24832Q2 2 2
+,\l T T

s_

& (u — 82)(s + 52 — Q%)

1.!.2

+ —(Q* — 3) —u(3s + 35, — Qz) - %(tig — 23,1 — 63Q% + 2Q4))

t
lt (2td, [2Q% + (45 — 52 — t)] + (32 — w)?

_|_
8

_ 42 2
+3(s2 — £)* + 257 + 281 — 41%) l + E-z—gﬁd. (fur + far) }

N _
DE (s, t,u, Q%) = (C’F - _2—") » { — HI9 g, [45°(2Q" - 31)

+ 24 (('u. — 1) — 6(sy — t)2 —t(sy — t))

+ (211.2 — 11usy + Tut + 133% — 15355t + 4t"”) (32 — t)]
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+ HY (35— 1)(48 +3(s, — 1)) — HI? (s, — 1)2(25 + 8, — 1)d,

RY
+ (ng,'z) _ng,o) _ ng,l) _l_ng,a) )(u 232) +ds(sydy +1)

+ far 25d,(25 +u — 53 ) + £y 2(Q2 —82)(t—32)dy +2(u + 3, — 2t)}

Dﬁz(s,t,u,QE) = (CF T T
X { H 2 [td, (43232 +2s(u — 25, +2t)(s2 ~ t) + (v — 95 )52 — t)z)
—25%(2s; ~ 3t) + s(u + .232 +3t)(sy — ) + (3u — 635 + 2t)(s; — t)z]
= HP 1[86° + 125 (s, — 1) - 6a(sz — 1) + (33 — 1)

+ HE™ 2y — 1) [(s2 —1)(6s +2u + 3t — 452 ) + s(t —w)
FHY 2ao = 1y [20(u + 1~ 20) + (= 2 +u)(3 —452) + 7]

+HE tag 1) [125° = (52 — 8] — HP? 102 ~1)(65 +1— 5,)

89 —
Q*t
— (82 — t)(u+t— s )]+ HE (s, — 1)

b (o2 - @? _32)+m)]}

+4

! [32(1‘. —4s8,)+ s (4(t — 83 )% — 28, (2u — t) + 3ut)

]

+4s(sy; —t)d, [fat (2Q° - u) +

Ney -1

Dg*(s,t,2,Q%) = (C _T)EE{

H{™ [2td, (232(23 +u+ 3y —2t)+ s(u — 653 +t)(s, — )
+ (2(u + 1) —u? + 5, (Tsy — 6u — 8t)) (82 — t)) + (82 — t)(4s2t — 1* +u?)
+25%(43; — 9t) — (s —t — 8) (7(s2 — t)u — 1062 4 198, ¢ — 5t2)]

+ H ¢ [432(23 +u— 383 )+ 29(s2 —t)(3s2 — 2u) — (52 —u)(s; — t)z]
+ HM (32 — 1) [.s(u + 13t — 655 ) + (u + £)° + 10(¢ — 55 )? + dut
~ 253 (3u +85)] — H{? (85 — 1)?d, [s(2u + 6t — 43, ) + ds, (s, — )

— 74285 — 1)+ u(u +61)] + HE? (s, — 1)*(6s + u + 2¢ — 33, )
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~ HPY t(sy — 1) [28(6s + 2u + 3 ~ 63) ~ (85 — £)(2u + ¢ — 3]
—HP t(sy — 1)* + 28d,fu (287 +usy — 35y +3¢7)

+ 2d, f [(232 —t)st — (33 — 1) (szu — 2u + st — 2(s; — t)z) ]

+ % [32(3t — B3z} + s (t(t +92)+8(s2 — t)2 — 6u(s; — t))

— (82 —t)(u+t—.sg)(u+4t—332)]}

H.2.8 Diagrams 2(F; + Fy)*(F; + Fs) for (97 + dg) — Vg

Dl?d"-L(sat:u,Qz) = D,E’c"'b(a,u,t,Qz)
D,f‘d‘(s,t,u,Qz) = chz(s,u,'t,qz)

le'dlz(sst’anz) chlz(svuvtan)

Dfd?(s’t"uW QQ) = chl(slu'lt!QQ)

H.2.9 Diagrams |F; + Fs|* for (¢4 + 4g9) — Vg§

The facorization terms for these diagrams are listed in eq. (61).

1 8 —u (8 2 S0 s [ 82
U+L 2y _ 1 2 _3_1) g% 8 (.8
DU+E(s, 1,4, Q%) (2){[2 3 (2]t 4 2t2( t2+1)
2 a2 _
_%(2%— fti+1) (2(’2t “) —2"2t "+1)]

-ﬂ—d) (Fn = farr)

x(a_fll—fﬂz+fM2)+(8d¢2+2 :

u? —t* 2u+43s s+38; —¢° 39 (sz :
PNkl B o
+("' R )f”'(“ e e )

32—1:.(sz—u_l)+3+9u+73—532+u+tdt_8d?}

=z 5

{ H 2(125 + 4u + 3t — Ts, ) — HE? (s, — 1)
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-~ ng,o) [1682 +25(3t — Tsy +4u) — (s; —t)(t — 385 + 2u)]
~H 6(s, —t) + HPY 2(s, — t)(Q? + 25 — 55)
- Q—ft-a [392(Q7 = 1) + t(4sy — 2t — 2u — 8)(Q" — )]

4 2 2 8 2
-+ 't—zdts(.!z - 2t) (232 (82 - t) -|-t ) — i; ((82 - 'M)(Jz - t) + )
+ 5 (Fa = Faa ) d2(@%02 — ut) (33 — 1) + 2)

+f“t% (32Q* + (s — 52)) }

D;2(s,t,u,Q%) = (%) —;tl{ H [25(4t — ds; +u) + (55 — £)(2t — 255 + 1))

— g %(83 +t—8)(28 —t+85) — HS™ (8, — )(u + 2 ~ 23,)

+ HPY 3s1(sy — ) — H? -;-(32 —t)? = fu % (22 = 2)(s — 1) + 552 )
+ Z;j_ta [ — 8”85 (163, (37 — 1) + 517)

+3(3283(52 — 2t — u) + (¢ — 4oy + 2u) + L3y (378s; + 4855 — 21tu))
— (85 — t) (16us (us, — ut — £ + 3ts, — 283) + °(s; — 3t — u)

+1683(s; —1)° + 2u%?) ]

45U = forr 4 Fu 1) (@2 — u) (32 — 0 + o] }

1\ -1

Dcﬁ:u(satau:Qz) = (5) E

x { — H{ [25(u+ 10t — 655 ) +u(5t — Tsy ) + (32 —1)(6s; — 1) + 2u?|
—}—ng’o) t [16.92 +25(2u — 353 ) + (85 — u)(sy — t)] + Hgm) #(sy — t)2

~ HY t(s2 —t)(Q* + 55 — s, ) + HM (82 —t)(u + 5t — 2s;)

+ [— 43282 (382 - 2t) - 1282(32 — 2t) - 332 t2(332 + 23’) -+ 5t4

2
Q*
o [853(3s2 — 5t) + t*(11s; + 3t)| — 2u? [2s; (35, — at) + ']
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— s [2u (12(s, — t)s, +?) . 483(6s, — 81) — 1*(5s, — t)] ]

+ fae 24, ((3t — 583 )8+ (t — 82 Ju —~ 12+ sg)

+(f-!2 _fM’ +.fat)4t_?(Q232 —ut) ((32 —t)z +.§§) }

H.2.10 Diagrams 2(F, + F))(FY + FY) for (¢4 + §9) — Vq@

The result for the interference of these diagrams differ for vector-vector (relevant for
v* production) and axial-axial (relevant for Z production ) couplings. They do not
contribute to W production. The analytical results can be found in [20].

H.2.11 Diagrams 2(F; + F{)(F# + F§) for (¢ + §q) — Vg3
The analytical results can be found in [20].

H.2.12 Diagrams |F; 4 F3|? for (¢§+ qg) — Vqq

The structure of the factorization terms is closely related to the factorization contri-
butions for the diagrams in sec. H.2.9.

Dii(s,t,u,Q%) = DZ(s,4,4,Q%)
Dﬁ“}’(s,t,u,Qz) = Df‘c"(a,u,t,Qz)

ij(a,t, u, Qz) = D“:‘cl(s,u, t’QZ)

8
H.3 Diagrams |} H;|* for qg — Vqq and 33 — Vqg
i=1

Due to the different V qq coupling structures the contributions of the g¢ — V¢q and
dg — Vg (see fig. 5) have to be again subdivided into different subclasses. There
is a simplification in as much as most of the resulting contributions can be obtained
from the results in sec. H.2 via u & ¢ exchange after phase space integration. Note
that the following results hold both for g¢ and gg-initiated processes.

A 8
H.3.1 Diagrams|)_ H;|* and |)_ H;|> for q¢ — Vgq

=1 1=5

mit ﬁ c {U + L, L]_,.L]_g, Lg} gilt:
Efa(":t:u:Qz) = Egz("ru,tin) = ch(s,'u,t,Qz)
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Ebﬂb("st!an‘z) = Egd(3iu=t:Q2) : ng(*’,u’tng)

In analogy to the results in sec. H.2.10 the (VV)-contributions differ from the (4.4)

contributions.
Efbvv(-’,t,“;Qz) = EdeV("vuatan) = _DdeV("’u,t’Qz)
EfbAA(s’t"""iQQ) = EfdAA(":u?t:Qz) = DfdAA("!u!t’Qz)

H.3.2 Diagrams 2(H, + H,)"(Hs; + Hs) for qqg — Vqq

Ei+L(3)tau!Q2) = (CF - J_\;g_) ::té

x {_Q_2 Fu 1 ((32 _ Q) + 32) did, (fae + f )}
; 2 5 &t

Eotn Q) = (Cr - 22) fd,d {25 - fu — )

Efj(s,t,u,Qz) = (Cp—i?vi)s

2
23y — 1 1
x {23:1,% - (B i) fu — (+oddh) fA.}
Efg’(s,t,u,Qz) = (CF _ivzi) “.:d'

)({48t:§\—+f,¢(Q2+38—32)—fAt(Q2—8—32)}

H.3.3 Diagrams 2(H, + H,)*(H; + Hg) for q¢ — Vqq

Nc¢ 2

. 2 2
EYFE(s,t,u, Q%) = (c -——) - {232Q2“ +3

ut

_ 1)?
2 sut ('u,+ )

+ (232(622 —8)—(u+ t)z) (.fatu t for "é“ (fou + fst))}

N¢ 1

Ef;(sit!uiqz) = (CF _"“2_) -2__“{(“_"2)(21(”:1 +2.f.n _fau _'fnt)

u_??—i [233(622 +u) — us2(28 + 3t 4 3u) +u3(Q* + 32)] }
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Ej(s,t,%Q") = Ei(sutQ")

E(s,t,,Q%) = (C —%) ;t{4(“+t)az 4'f.bt' (l-i-%)

_(32 (Q2 — 8 — 32) — 2ut)(f,¢ + fau - 2fatu - 2.f82 ) }

H.3.4 Diagrams 2(H;3+ H,)*(Hs + Hg) for g9 — Vg

Efc('g’t:u’Qz) = Efd("’u’tiqz)
mit 8 € {U + L,L,, Lo, L1}

H.3.5 Diagrams 2(H; + H,)"(H;s + Hg) for qg — Vg

EQ(s,t,4,Q%) = EBf(s,u,1,Q%
mit 8 € {U + L, L1, Lz, L12}

8
H.4 Diagrams |} L|* for ¢G — VqG
i=1

We split our results into contributions C1 4G proportional to §(s;) and remaining
terms 02‘8 G - Note that the IR/M in c? 4G cancel aga.mst corresponding singularities
in the virtual contributions given in sec. G.2.

The factorization terms for this class of diagrams are listed in sec. 6.2. They
carry the flavour factor T = n;/2, which is needed to cancel the corresponding
singularities in B , given in sec. G.2.

{ZCF + N¢ _ 1
€2

Cﬁqy(s t,u, Qz) = A'G mER t,u,Q?% + € [3CF —2Cr fu -

11

-+ — 5 Ne + Nc(fu ft) ] + Cp [; +2fM2(fu_fA)+f.?l

2 e s + e [F+%(f.— fo- 7
F2£,(fa = fa) + 2 (- .fM=+fA)]—(161NC—3TR)sz}

Due to the length of C  g-contributions we further divide them into terms propor-
tional to C'r and Ng¢.

Cf.qg(s,t: U, Qz) - Agg NC + Bqﬁg CF
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The results for Ag;"'[‘ and B;J;"L have already been published in [1] {eq. (A.3)) [2]
(eq. (A.12)). We do not list them here.

Ly
Aqg

-1
3252

{ 2s(sy — u)? [HEZ'I) - ng.a)

+ng'2) (25 +u — s2)d, — Hgm) 2+ 2dy -|-2'ad,,]
s

(1,3) 2+ sd,;
2 2s

—H (864 (32 ~ 1)(4Q7 — £ ~ 3) ]
+H—£2.0) % {(u +1- 232). ((32 — U — 23)(11. — t) 4 (32 - t)2)
~85%(2u + t + 45 — 332)] }

1 d,
3252 (82) a4

45%(2u +1+83) + s (4u2(t — 255) + 4ut(2t — Tsz) + 252(10u + 17¢)

{ ~ H (35— 1) [282(-52 — 1)*(4u + 3t — 7s,)

+42%(t — 632) — 1133 + 32t2) + 44 (53% + ut — (v + ¢)(8s2 — 2t — 'u))]

+ HE™ (s, — )7 [25%(u + £) + 58(2u + 2t — 85) — Tos?

~ 285(82 — £)(2u + 3t — 5s3)]

+ H" (55— u) [433(t — 28;) +4s° (t2 — 83(2u + 3t — 452))

+882(82 — u)(u + 4t — 5s,) — 2ay(82 — t)(s2 — u)’]

+ H™ (85 — u)? [~25%(u + t — 3sz) — asp(11s; — 10t — 9u)

— 2st(u + 1) + 252(82 — t)(s2 — u)]

+H [85"(u +8s,) + 45° (u(5t — b5y + 2u) + £* + Bta; — Tal)

+ 25* (u(9t2 — 4215, + 38s2) + u?(Tt — 158, +u) + 3(t° — 1533) — 4ta,(10t

- 21.92)) + s(u + 1t — 2s,) (ut(Zu + 4t — 218,) — uso(5u — 19s,) + £3(2¢

(u('u. —t—83) —t(t — 3s3) — 3%))] }

82—t

— 2332) + 3%(47t — 2582) + 232
1 1 ,
- { _am(23u+(u+t) )

drd.

5 43 2 2 2
- pigTen [125° (£(t — 35) + 453(4t? — B3y + o))

52




+ ‘12.934 (1;5t3.32(332 — u) + 3t*(t — 3s;) + u(2t* + 37t%s2 — 26ts3 + 83))
+4si(11t L 3s,) — T14%63) — 35%(sp — t) (1653u(16t% — 1255t + 43} — 5yu)
+ 1632(10@1? — 2t* - 353) + 4ut®(ut — 1lusy + 31%) + 14¢°(t° — 1753)

+ 5tsz(8u?‘ 52+ 20t%s, — 20ut’) — t°)

+a (32-"

.\ )? (48.9"2’(3132 — (85 — u)?) + 9t%(3u® + 6ut — 10ts;)

+ 21ut232ic17a, — Tu) + 4¢%52(43¢ — 533;) + 15uts,(Bus, — 138%) + t*s,
+334(t* 1 8ua3)) +262(s; — )*(Q — s)(u +t — 205)(u — 2t + 52)

— st¥(s; - [t)° (31u(t2 + 82) + 5s5(Tt — 2s;) + 3u® + 1443

204 1) ~ 1300+ ) |

ly 3
 Farw — Frrr + fu — fou + 21,&“) + 2u (&) + &
s 32 / a4

U

+

(82)a+ 1\ 4 4
d3
~ (o ) [~ 5 = ot 827 + (60 = )+ (s~ 30)

ui—z + .8‘2d12(582 — u)] — —fim;—f'”—(l + (u — t)d;)

+ I;; d, ( s(283 — 17) + w(2s, — £)? — (55 — t)(ds} + %) — 85%)

+f,\¢Q2 4—_3-2"( u)dy — fu ((32 —u)d; + 2u : 32) }

L.

= % { H9 [833 — 45 (u — 82) — 25(u — 82)* — (u — 32)3]

+ H® (25 +u ~ 8)(28 = u + 52)(u — 82) + HI (u - 02)°

+ H (ﬁ!s +u = 80)(u = 82)* + HE" 2d,(Q” + 33 — 55)(s2 — 1)’

_ Hglll) 4(|32 —1 d,t [83 + 3 5u. - 1432 + St) + ('u. — 28, + 't)(u — 332 + 2t)]

— g 2!d,¢ (35 +u — 85)(52 — u)? + HM 45(2Q% — 1)(s2 — u)da

+ H 24, [45°(3s + v — 128, + 71)
—8 (16(2352 — tyu — Tu® — 6353 + T8syt — 24t) + u’(u + 6t)

— 98y(u? 4 352) + 5,1(533, — 34t — 38u) + 28us? + 13ut? + 78
1 382
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a0 8su(u+1t) 8s.

+ H; o~ (for — far2) [411.2 — 3s2u + 83 + su?(s? + t2)d?]

16su u? Sor
(a ¥y +fM: + 16 fe., (( Dar +2u—32) + 16su (3 )A+

[ ~ +3u(u—sg)+s§]
(82) a4 . u?
12su

2)A+

—83fyu

+ 812 (@° + s — 82) —

+12s — 8s2dy(s,d; + 1)

Q2 - su+32(Q2-u))

+ 832(t2 + 83)d? + 4d,, [4s 32d3(32 + 2t) + 48 d; (ut — 257 — 2t%)

(s
— 163(32 —u) (d, )
[
— 2sd, ('u(Q2 —8) —t* — 4(sy — t)z) + (v — 28y + t)(u + 23, — 3t)] }

-1
Aw = 165132 as { — HM (33 — ) [2-9 (u(u — 14 8;) — 2(# —8)% + tz)

—l2t(u + )2 + 8s2(sz —u) + 82(2u® + 13ut + 114 — 14t32)]
+ H [85%s; — 23 ((t — 435 — w)u + a5(sp — 7)) (28 — u)
— 25 (£4(t + Tsz) — 1583(u + 2t) + 2283 — 2u° + ut?)
—(u+t — 255) ((u + 1)t + wsa(285 — u — 6t) — 3t*s,)]

— H{™ (35— u)? (2 — £)* — (52 — t)u + o3

— H{" (s — 1) [45%82 + 25(3us; + £* + 4is,)

— 55 (852(s; — u) + (2u + t)(u + 1) — 10ts,)]

+ HE™ (55— 1) [(28; — u)(sp — £) + 1]

8
~H™ (85 +1t—82)(28 — t + 55) + HY B6s(sy — t)

-2 [23u(u —t) —t(u+ t)z] } _1 { — H®Y (52 — t)?

d;d,
——Q; v [43332 (ta(t — 48, + 3u) + 1255(83 — 2ts; — syu + 2tu)

+17¢%5,5(sy — u)) + 2(sp — u)s? (Btau(t — 113,) + 2?s2(53u — T7s,)

+4833(u — 82 + 3t) — 6¢(25; — t) + 8s%(8E* — 15us,))
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+ 8(sz — t) (4833 (8utsz — Tut(u + 1) + (83 — u)® — 3tsz(s; — t))

+ 8u’tsy(31s,t + 12usy — Tut) + 5u?t?(u — 9s,) + 42 (4us, — u® — 3s2)

+15(11ay — Tu) + 41%53(21u — 11s,))] — o7 (w2 + 6ut — 2us, + 3t?)

Q2
Q%st
+16(fuy + fur ~ fM:) (26— ton 4 i) (o2 — )%u

+ (1% — s, + 82)%s — 5t%s2(s2 — t) + 3taa(s) —t3)+t5-.9]

+2f,¢-- [t3 — 3¢2 (332 + s) + 432(21 — s)] +4f,, (ad;

(.Bf;jH, (% h % - & + 2fstu - 2fM3) - 4ftu( — U)d‘

%u +1 2 . 2
+4f.lhl (3dt - at + ) + .f.uu""""'f + 32'“ (f_) + ﬁ ( Sgdt + Q2 — 32) }
t .0} At 1

2u-|—t)
i

t

Bl = EE(::W { H (5, — u)? [52(4Q7 — 26 — 32) — u(u +1)]
— H"™ 2(sy — u) [28(352 — u?) + 4532(2u + ¢ — 23,)
—ut(s + 2u +t — 633) + L35(t — Bsz) + (23, — u)a]
~H{ ufu (23'(23 +2u + ) + u? + 3ut + 24%) — 4st’]
— 2u (6t — (28 + 2t + w)) + 4oty (2fru + fou — 4far2) }

+16 { HY 0) (46 + (u — 32)2) (2Q7 ~ u — 85) — HP™ (8, — u)’

— H (5, —u) [432 —43(sp —u) — (92 — u)(3u + 4t — 732)]

— H{"V 4(s; — t)da [267(2t — 332) + 8(Q* — 5 — 32)(3t — 4325

— (@ — s — 52)*(s2 — )] + HP? (8, — u)*(2Q* + u — 35y)

+ Hﬁl'” 4sd,¢(—8?—t_—u) [u(2Q2 —t- u) + 2s(s; — t)]

+HMO 25 [G(u — 28,) — 43 + ! (212 + 4t(2u — 33,)

+5(3u? + 58} — Gusy) — usy) + % (25(5u — 82) + 2us; + 11(u — 55)°)

+ ;E (411,(211.2 + 953) — 53y(4s5 + 5u2))l
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— g 43%’1(4@22 —~ Bu — 1) (2s(s; — 2) + u(2Q7 — u — 1))

4
+3 [—32 (352 + (9u — 92)td, ) + 2dy ts (u(u — 53z + 42) + 255(2s5 — 1))

— ¢ (22 + Bu(t 4+ u) + 85(105, — Tt — 13“))] }

dy

1 1
- { — -t—d.’s,du ((2u —~83)(82 — t)s — 3211.) + —dgu(u — t)u + s(s3 + t2)2_t2

2t
3
2t2

s 1 U , 28, — t f }
— Jsu _ds - o - Li =
f ("’2t ‘+2)+f"‘(2t(’2 Hdu + —5; )+2u(82)A+

= sadu = (fua = for) (575083 + ) + 028 + o (Zau-1)

-1
L _
Aqy T 83 {

H{" [325% — 88%(sz — u) + (u + £ — 207) (2031 — (33 — t)(s2 - )]
R ¥ |
+ B0 3,28 gy g0y o) - HED (s —u(2g7 1~ sy

- ng'l) (82 —u) [2332 + (82 ~u)(2Q* —u — -92)] + H (85 —u)?

(82 —1)°

+ Hg1,3) 2s d,(3s — 23, 4+ 2t) — Hgm) (2 —1)%(2Q° —u - s)

—HE (a2 = 1) [25(4s + 02) + (52 — )(2Q° ~ £ = )] + HED (s - 1)° )

_ dst
3282t(32 )A+

{ H 24(s, — u) [233 (u(n + 82 — 1) + 2t(25; — 1))
—8% (2usy(u + sy — 10¢) + 6£*(u + ) + 5,2(165; — 17t))

+at(2t*(4sy — t — 2u) — 20s8,8(s; — u) + 53(178; — 26u) + u?(9s; — 2t))
+285t(83 — u)(s2 — t)(u ~ 35, + 21)]

— H [85* (u? + 5,(7Q + 10t 55))

— 45 (u?(u — 43, — 1) + d5y(562 ~ 2851 — 242) + usy(6s, — 11t))

+20% (u2(203 — Bsyt — 26% — 3s,u — 2tu) — 14usy(65% — 8358 + 3¢7)
+2952t%(Ts; — 2t) + 5033(2s; — 5t) + s3(83 + 3¢%))

+ 385(u — 285 + ) (633(832 —19) + 10s,8(Tu + 10t) — 4u(7t? 4 11s2)
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— 34(3u® + 11%) + 10u’s;) =~ 4(s; — t)s5t(s; — u)(u — 250 + 1))
+ HM 2(sy — t) [233 (2t(u + 333 + £) + 32(3u + 2s))
— 8% (2usy(2u — 5y + 10£) — 2ut(u + 4) + 42(5s, — 6t) + 2(173, — 6))
+ 8 (Jusst(4sy — u) + 2ut*(u + 2t) + 1683(s; — u) + 2usy(2us, — 11¢2)
— 2t%(882 — t) + 851(345,1 — 3535)) + 23,t(55 — t)2(2ﬁ —3s; + t)]
+ H{D (55 — u)? [~25%(52 — 2t)(w — 23 + 1)
+ 8 (283(w + 9t) — 8,2(Tt + 25u) — 4(s, — 1)° + 4ut?)
+ 48yt — £)(2u — 355 +1)]
+ HY™ (s — 1)? [25% (s2(u — 257 — ) — 20(u + 1)) ~ 5 (48*(u + 1)
+ 282(u — 28,) — sgt('lﬁ + 632 + t)) + 43,t(s; — 1)(2t — 332 + 'u,)] } |

1

+48.9t3

dyd? {1233 (2t3(t + 53;) + s3(43t — 24s;) — 19t2a§)

—125%(sz — t) (3£%(3t + 43y — 2u) — 3t%55(1352 — Tu) + 43ts3(28; —~ u)
—2453(28; — u)) + 28(sz — £)? (15£3(5¢ — u) — 8128, (7t + 123,)

+3t*u (363, + u) + 253(s, — u)(129¢ — 72s,))

12(sp — £)%(u + £ — 202) (652(4s2 — u) + 1(49% — 6883 + u)) }

P
1202 s2¢3

{3323“(% — 163,)(2t — 3s2)

+35° (653(33¢ — 16(s, — u)) + 3t3(5s, — Bu) + 2tusy(39t — 79s,) — 121¢%s3)
+% (34128 + 5u) — £282(79t + 8952) + 3t°u(4ds, — Gu) + 15t23(27s; — 39u)
+14453(s; — u)? + 9ts,u*(20¢ ~ 335,) — 33(1395, — 238u))

—8t%(s, — 1) (1485(s; — 1) + 4u(2t — 5s,) + £ + Tu?)

—t3(t— 28, +u)(ss — )t +u— 32)}

U fat u u+ 24 U
- { (32)A+ (Z.sz - Zfstu - _2_ - 'z_sftu + Tfau + &—t)

+2(fo, — fur2) ;f; [(s2 = 2) (52 — )% — (32 — )*(£* + 83) — tsl(t — u))
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(—utd, + s — 2t + 3,)

+ s(t* — ts; + 33)2] _ Jut S +tf't"

2

faz) .ftu 2 fau 2

""4“ i — _dtu —-Uu) - — —8

(32 At 23 (Q ) 4 (Q )
fat

+ 443

d, (4(52 — 1)(2s53 + st® — 5a,t?) + 8a%(sy — 2t)(u — s2)

+ut(208; — 11t) - 260(4t — )) + X

At T2
el [.9 (332 — t)d; + u(3t — 43,)

+3(—685 + 3t + 2u + usyde) +u® + dy (453 — 26(17 — dsgt + 552))] }

_det

BLu
9 Bst(82)a+

{ H [46 ((u + 8,)? + 28228, - 31))

+2s%8 (sou + 12tu + 8u® — 315} + 4355t — 14t?) — 25%u(44® + 3tu + 2u?)
—» (5s§u(1032 — 11t) + 8t%u + (%sg — 1885t 4 10t%)u?

—u®(8s — 5t — u) — 653(138] + 21¢) + 4551(4ds] + 7t7))

+ (82— 1) (1133(41,-,32 — Tut + 8syt) + 14tsy(u® + 1) — 452(9s2 + 162%)

+ 2us2(158% — w?) + u(u? 4+ ut — 133%)) ]

+H{M 2(52 —u) [23332 — 5% (382(282 — u) + u(2u + t) — 5s,t)

+ 8 (82(u — 82)? — u(or + 1) + 83 — 2ut + syt(4s, — 1))

+ (85 — u)(u — 382 + 2t)t8y] — HM (85 — u)? [2s5,(s — 355)

—su(u — 48y +t) + {usy — ut — 252)(u — 289 + t)] }

1
Bst

+ B sy — u) [46 = 26(22 — ) — (53 — w)(u — 357 + 20)]

{ H%m) t [—833 + (52 — 1)(458% + (32 — u)?) - 2.93;;(.92 — u)]

— H 45, —u)*(2Q" — t — 53) — H{'™ d,21(s, — 1)*(Q" + 5 — 51)
_ Hgl'l).2d,¢(82 — 1) [632(32 — 2t) + 23 (82(2u — 4s; + 112) — ¢(3u + 5t))

+(u — 283 + 1) (sg(u — 285 + Tt) — 2t(u + 2t))] + HEY t(sg —u)® }

1 : u? u "
- { A (2'ufM2 + Tftu —u (1 + ﬂ) Jou — m(2,_.;1,,, — Bst — uz))
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— 2u (f—) + (for = sz)z"'
A+

d,.
g fau (2— — “—(882 —'u.(s—'u.)) —i—)
+.fm—“ HQ + 1) + 3 (52 —u)’ +HQ* — s — 92)) + uit(s; — )]
+ f,\g?z';% [u2(52 —t) + usy(3s — 49y + Tt) — ut(2s + 3t) + (35, — t)s*
— 3282 — 1)(s — £)s + 23(2s7 — Bt) + 2t%(4, — )] |

N %“: (26} (Sos(sz — )+ 24%) — 4%, (usy + wt = 26} + 27)

— 8 (6u(u—1)+ 4t(‘232 — 1) — Tus;y) + (52 — t) _(32(14t — 28, — 3u)

t
— 6t(u + ) + 4u?)] — +2+ %d?(sg +t2)}

U+
2Q*

8
H.5 Diagrams |3 L|* for Gqg — V¢G

i=1
UH’(-‘J tu,Q?) = Cr (3,4, 1, Q%)
ClLéq(s t u, Qz) = i,qG(siuatv Qz)
le(sit u Q2) = C,-L,;G(a,u,t,Q2)
Ci&(s,tw, Q") = Cla(s,u,t,Q%)

for: =1,2
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g |
H.6 Diagrams |Y J;|* for GG — Vqj
i=1

The factorization terms for this class of diagrams are listed in sec. 6.3. Due to the
length of the Cgg-contributions we further divide them into terms proportional to

Cr and N¢.
Cga(-’,t:%y) = AlgNc +BicCr

The results for AZEY and BSEY have already been published in [1] (eq. A.4) [2] (eq.
A.13). We do not list them here.

AL, = %d;t { H{ s(8y —u) [.~3(14Q2 —u+1—10s;) — u® + ¢
—2(s; — u)(6t — 5s3)] + 39-” s(s2 — t) [s(105 + Bu + 21t — 83,) — (u — 1)?
—12t(s, — t) — 285(s2 — u)]
— HM (5, —u)?d, [32(14.9 + 21u + 25t — 36s2) — 4(s2 — t)(82 — u)?
+ s (4u? + 114% — 3u(10s, — Tt} + 255(13s2 — 161))]
— H® 53, — t)2d, [255(s5 — 45 — u — 4¢) + £(5¢ + 115 + 3u) + 35(2s + u))
+ H d, [+45° (52752 + 2t) + u(2u + 125, — 192) — 30(s; — 1)°)
— 8s*(4s + 3u + 13t — 113,) + 25° (14t2(8.92 — 3u) — 5u’(2s, + 1) + 44°
— dusy(4s, — 19¢) + 2283(s; — 5t) — 31t%) — 5 (4s,ut(21, — 25¢)
— 45,u®(6s; + 4t — 5u) + tu®(19¢ — Tu) 4 63(s; — 12¢) + 245,8%(53, — 38)
+t%(31u + 142) — 3u) — 2(s, — u)(sy — 1)] }

1
Bs?

+ = 2(sy ~ u)id, — HY 2(82 —u) [233 — (28 +u — 35)(82 — 'u.)z]

{ H® (8, —u)(2s + u —3;) [23(3 +u—a2) + (o2 - '”')2]

+H?Y 2s(sy — u)?(3s +2u — 2s,) — H 2(sy — u)*(25 + u — 95)
+ HPY (35— u) + 2dudls [(s2 — 1) (485(u + £ ~ 85) + u(u + t) — 61%)
— 28(sp — t) (482(250 — u) — Bt + 927) + 45% (8533, — 2t) + 3¢%) }

Q> —t
23

—{ fuu (52 = 2] — (fur # )t = S

2Q% —t
2

d, + (fAt + fa!)dsdt£(23 +u— 32) - f)ut% }

+ (fz\u +.fsu) 2
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- dau du!.

Bl =
GG 43

{ H{™ (53 — u) [267(u - 1)

+ 5 (Bu(u _ 285) + 4(s; — 2u) + 553 — 2t%) + 2(s; — u)(s2 — £)(u — 28, + 1)]
+ H{ d,a(s0 —u)? [25(28 +u + 3¢ — 48) + 4(s2 — 1)° + (52 + 3u)(t — u)]
— H s(s; —u)® — HM (s, — 1) [25%(65 + Tu — 128, + 5¢)

— 5 (6u(2s; — u) + 2t(58, — 8u) — s} + 3t2) — 2(s; — u)(s2 — t)(u — 285 + 1)]
+ H? s(s; — 1)2d, [28(65 + Tu — 128, + 5¢) + 3u(2u — 5sy) + ¢(Tu — 1)

+ 335(4s; — 3t)] — Hﬁ‘“’" (s —t)°

+ H{" d, [85%(25 + 5u — 113, + 61) — 45° (u(41s2 — 35t — 11u) — 385
+3t(17s; — 4t)) + 45? (ng(ﬁu + 8t) — 5u®(59; — u) _ s28(31¢ + 82u)

+278%u + 24(13u” + 2¢?) — 223) — 5 (483(25; + u + Tt) + 135,8*(Tu — 33,)

— 1Ttu(t? + 652 + u?) — 19u?(s2 + 21) + 9so(u® + %) + ¢* — u* + 8332tu2)

—2(sz — t)(s2 — u)(u — 285 +1)°] }

H(2.0)
- { 12 [232 + (82 —u)}(29 — 52 + “)] ~ HPY 5(s; —u)

u? + 82

u2

82—11.)

+H(12'2)( . 2_(]'.2_.sz)[

+2f,,t(s; — t)df — 2 fiudsudsd; [332(Q2 —82) + (sg — tz)(ag - 'u.)]

+2(s2 + t”)d?]

d,
+ 2 fseutde + f,ud,u—; [335(432 — 3t — 25 —u) + su’(u — 233)
—(u? — 8l 4+ syt)(u+t— 232)32] — Faudsdyy [(Q2 — 83)(8p —u) + 332]

— (fae+ fu)t [—sdi(d, — du) + s*dued,yd; — 2d4
ol f,g [2tdau + (3 - Sz)d_gt - t(.s + 2t — 2u)d,ud,¢]

d
- d,u—gﬂ [1232(Q2 —32) + 8%s, + 3 (2u(u — 43y + 11t) + 53% — t(14s, + t))
3

82 —u
+3(282 — t — u)(82 — u)(s2 — t)] + %@“é— (.:m + 88y — 52 + 82t) }
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Ly — —féﬁ'“ { H{"" [165° — 525%(3s, — t — u)
+ 28° (385(573, — 49t) + 28(u? + £2) — u(157s, — T7t))
— 287 (—5ut(12¢ + 13u) — 11(£* + u®) — 33s,u(7s, — 3u)
+4558(211 + 64u) + 53(1455; — 206t)) + s (u* + t* — 4u>(9s, — 8t)
+ 8u?sy(2185 — 29t) — 1085(23u + 19¢) + Tut?(10u — 26s,)
+2558%(59s; — 13t) + 253(495] + 193ut) + 22ut®) — 10(s; — u)*(s; — t)?]
— H{" 2(s, — u) [40s* + 5°(109u — 1485, + 65t) + s* (u(73u — 257s,)
+4(34ut + 45s3) + (29t — 161s,)) + s (114(7u® — 3s52) + 3453(3¢ + 5u)
+3(° + 2u® — 58utsy) — 9Tu’s; + 26ut’ — 80s3) + 8(s5 — u)’(s, — 1)
— H{" 25(s, — 1) [s*(245 + 41u — 84s; + 53t) + 5 (u(21u — 97s,)
+4(18ut + 2353) — (1135, — 25t)) — 2555(u? + 17)
+8u?(u + 6t) + Busy(9s; — 13¢) + t2(29u — 2t) + 282(29t — 163,)]
+4s%*d, d, [832(32(11, +1+83) —3ut)— s (31‘r.(l3t2 + 17s2)
~ 255(25% + 61ut) ~ u¥(31sy — 472) + 5,1(43s, — 23t)) ]
+25 [—25 (u(23u — 73s,) + 64ut + 2852 — 3¢(19s; — 5t)) ~ u?(u + 471)
— 883(10u — 45, + 8t) — £2(31u — 3s; + £) + 2usy(25u + 541)] }

1
1632

+ H&"” 3(s2 — t)2 [4d,(6.9 — 485 + 5t + 3u) + dyuda (5(11,2 — 12)

{ H® 4(s, — u)*(55 + 3u — 45, + ) — HEY 45y — u)f

—28(1285 — 5t — Tu — 68) — 6u(3s; — 2t) + 652(2s; — t))]

—H( 8(s, —u)'d, — H™ 4(s, — u) [~26%(4s + 5u — 105, + 2t)

+ 8(s2 — u)(5u — 1557 + 62) — (82 — u)*(u — 48, + 3t)] |

— H®? 4(s;, — u)? [s (105 + 10u — 158;) + 3t) — 3(sp — u)(u — 28 + t)]
+ H (sy - u)? [d, (= 365(s — 25,) — 65t — 28u — 2u(6u — 313, + 19t)

— 603 + 5885t — 10£%) + dyudy (25°(29s + 46u — 813, + 35¢)
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+5 (31w +1085(1585 — 13¢ — 17u) + 104ut + 15¢2)

+2(18u — 233, + 5)(s2 — u)(s2 — 1))]

+ HE 42585 — (5 —u)(s2 — t)] [s(t —u) + (25 + u — 8)°]
+H 2d, [45° (4(3s + Bu + 6t) — 57s;) + 25 (31(¢* + 553)

— 285(82t + 97u) + u(77t + 47u)) — 5 (13u(13us, — 61°)

+ 38,2(47t + 86u) — 25¢(9s] + t7) + 4(32s3 — 21u%t) — 33u° — 251.g_§u)
+ (82— w)?(s2 — £)(u — 63 + 51)] }

1
T 4s { H (s, —1)° = HP™ (3, - 1)%(2Q° —u — 50)

—HPY (87— 1) [288; + (87 — 1)(28 + 2u — 395 + t)]

— 48 (fay + Fotu — fru) (Qutdedy + 85(de + du)) — 4f1u(28 + u + 1)
+2faudody [26%(250 — ) — s (—4so(4u + £) + 3(2u? + 33} + ut))
+ (4w — 5o + t)(s2 — u)(u — 282 + t)]

+2faedody [267(25; — 1) — 5 (—432(4t + u) + B(2¢* + 33} + tu))
+ (4t — By + u)(s2 — t)(t — 22 + u)]

+ 2 fnad,d, (3u’z + 82(28 —u+t— 32))

+ 23f_g¢d,d¢ (3t2 <4 32(23 — i + u — 32)) }

B&g = ( '%‘ﬁ‘ { H sd, [-45*(3u — 5s5)
—257 (19u(u — 48) + 27ut + 34s}) — 2u* — 28s]
— 25 (1423} + 61tu)u — TTspu’ + 13u® — s(101ut + 38s2))
+ (14452 + 191s,ut)u — 338%u? — 117s3u® — 155s%ut + 33t%(s, — u)]
+ H™ s(sg —u)® + H (s, — ) [26°(28 +u + 3t — 5sg)
— 5(3u? + dus, — Ts2 — 24(Tu — 955 + 48)) — (u — £)(u — 257 + )’}

_ Hgl,z) (82 — u)2ds [232(43 + 3u 4+ 5t — 8sp) + (¢ —u)(u—2s; + t)2
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— 38 (4'!1-2 + usy — Sut — 83% + 1585t — 7t2)] }

_ g9
B { 2
_HED (s2 —uw)*  HPY

5 +— (Q% +3s — 53)(s2 — u)

[43(5 — 82} + s(u+ 1) + (82 — t)(s2 — u)]

3Q2dmd,, [95° + (30u — 295,)s% + & (19 — 86us, + 37ut + 3432)
+628%u + 51%u — 59s;ut — 4155t + Tu? — 1453
~ fuudoudue [2 ((s2 — £)* + 2ut) — 25d,, (2ut + s5(s; — t)) + s*dudi(ut + s2)|
+(f — sz)é [s2 (w2du + 2d) + duds (208 — s3(u +1))]

+ (Fow+ o) [2utdudy + 52(dy + d)] + frudadpe ™™ [23 32(u — 233)
+s (uz('u. — 332) — usy(58y — 3t) + 253(4s; — 3t))
—(u+1t—2s;) (u.('ur.2 + usy — 18y + 83) + 242(t — 32))]

+ fredidudy [25%(8 — 28,) + 5 (38(2t + u) — dsy(4 + u) + 9s2)

+(u+4t—332)(u+t—232)(t—32)] }> + <u - t>
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Conclusions

We have calculated the angular decay distribution of the lepton pair decaying from
W’s produced in hadron hadron collisions at large transverse momentum. The general
structure of the angular distribution is given by nine helicity cross sections. It is
shown that one can measure six of these helicity cross sections without the complete
reconstruction of the decay kinematics due to the unobservability of the neutrino.
We show that large deviations from the (1 + cos@)? distribution valid at low g7
are expected already at moderate transverse W momenta. We present the O(o?)
corrections to four parity conserving helicity cross sections. It appears that the NLO
corrections to the angular coefficients 4, and A4, are not large (less that 8% for the
sum of all contributions at gr = 200 GeV) when they are normalized to the NLO
rate. It is clear, that the O(a?) results are more reliable than the O(a,) results as
they depend less on the renormalization and factorization scales. We have checked
that the theoretical uncertainties due to the choice of the scales are negleglible for
the predictions of the cross section ratios A,.

We found that the O(a?) contributions to the T—odd angular coefficients A5 — A-,r
are less than 2% even at large g7.

The angular coefficient A3 reaches about 0.2 at gr = 100 GeV. This coefficient
receives only contributions from the ¢@ initiated process at LO and may therefore
be used to extract the gluon structure function.
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Fig. 1: Leading diagrams for ¢4 -— GV and q(G — ¢V
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Fig. 2: Diagrams for g7 — GGV
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Fig. 3: Diagrams for qG — qGV
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Fig. 4: Diagrams for ¢ — ¢GV
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Fig. 6: Diagrams for GG — qqV
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Figure 9:

Angular coeflicients Ao, A; and A3 as a function of gr for pp — WH + X
at 4/ = 1.8 TeV. Shown are the O(c,) contributions from the g7 initiated
subprocess (fig. 9a: [¢qf —» G WT]) and the ¢@ initiated subprocess (fig.
9b: [¢G — ¢ W*)).
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Figure 10:
Angular coefficients Ag, A; and A, as a function of ¢gr for pp - Wt + X

at v/s = 1.8 TeV. Shown are the O(a,) contributions from the ¢§ and ¢G
initiated subprocesses.

71




1_0I11IIII!I||IIIIIIII 1'OIIIII|JIIII1IIIIIII
. Fig. 11a 4 Fig. 11b
0.8+ 0.8~
0.6 0.6
7 m
0.4 - 0.4
i i 8,
0.2 0.2 === T T
0.0 o 0.0 {—="
| 2 i B
-0.2 -0.2
-0.4 -0.4 -
L L L L L L D L O L | rYr 71717 7T 1T T T 1T T T 1K 1T 1T 1171
0 20 40 60 80 100 140 180 0 20 40 60 80 100 140 180
qr(GeV] qr(Gev]
Figure 11:

Angular coeflicients a; (fig. 11a) and 8,0, (fig. 11b) as a function of gr
for pp — W' + X at /s = 1.8TeV. Shown are the O(a,) contributions
from the gg and ¢G initiated subprocesses.
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Figure 12:
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Angular coefficients Ay and 4; as a function of gr for pp — W+ + X at
+/3 = 1.8 TeV. Shown are the contributions from the ¢ initiated subpro-
cesses (fig. 12a: [q§ = G (G)WT] + [g§ — ¢gW*]) and the ¢G initiated
subprocesses (fig. 12b: [¢G — ¢(G)W™]) up to O(a?). Dashed lines are

the corresponding O(e,) results.
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Angular coefficients Ay and A; as a function of gr for pp — W+ + X at
v/3 = 1.8 TeV at NLO including all parton processes of egs. (23,28,29) at
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Figure 14:

Relative contributions to doU*" (fig. 14a) and do” (Bg. 14b) for W+
production at v'§ = 1.8TeV and p? = (miy, + ¢2)/2.

At LO:

(A) [g7 > GW™] and (B) [¢G — qW*] + [qG — qW*].

At NLO:

(C+E) [93 » GW™ + GEW*] + [¢7 — ¢ ]

(D) [9G — gW™ +qGW™]+ [3G — qW* + GGW]

(F)  l9g — 9aW ]+ [47 — §qW"]

(G) [GG — qgW™).
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Angular coefficients @, 082,8; and 84 at O(a?).
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